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Abstract. Let I be a link in an integral homology three-sphere. We give a description of the 
Heegaard Floer homology of integral surgeries on L in terms of some data associated to L, which 
we call a complete system of hyperboxes for L. Roughly, a complete systems of hyperboxes consists 
of chain complexes for (some versions of) the link Floer homology of L and all its sublinks, together 
with several chain maps between these complexes. Further, we introduce a way of presenting 
closed four-manifolds with fej > 2 by four-colored framed links in the three-sphere. Given a link 
presentation of this kind for a four-manifold X, we then describe the Ozsvath-Szabo mixed invariants 
of X in terms of a complete system of hyperboxes for the link. Finally, we explain how a grid diagram 
produces a particular complete system of hyperboxes for the corresponding link. 
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1. Introduction 

Heegaard Floer homology is a tool for studying low-dimensional manifolds, introduced by Zoltan 
Szabo and the second author. In the case of closed three-manifolds, a genus g Heegaard diagram nat- 
urally endows the (7-fold symmetric product of the Heegaard surface with a pair of half-dimensional 
tori; and a suitable adaptation of Lagrangian Floer homology in the symmetric product (relative to 
the Heegaard tori) turns out to depend only on the underlying three-manifold. This three-manifold 
invariant is constructed in |18|. [T7] ; a related four-manifold invariant is constructed in [21] ; invari- 
ants for knots and links in three-manifolds are developed in [TB] [Ml [22] . Of particular interest to 
us here are the mixed invariants of closed four-manifolds defined in [21] : they can detect exotic 
smooth structures and, in fact, are conjecturally identical to the Seiberg-Witten invariants |28j . 

The knot Floer homology groups from |16] 124"] are closely related to the (closed) Heegaard Floer 
homology groups of three-manifolds obtained as surgeries on the knot. Indeed, both [16} 124] showed 
that the filtered knot Floer complex contains enough information to recover the Heegaard Floer 
homologies of all sufficiently large surgeries on the respective knot. This is used as a stepping-stone 
to reconstruct the Heegaard Floer homology of arbitrary surgeries on a knot in [23] and [14] . 

Since every closed three-manifold can be obtained by surgery on a link in the three-sphere, a 
natural question is whether the results from [23] admit a generalization for links. The goal of this 
paper is to present such a generalization. 

Let K C Y be a knot in an integral homology three-sphere. Recall that the knot Floer homology 
of K is constructed starting from a Heegaard diagram for Y that has two basepoints w and z, which 
specify the knot. One can build Floer homology groups by counting pseudo-holomorphic curves 
in the symmetric product of the Heegaard surface in various ways. For example, one can require 
the support of the curves to avoid z, and at the same time keep track of the intersections with w 
by powers of a U variable: this gives rise to knot Floer homology. Alternatively, one can define 
complexes Af in which one keeps track the intersection number of the curve with both w and z, 
in a way that depends on the value of an auxiliary parameter s£Z. When s > 0, the complex 
Af corresponds to ignoring z completely, and keeping track of w via a U variable. When s<0, 
we have the reverse: Af corresponds to ignoring w completely, and keeping track of z. Note that 
whenever |s| S> 0, the homology H*(Af) is the Heegaard Floer homology of Y, regardless of the 
sign of s (and in particular, they are independent of the knot K C Y). The intermediate complexes 
Af for s £ Z, however, contain nontrivial information about the knot. Indeed, according to |16]I24], 
the complexes Af (as s varies) capture the Floer homology groups of the three-manifolds obtained 
by sufficiently large surgeries on K. Moreover, these complexes are basic building blocks of the 
constructions from [23] [14"] . 

Consider now an oriented link L in an integral homology three-sphere Y . The analogue of knot 
Floer homology was defined in |22] and is called link Floer homology. The construction starts with a 
Heegaard diagram T~L L for Y that has several w and z basepoints, specifying the link. Let L\,...,L^ 
be the components of L. Following [22], we consider the affine lattice M(L) over Z^ defined by 

H(L) = 0H(L) i> H(L) t = lk(L ^~ L ° +Z, 

i=l 

where lk denotes linking number. By keeping track of the basepoints in various ways, we can define 
generalized Floer chain complexes 2l - (% L ,s),s E H(L), which are the analogues of the groups 
Af for knots. We will use the groups 2l~(H L ,s) to reconstruct the Heegaard Floer homology of 
integer surgeries on L. Note that, to keep in line with the conventions in [22], we will phrase our 
construction in terms of the HF~ rather than the HF + version of Heegaard Floer homology. We 
also ignore sign issues and work over the field F = Z/2Z. 

Further, for technical reasons, we find it useful to use a slightly different variant of HF~ than 
the one defined in [18]: we complete the groups with respect to the U variables, so that they 
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become modules over the power series ring F[[{7]], compare also (7j- We denote this completed 
version by HF~; it has the following technical advantage over HF~. The uncompleted version 
HF~ is functorial under cobordisms equipped with Spin structures, but it is not functorial under 
cobordisms per se, whereas the completed version HF~ is. In particular, HF~ satisfies surgery 
exact triangles (analogous to those in [IT]) just like HF + . 

Fix a framing A for the link L. For a component Li of L, we let Aj be its induced framing, 
thought of as an element in H\(Y — L). The latter group can be identified with Z via the basis of 
oriented meridians for L. Given a sublink M C L, we let Vl{M) be the set of all possible orientations 
on M. For M G O(M), we let I~(L, M) denots the set of indices % such that the component Li is 
in M and its orientation induced from M is opposite to the one induced from L. Set 

A l,m= E Ai€Hi(y-L)^Z'. 

iei-(£,M) 

Let 1a (L) be the three-manifold obtained from Y by surgery on the framed link (L, A). The 
input that we use to reconstruct HF~(YX.(L)) is called a complete system of hyperboxes for the 
link L. The precise definition is given in Section 16.61 Roughly, a complete system H consists of 
Heegaard diagrams H representing all possible sublinks V C L, together with some additional 
data that produces destabilization maps 

$f : 2T(^ L ',s) ^2l-(^ L '- M ,V Al (s)), 

for any M C L' C L,s G M(L'), and M G fi(M). Here, : H(L') M(L' - M) are natural 
reduction maps. The orientation M comes into play as follows: starting with 7~L L , we delete the w 
basepoints corresponding to components Lj C M with % G I-(L,M), and delete the z basepoints 
corresponding to the remaining components Li C M. The resulting diagram represents the link 
L — M, and the complete system gives us a sequence of steps that relate it to 1-L L ~ M , a diagram 
that also represents L — M . The map <frg is constructed by following the sequence of steps. 
Define 

(1) C-(«,A)=0 [J 2l-(H L - M ,V M (s)), 

MCLseH(L) 

where ?/^ A/ simply means with M being the orientation induced from the one on L. Equip 
C~(H,A) with a boundary operator as follows. For s G M(L) and x G 2l _ ("H 1_M , ^ M (s)), set 

P-(S,X) = E E ( S + A L,A?'<-(s)( X )) 
NCL-M jven(JV) 

G r(H L - M -^ MU "(s))cr(«,A). 

ncl-m jven(iv) 

Our main result is: 

Theorem 1.1. Fix a complete system of hyperboxes 7i for an oriented, t-component link L in an 
integral homology three-sphere Y, and fix a framing A of L. There is an isomorphism of homology 
groups: 

(2) H*(C-(H,A)) = UF:(Y A (L))®H*(T n ), 

where n is an integer depending on T~L, HF~ is the completed version of Heegaard Floer homology 
over the power series ring F [[[/]], and T n denotes the n-dimensional torus. 

Similar results hold for other variants of Heegaard Floer homology: HF,HF + , and HF°° (the 
last being a completed version of HF°°). 
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The proof of Theorem 1 1 . 1 1 also gives a way of describing the maps from HF~(Y) to HF~(Ya(L)) 
induced by the surgery cobordism. More generally, let TV be a cobordism between two connected 
three-manifolds Y\ and Y2, such that W consists of two-handle additions only. We can then find 
a link L C S 3 with a framing A and a sub link L' C L, such that surgery on L' (with framing 
specified in A) produces Yi, and the framed link specified by L — L' , thought of as a subset of 
Y\, exactly corresponds to the cobordism W going to Y 2 . Using this set-up, we can describe the 
map on Heegaard Floer homology induced by the cobordism W in terms of a complete system of 
hyperboxes for L. 

Refining this idea, we arrive at a similar description of a non-trivial smooth, closed four-manifold 
invariant. Let A be a closed, oriented four-manifold with b£ (X) > 2. The constructions from |21j 
associated to every Spin structure s on X an invariant called the mixed invariant &x,s & (The 
original definition was over Z and involved a homology action, but we ignore this extra structure 
in the present paper.) The manifold X can be presented in terms of a link as follows. Delete 
two four-balls from A to obtain a cobordism W from S 3 to S 3 . Then, split this cobordism into 
four-parts 

W = Wi U Yl W 2 Uy 2 W 3 Uy 3 W 4 , 

such that W\ consists of one-handles only, W2 and W3 of two-handles, and W4 of three-handles; 
further, we arrange so that Y2 is an admissible cut in the sense of [211 Definition 8.3]. Next, find 
a framed link (L C S 3 , A) that splits as a disjoint union L\ U L2 U L3, such that surgery on L\ 
produces Y\, and surgery on L2 and L3 corresponds to the cobordisms W2 and W3, respectively. 
We refer to the data (L = L\ U L2 U L3, A) as a cut link presentation for X. 

Theorem 1.2. Let X be a closed four-manifold with b^{X) > 2, with a cut link presentation 
[L = L\ U L2 U L3, A). One can describe the mixed invariants &x,s, 5 £ Spin c (A) with coefficients 
in F = Z/2Z in terms of the framing A and a complete system of hyperboxes for L. 

The advantage of presenting the three- and four-manifold invariants in terms of link Floer com- 
plexes is that the latter are understood better. Indeed, there exist several combinatorial descriptions 
of knot Floer homology, see [9l 1261 [13] . We focus on the description in [9], in terms of grid diagrams, 
which has the advantage that it extends to all versions of link Floer homology for links in S 3 . It 
turns out that a grid diagram for a link gives rise to a complete system of hypercubes for that 
link (provided that the grid has at least one free marking — see Section [12] for the exact condition) . 
Hence, we can apply Theorems 11.11 and 11.21 to obtain a description of the Heegaard Floer invari- 
ants for three- and four-manifolds in terms of counts of holomorphic curves on symmetric products 
of grid diagrams. In [11], we use this result to describe the Heegaard Floer invariants in purely 
combinatorial terms. 

It would be interesting to see whether the procedure of constructing three- and four-manifold 
invariants from data associated to links, as presented in this paper, can be applied to other settings. 
Indeed, there are several homological invariants for links in S 3 , that have much in common with 
Floer homology, but for which it is unknown whether they admit extensions to three- and four- 
manifolds. We are referring in particular to the link homologies constructed by Khovanov [3], and 
Khovanov and Rozansky [5j [6] . 

In a different direction, the maps induced by surgery cobordisms can be used to construct another 
link invariant, a link surgery spectral sequence (see [201 Theorem 4.1] and [21 Theorem 5.2]). The 
methods giving Theorem 11.11 can also be used to give a description of this spectral sequence in 
terms of complete systems of hyperboxes; see Theorem 1 1 1 . 1 1 1 b elow for the precise statement. 

The organization of this paper is as follows. In Section [2] we explain the difference between 
the completed theories HF~ and HF°° used in this paper, and the versions HF~ , HF°° originally 
defined in [18] . In Section [3] we discuss some homological algebra that is needed throughout the 
rest of the paper: we introduce the notion of a hyperbox of chain complexes, and describe several 
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operations on hyperboxes. In Section[3]we define the generalized Floer chain complexes %i~(H L , s), 
and explain their invariance properties. We also define maps between generalized Floer complexes 
by counting J-holomorphic polygons. Section [5] contains some analytical results about the behavior 
of holomorphic polygon maps under a move called quasi-stabilization. Section [6] is devoted to 
building up the definition of a complete system of hyperboxes for a link. In Section [7] we then give 
a more precise statement of Theorem 11.11 The proof of Theorem 11.11 occupies Section [TUl and is 
based on a truncation procedure explained in Section [8] together with a surgery long exact sequence 
discussed in Section [9j Section [8] also contains an explicit computation, for the case of the Hopf 
link. In Section [11] we present the extensions of Theorem 11.11 to the other versions of Heegaard 
Floer homology, and to the invariants associated to cobordisms; we also prove Theorem 11.21 and 
discuss the link surgeries spectral sequence. Finally, in Section \12\ we explain how certain grid 
diagrams for links in S 3 give rise to complete systems of hyperboxes. Many of the diagrams in 
the resulting complete systems are quasi-stabilized, and therefore the results from Section [5] can be 
used to simplify the description of the surgery complex in terms of grids. 

Acknowledgements. We are grateful to Dylan Thurston for useful suggestions regarding the 
material in Section [3l to Andras Juhasz, Matthew Hedden, Sucharit Sarkar, and Zoltan Szabo for 
helpful conversations, and to John Baldwin, Jonathan Hales, Tye Lidman, and Yi Ni for comments 
on a previous version of the paper. The first author would also like to thank the mathematics 
department at the University of Cambridge for its hospitality during his stay there in the spring of 
2009. 
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2. Conventions 

Throughout this paper we work with Floer homology groups with base field F = Z/2Z. 

Let Y be a closed, connected, oriented 3-manifold. We consider the Heegaard Floer homology 
groups HF , HF + , HF~ , HF°° defined in [18], |17j . These are modules over the polynomial ring 
¥[U]. (In the case of HF, the action of U is trivial.) 

Let HF - and HF°° denote the completions of HF~ , HF°° with respect to the maximal ideal 
(U) in the ring ¥[U]. Since completion is an exact functor, we can alternatively think of HF~ 
as the homology of the complex CF _ with the same generators as CF~ , but whose coefficient 
ring is the formal power series ring F[[f7]] rather than ¥[U]. Similarly, HF°° is the homology 
of this same complex, whose base ring is now the field ring of semi-infinite Laurent polynomials 
¥[[U, U' 1 ] (rather than ¥[U, U -1 ], as in the construction of the usual HF°°). Clearly, HF~, HF°° 
share most of the properties of the old ones. In particular, they inherit gradings from HF~(Y,s) 
and HF°°(Y,s). For example, when s is a torsion Spin structure, HF~(Y,s) is equipped with an 
absolute Q-grading as in |15j . This induces an absolute grading on HF~(Y,s), characterized by 
the fact that each generator of CF~(Y, 5) (i.e. intersection point between totally real tori) has the 
same grading as it does when it is thought of as a generator of CF~(Y, s); further, multiplication by 
U drops the grading by 2. When 5 is non-torsion, CF~(Y,s) and CF~(Y, s) admit relative Z/2&Z- 
gradings, for suitable k (depending on s). Similar remarks apply to CF°° and CF°°. 

One can define cobordism maps and mixed invariants as in [21], using HF~ and HF°° rather 
than HF" and HF°°. This new setting is parallel to the one developed by Kronheimer and Mrowka 
in [7] in the context of gauge theory. It has the advantage that HF~ and HF°° now admit exact 
triangles analogous to those for HF,HF + from \17\ Section 9]. Further, whereas for the definition 
of HF" and HF°° one needs to use strongly admissible Heegaard diagrams as in [18\ Definition 
4.10], in order to define HF - and HF°° it suffices to consider weakly admissible diagrams. Indeed, 
Lemma 4.13 in [18] shows that the differentials of CF~ and CF°° are finite whenever the respective 
Heegaard diagrams are weakly admissible. 

More generally, whenever we discuss versions of Heegaard and link Floer homology that were 
defined originally over polynomial rings F[£/i, . . . , Ug], in this paper we use their completions, which 
are modules over formal power series rings F[[£/i, . . . , Ui]]. 

One could also define versions of HF and HF + using the completed ring; but since those are 
generated by complexes on which the action of multiplication by U is nilpotent on each generator, 
the resulting invariants coincide with the versions defined over ¥[U]. In particular, in the completed 
context, we have an exact sequence for any closed, oriented three-manifold Y 

(3) ... ► HF-(F) ► HF°°(Y) ► HF + (Y) ► ... , 

where HF + is the Heegaard Floer homology group from |18j . 

Note that, when Y is a three-manifold and s is a torsion Spin c structure on Y, the groups 
HF~(Y,s) and HF°°(Y,s) are determined by HF~ and HF°°, respectively. Indeed, we have 
HF^Y, s) = (HF~)>i(Y,s) for any given degree i G Q, and since the groups (and their mod- 
ule structure) are determined by their truncations, the claim follows. Similar remarks apply to 
HF°° and HF°°. 

For non-torsion Spin c structures s, there is some loss of information when passing from HF~(Y,s) 
and HF°°(Y,s) to their completed analogues. For example, when Y = S 1 x S 2 , let h be a generator 
of H 2 (Y;s) = Z, and the Spin c structure with ci(s) = 2kh. Then 

HF^iS 1 x S 2 ,s k ) ^¥[U]/(U k - 1), HF co (S 1 x S 2 ,s k ) ^¥[U,U~ 1 }/(U k - 1), 

so 

HF-OS 1 x S 2 ,s k ) HF 00 ^ 1 x S 2 ,s k ) = 0. 
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In general, for any non-torsion Spin structure s we have that 
(4) HF°°(Y,s) = 0. 



is 



Indeed, Lemma 2.3 in [19] says that (1 - U N )HF°°(Y, u) = for some N > 1. Since 1 - U 
invertible as a power series, after taking the completion we get (J4]). Consequently, Equation ([4]) 
combined with exactness in the sequence (|3|) gives a (grading-reversing) isomorphism 

(5) HF~(y,s) HF + (Y,s), 

for any non-torsion Spin c structure s. 
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3. HYPERBOXES OF CHAIN COMPLEXES AND COMPRESSION 

In this section we develop some homological algebra that is essential for the statement of the 
surgery theorem. All the vector spaces we consider are over F = Z/2Z. 

When / is a function, we denote its n th iterate by f on , i.e. f°° = id, / ol = f, = f on o f. 

3.1. Hyperboxes of chain complexes. An ?i-dimensional hyperbox is a subset of K n of the form 
[0, di] x • • • x [0, d n ], where d{ > 0,i = 1, . . . , n. We will assume that d = (di, . . . , d n ) G (Z>o) n 
is a collection of nonnegative integers. We then let E(d) be the set of points in the corresponding 
hyperbox with integer coordinates, i.e. 

E(d) = {e = (ei,.. . ,£ n ) \ e { G {0, 1,. . . ,di}, i = l,...,n}. 

In particular, E n = E(l, . . . , 1) = {0, l} n is the set of vertices of the n-dimensional unit hyper- 
cube. 

For e = (ei, . . . ,£ n ) G E(d), we set 

||e|| = ei H he n - 

We can view the elements of E(d) as vectors in W 1 . There is a partial ordering on E(d), given 
by s' < £ Vi, < £j. We write e' < e if e' < £ and e' ^ e. 

For f = 1, . . . , n, let Tj G E n be the n-tuple formed of n — 1 zeros and a single one, where the one 
is in position i. Then, for any e G E(d) we have 

£ = em H h £ n T n - 

Definition 3.1. An n-dimensional hyperbox of chain complexes of size d G (Z>o) n consists of a 
collection of TL-graded vector spaces 



*G2 



together with a collection of linear maps 

^ e o • O t ->■ C ;)[ _ 1+ | [e | [ , 

one map /or eac/i e° G E(d) and e G E n snc/i i/iai e° + e G E(d). The maps are required to satisfy 
the relations 

(6) E D 7i< ° ^ = °. 

£'<£ 

/or e° G E(d),e G E n such that e° + e G E(d). 

Given a hyperbox of chain complexes as above, we denote 

C = ° £ 

egE(d) 

and define linear maps D £ : C — > C, by setting them on generators to 

'd s e0 (x) for x G C e ° with £° + e G E(d), 
for x G C £ ° withe + e0E(d). 



D e (x) 



We denote a typical hyperbox of chain complexes by H = ((C e ) ee ]E( t j), (.D e ) e6 E ?l ); the maps D £ 
are implicitly taken into account in the direct sums D £ . Sometimes, by abuse of notation, we let D £ 
stand for any of its terms D £ . If d = (!,...,!), we say that H is a hypercube of chain complexes. 
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Observe that a 0-dimensional hyperbox of chain complexes is simply a chain complex, while a 
1-dimensional hyperbox with d = (d) consists of chain complexes ,i = 0, . . . , d, together with 
a string of chain maps 

(7) C^^\C^^%...^UC^\ 

To give another example, a 2-dimensional hypercube is a diagram of complexes and chain maps 

(7(0,0) D {1 '°\ £(1,0) 
D(o.i) D (o,i) 
£(0,1) D(1 '°\ £(1,1) 

together with a chain homotopy 

(8) : C(°'°) -> C* 1 ' 1 ) 

between Z^ 1 - ) o Z^ - 1 ) and Z^ ' 1 ) o . 

In general, if ((C e ) £6 E(d), (Z} £ ) eG E n ) is an n-dimensional hyperbox, then (C £ , Z}(°>->°)) are chain 
complexes. Along the edges of the hyperbox we see strings of chain maps D Ti , i = 1, . . . , n. In fact, 
let us imagine the hyperbox [0, d\\ x • • • x [0, d n ] to be split into d\d2 ■ ■ ■ d n unit hypercubes. Then 
along each edge of one of these hypercubes we see a chain map. Along the two-dimensional faces of 
the unit hypercubes we have chain homotopies, and along higher-dimensional faces we have higher 
homotopies. 

Observe that when H = (C £ , D e ) e ^ n is a hypercube, we can also form a total complex H tot = 
(C*, D), where the grading on C is given by 

egE(d) 

and the chain map is the sum D = ^2 D e . 

3.2. Compression. Let H = ((C £ ) ee E(d)> (-D £ ) £G e„) be an n-dimensional hyperbox of chain com- 
plexes. We will explain how to construct from H an n-dimensional hypercube H = (C £ , Z) £ ) £G e„- 
The process of turning H into H will be called compression. 

The simplest example of compression is when n = 1, and H is a string of chain complexes 
and chain maps as in ([7]). Then compression is composing the maps. Precisely, the compressed 
hypercube H consists of the complexes = and = C", linked by the chain map 

( D (i)y d = D (i) o . . . o D (i) . £(o) _^ £W_ 

For general n and d = (d±, . . . , d n ), the compressed hypercube H has at its vertices the same 
complexes as those at the vertices of the original hyperbox H: 

£(ei,...,en) = £(^1,..,^), e = ( ei ,..., £n ) eE n . 
Further, along each edge of H we should see the composition of the respective edge maps in H, 



i.e. 



odi 



The construction of the maps corresponding to the higher-dimensional faces of H is rather 
involved, and will occupy Sections 13.31 - 13. 61 For now, to give a flavor of the respective formulae, let 
us explain the simplest nontrivial case, namely n = 2. 

When n = 2 and d = {d\, d2), the hyperbox H is a rectangle split into d±d2 unit squares. Along 
the horizontal edges we have chain maps denoted f\ = D^ 1 ' ' and along the vertical edges we have 
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Figure 1. Compression of a rectangle into a square. This is the graphical 
representation of the term of the form f° 2 o f^ 2 o /{i^} f^ 2 /i 3 appearing in the 
sum ([9]), with d\ = 6,d 2 = 5,ji = j% = 3. Each unit segment which is part of 
the thick line corresponds to a map f\ or f 2 , while the shaded square is the chain 
homotopy /{i,2}- Taking the sum of all the terms in corresponds to filling up 
the whole rectangle with 30 unit squares, and represents a chain homotopy between 
ffoffzndffof*. 

chain maps denoted /2 = Z^ ' 1 ). Further, each unit square carries a chain homotopy /{1.2} = Z^ 1 ' 1 ) 
between f\ o f 2 and fi° fi- Then, on the edges of the compressed hypercube H we have maps 

£)(1,0) _ jodi f)(0,l) _ jod 2 

For the diagonal map ZM 1 ' 1 ) we choose 

(9) = £ £ /i 0l_1) & n ~ 1] ° km ° f°2 d2 ' n) ° fi dl ~ n) - 

31=1 j 2 =l 

It is easy to check that iM 1,1 ) is a chain homotopy between iM 1,0 ) o D^^ 1 ) = f° dl o and 
Z)^' 1 ) o D^ 1 ' ) = f° d ' 2 o f^ dl . See Figure [1] for a pictorial interpretation. 

3.3. The algebra of songs. Let X be a finite set. (Typically, X will be a subset of the set of 
nonnegative integers.) 

Definition 3.2. An X-valued song is a finite, ordered list of items, where each item can be either 
a note, i.e. an element of X, or a harmony, i.e. a subset of X. 

For example, if X = {1,2,3}, a typical X-valued song is written as 

s = (213{2,3}2{}12{3}). 

The song s has nine items, six being notes and three being harmonies. Note that we allow the 
empty harmony {}, and that we distinguish between the note 3 and the one-element harmony {3}. 
Also, our convention is to write songs between parantheses. For example, if A C X is a harmony, 
by (A) we mean the one-item song made of that harmony. 

Let S(X) be the F-vector space freely generated by all X-valued songs. Since songs form a monoid 
under concatenation (with the empty song as the identity element), this induces the structure of a 
non- commutative algebra on S(X). 

Definition 3.3. The algebra of X-valued songs, denoted S(X), is the quotient of S(X) by the ideal 
I(X) generated by the following relations: 
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• For any note x E X , 

(10) (*{}) = ({}*) 
and 

(11) (x{x}) = ({x}x). 

• For any note ieX and song s € S(X), 

(12) (x{x}sx) + (xs{x}x) = (xs) + (sx). 

• For any harmony 4CI, 

(13) £(2J)(A\B) = 0. 

BCA 

Remark 3.4. The reader may wonder why we defined the algebra S(X) this way. The motivation 
behind our choice of the relations (|10 p -(|13 p is that they do not affect the playing of songs, as defined 
in Section [3.51 below. See Lemma 13.111 for the relevant result. 

Let Y = X U {y} be the set obtained from X by adding a new note y. We define an operation 
on songs: 

W : S(X) S(Y), 

as follows. For a note x € X, we set 

For a harmony ^4 C X, let 11(^4) be the set of all ordered decompositions (Ai, . . . , Ak) of A into a 
disjoint union 

A = A x II A 2 II • • • n^ fc , 
where fc > and all A^s are nonempty. For A ^ {}, we set 

</v(A)= ^ (y(A 1 U{y})y(A 2 U{y})y...y(A k U{y})y), 
(A lt ...,A k )eU(A) 

while for A = {} we set ijj y (A) = (y). 

So far we defined ip y only on one-item songs, consisting of either one note or one harmony. We 
extend it to arbitrary songs by requiring it to act as a derivation: 

1py(siS 2 ) = 1py(si)s 2 + Silp y (s 2 ). 

For example, 

V> 3 (2{1,2}) = (23{2,3}32{1,2}) + (23{1,2,3}3) + (23{1, 3}3{2, 3}3) + (23{2, 3}3{1, 3}3). 

Finally, we extend ip y to all of S{X) by requiring it to be linear. 

Lemma 3.5. The operation ip y descends to a linear map between S(X) and S(Y). 

Proof. We need to check that when we apply ip y to the relations (|10p - (|13p from Definition 13.31 we 
obtain relations that hold true in S(Y), i.e. lie in the ideal I(Y). 



HEEGAARD FLOER HOMOLOGY AND INTEGER SURGERIES ON LINKS 13 

Let us first look at the relation (|10p . The claim is that ip y (x{}) = ip y ({}x). Indeed, we have 

(14) ^y{x{}) + ip y ({}x) = (xy{x, y}yx{}) + (xy) + ({}xy{x, y}yx) + (yx) 

= (xy({x,y}{} + {}{x,y})yx) + (xy) + (yx) 
= (xy({x}{y} + {y}{x})yx) + (xy) + (yx) 
= (x(y{x}{y}y + y{y}{x}y)x) + (xy) + (yx) 
= (x(y{x} + {x}y)x) + (xy) + (yx) 
= (xy{x}x) + (x{x}yx) + (xy) + (yx) 
= 0. 

To get the second equality in (j!4[) we used (jlpp . namely the fact that {} commutes with x and y. 
To get the third equality we applied (|13p for A = {x, y}, while to get the fifth and seventh equalities 
we applied (fT2|) . 

The similar result for Equation (jlip is simpler. It suffices to apply (jlip twice and (|12p once: 

(15) %j) y (x{x}) + ip y ({x}x) = (xy{x, y}yx{x}) + ({x}xy{x, y}yx) + (xy{x, y}y) + (y{x, y}yx) 

= (xy{x,y}y{x}x) + (x{x}y{x, y}yx) + (xy{x,y}y) + (y{x,y}yx) 
= 0. 

Here is the analogous result for Equation (|12j) : 

(16) V ; 2/( X { a; }' SX ) + 1py(xs{x}x) + tpy(xs) + lp y (sx) 

= (xy{x,y}yx{x}sx) + (xy{x,y}ysx) + (x{x}V'i / (s)x) + (x{x}sxy{x, y}yx)+ 

(xy{x, y}yxs{x}x) + (xsy{x,y}yx) + (xV'j / (s){x}x) + (xs{x}xy{x, y}yx)+ 

(xy{x,y}yxs) + {xipy(s)) + (ip y {s)x) + (sxy{x, y}yx) 
= ((xy{x, y}yx{x}sx) + (xy{x, y}yxs{x}x) + (xy{x, y}ysx) + (xy{x, y}yxs)) + 

((x{x}sxy{x,y}yx) + (xs{x}xy{x, y}yx) + (xsy{x,y}yx) + (sxy{x, y}yx)) + 

((x{x}^ y (s)x) + (x^ y (s){x}x) + (xip y (s)) + (il> y (s)x)) = 0. 

In the last step, the four terms in each of the large parantheses cancel each other out by applying 
Equation (fl2]) . 

Lastly, we prove that Equation (I13p holds true after applying ip y . Let us introduce the following 
notational shortcut: if A is a subset of X, we denote by A = A U {y} C Y. 
For any A C X, we have 

(17) 

^(£(B)(A\iJ)) = ^ Vi,(S)-(^\S) + (A\ J B)-Vj,(S) 

BCA BCA 

= E E • • • \ B)) + ((A \ B)yB iy . . . yB k y)) 

BCA (B lr ..,B k )eU(B) 

(ivAiV ■ ■ ■ yA k -iyA k ) + (A iy A 2 y . . . yi fe y)) + 

(Ai,...,A fc )en(A) 

((yiiy • • • yA k y{}) + ({}yiiy . . . yA k yf) . 

(A!,...,A fe )en(A) 

The last equality was obtained by splitting the summation on the second line into terms with 
B ^ A and B = A. 



14 CIPRIAN MANOLESCU AND PETER OZSVATH 

The final expression in (|17|) is a sum of two terms, where each term is a summation over the 
elements of n(A). Using the fact that {} and y commute, the second summation (the one appearing 
on the very last line of (fT7|) ) is seen to equal: 

k 

(is) Y E (fyAiy ■ ■ ■ yA ^y) ■ ((0^) + (M})) ■ (y^+w ■ ■ ■ y^y)) ■ 

(Ai,...,Ak)en(A) i=l 

Applying (|13|) to Ai we see that the paranthesis in the middle of the summation term in (|18|) 
equals 

{{}A i ) + {A i {})= Y (B)(A t \B) = (A t {y}) + ({y}A l )+ Y ((B)(A t \B) + (B)(A\B)) . 

BCli BCA X 

Plugging this back into (fT%j) . we obtain that (fP8"|) equals 

fc 

( 19 ) E E (ivAiV ■ ■ ■ yAi-i) ■ {{y{y}A t y) + (yMvte)) ■ {A i+ iy . . . yA k y)^ + 

(Ai,...,A fc )en(A) i=l 

fe-1 fe-1 

Y Y( yAiy --- yAi - iAiy --- yAky } + E Y( yAiy --- yAi - iAiy --- yA ~ ky }- 

(A lt ...,A k )en(A) i=i (Ai,...,A fc )en(A) i=i 

Here, in the last two summations, we changed notation so that (A\, . . . , Ai_i,B, Ai\B, -Aj+i, ■ ■ ■ , Aj.) 
is renamed (Al, . . . , A k ). 

Now, applying (|12p to the middle paranthesis in the first summation in (|19[) . we can replace 
(y{y}Aiy) + (yAi{y}y) with (yAj) + {A^y). Consequently, most of the terms in that first summation 
cancel out with terms in the second and third summations in ()19|) . The only remaining terms are 
some corresponding to i = 1 and i = k. More precisely, we get that f|19f) equals 

Y {(yAiy ■ ■ ■ yA k _iyA k ) + (A 1 yA 2 y ■ ■ ■ yA k y)^j . 
(A 1 ,...,A fe )en(A) 

This exactly corresponds to the first summation in the final expression in (|17p . Hence, we obtain 

BCA 

as desired. □ 
3.4. Symphonies. 

Definition 3.6. Let X be a finite, totally ordered set, and m(X) the maximal element in X. The 
symphony a(X) € S(X) on the set X is defined, recursively, by 

q(0) = ({}), a(X) = ^ m[x) (a(X \ {m(X)})) . 
We call a n = a({l, 2, . . . , n}) the n th standard symphony. 
For example, 

«i = Vi({}) = (i), 

a 2 = ^2(1) = (12{1,2}21), 

a 3 = </> 3 (12{l, 2}21) = (123{1, 2, 3}321) + (123{2, 3}32{1, 2}21) + (12{1, 2}23{2, 3}321) + 

(12{1, 2}213{1, 3}31) + (13{1, 3}312{1, 2}21) + (123{1, 3}3{2, 3}321) + (123{2, 3}3{1, 3}321). 

Computer experimentation shows that is a linear combination of 97 different songs, and 
«5 a linear combination of 2051 different songs. In general, a song s that appears with nonzero 
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multiplicity in a n is easily seen to satisfy the following two conditions. Let s consist of k notes and 
/ harmonies, and let h\,...,hi be the cardinalities of each harmony. Then we have: 

(20) k = 2n + l-l, V/ii = n + Z-l. 

i=i 

Of course, not every song that satisfies (I20p appears in the formula for a n . 
Lemma 3.7. For any finite, totally ordered set X , we have the following relation in S(X): 

(21) ]T a(Y)a(X\Y) = 0. 

YCX 

Proof. Induction on the cardinality n of X. For n = the corresponding relation {}{} = is 
Equation (|13p for A = {}, while for n = 1 the corresponding relation (x{}) = ({}x) is Equation (|10D . 

Let X be a set of cardinality n > 2, and denote m = m(X). Suppose that (|2ip is true for all 
sets of cardinality < n, and, in particular, for X' = X \ {m}. Then: 

a(Y)a(X \Y) = ^ {a(Y)a{X' U {m} \ Y) + a{Y U {m})a(X' \ Y)) 

YCX YCX' 

= (a(Y)^ rn (a(X' \ Y)) + ty m (a(Y))a(X' \ Y) 

YCX' 

= MY, »(Y)a(X'\Y)) 

YCX' 
= Vm(0)=0. 

□ 

3.5. Hypercubical collections. Let X be a finite set and (A, +, *) be a (possibly non-commutative) 
algebra over F. Given an element srf € A, we denote by = £/*■■■*£/ its j th power. In par- 
ticular, = 1 is the unit. 

Definition 3.8. An n- dimensional hypercubical collection in the algebra A, modeled on X, is a 
collection si composed of elements s$z £ A., one for each ZCI, which are required to satisfy the 
relations 

(22) J2 * *z\Z' = °> 

Z'CZ 

for any Z C X . 

Example 3.9. Let H = (C £ ,D £ ) be a hyperbox of chain complexes as in Section [3.11 Choose X = 
{1,2, ... ,n}. For any Z C X, we can define an element £(Z) = (C(^)i, • • -,((Z)n) £E n = {0, l} n , 
by 



1 if i G Z, 
otherwise. 



(23) C(Z)i 
Then 

form a hypercubical collection in the algebra End(C), modeled on X. 

Definition 3.10. Let X be a finite set and let d = (d x ) x ex be a collection of positive integers 
indexed by X. Let srf = {Az}zcx be a hypercubical collection in an algebra A. Let also s be an 
X -valued song, spelled out as a sequence of items 

s = (x\ . . .x^ {y\ , . . . , yl t }x\ . . . x% 2 {yf , ■ ■ ■ , yf 2 } x\...x l n {y[ , . . . , y l t[ jx 1 ^ 1 . . . ) , 
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where some of the r\ 's can be zero. 

The result of playing the song s to the hypercubical collection in the register d, is the algebra 
element pl^(s) £ A defined by: 



(24) Pe(*) = E<f}*---*<M* ,M * <| } * ' 



where the sum is over all possible powers j° > satisfying, for each x a X, 



l+l r a i t. 



2^ 2_, <^,<i£ + 2^2^ ^.ws = ^- 

(T=l M=l CT=1 U=l 

//ere <5j , is the Kronecker delta symbol. 

It is worth giving some examples of playing. First, note that, unless every x € X appears at 
least once in the song s (either as a note or as part of a harmony), we have pl^(s) = 0. 

If X = {1} and d = (cf), then $rf consists of two algebra elements stf§ and £?{iy- Playing the song 
(1) to srf yields the d th power On the other hand, playing the song ({1}) to srf yields 

when d = 1 and otherwise. 

If X = {1,2} and d = (d\,d2), then s# consists of four algebra elements =2^, =2^2} an d 
■^{1,2}- Playing the second standard symphony 02 = (12{1,2}21) to s# yields 

plS 1 '" 2 ^^) = Y, <} * <l * * <l * ^{1} ' 

j\+il=di-l 
j\+3l=d2-l 



or, equivalently, 



pi^ 2) M=EE<i ( r 1) *< 2 

31=1 J2 = l 

(Compare Equation Q and Figure [TJ) 



di d,2 

{1} * =^{2} * ^{1,2} * ^{2} * ^{1} 

31=1 32=1 



Lemma 3.11. £ef si be a hypercubical collection in an algebra A, modeled on a set X, and pick 
a series of nonnegative integers d = (d x ) X £X- Then, the operation of playing songs to in the 
register d descends to a linear map pl^ : S(X) — > A. 

Proof. We extend the playing of songs linearly to a map S(X) —> A. In order to show that it 
descends to S(X), we need to check that the relations f)10[> - (| 13|) hold true after playing them. In 
fact, since playing is not multiplicative, one needs to check that these relations, when multiplied 
on the left and right with arbitrary songs, still hold true after playing. 

For example, let us look at the relation (jTUJ) , namely (x{}) = ({}x), for any x € X. The claim 
is that the maps ph Sl x{}s 2 ) ano ^ P\s 1 {}xs 2 ) are e 1 ua l> f° r an Y songs s±,S2- This is true, because 
x{} corresponds to taking a power of srf{ x } in the big summation in (f24"j) . followed by the factor 
Equation (|22p for Z = {x} imples that ^ commutes with £/{ x y, so it also commutes with its 
power. 

The relation (fTT|) holds true after playing because both (x{x}) and ({x}x) correspond to taking 
an arbitrary, but nontrivial, power of £&{ x } in the big summation in (|24p . 

The relation (|12|) holds true after playing because the left hand side is a sum of two terms, 
both roughly of the form xsx, except that in the first we impose the condition that the exponent 
of £^{ x } terms is nonzero on the left of s, and in the second that it is nonzero on the right of s. 
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Therefore, most of the terms obtained after playing cancel in pairs. The only remaining ones are 
those obtained by playing either sx or xs (with no srf{ x \ powers on the left and right, respectively). 

Finally, the fact that (fT3j) holds true after playing boils down to Equation ([22]) in the definition 
of a hyper cubical collection. □ 

Let si be a hypercubical collection modeled on a set X. For any X' C X, the subcollection 
composed of s/z for Z C X' is a hypercubical collection modeled on X' , which we denote by s/\X' . 
Further, if d = (d x ) x( zx is a series of nonnegative integers, by picking only the terms d x for x € X' 
we obtain a new series, denoted d|X'. 

The following is a straightforward consequence of the definition of playing, taking into account 
Lemma 13.111 

Corollary 3.12. Let si be a hypercubical collection in an algebra A, modeled on a set X. Let 
X = X' II X" be a decomposition of X as a disjoint union. Then, we have 

pl%,(s')*pl%,,(s'') = plus's"), 

for any s' E S(X'),s" € S(X"). 

Suppose now that X is a finite, totally ordered set. We equip all Z C X with the induced total 
ordering. 

Let si be a hypercubical collection in an algebra A, modeled on X. Pick d = (d x ) xe xi d x > 
and, for any XCX, define 

where a{Z) is the symphony on Z from Definition 13.61 

Lemma 3.13. The elements {si d }zcx form a new hypercubical collection si d in A. 
Proof. We need to check that, for any ZCI, 

(25) srf£, * srf$„ = 0. 

Z'UZ"=Z 

Indeed, the right hand side in (I25p equals 

(26) Y, ^%'HZ'))*VI%,,HZ''))= ]T v \%{a(Z')a{Z")) = 

Z'Y1Z"=Z Z'UZ"=Z 

= P^ z (Ez'uz"=z^Z')a(Z")) = pl^(0) = 0. 

The first equality in (I26p is a consequence of Corollary 13.121 the second of linearity (Lemma I3.1ip , 
and the third of Lemma 13.71 □ 

3.6. Back to compression. Let H = ((C £ ) £G ie( ( j)) (-C £ )eeE n ) be an n-dimensional hyperbox of 
chain complexes as in Section 13.11 In Section 13.21 we advertised the construction of a compressed 
hypercube H = (C £ , D £ ) eef : n , with 

£j(ei,. ..,£„) _ Q(eidi,...,e n d n ) 

We are now ready to explain the exact construction of the maps D £ . Let A be the algebra 
End(C) under composition, where C = ® £G E(d)C e ■ As mentioned in Example 13. 9| the maps 
D £ = D^ z ' = s&z form a hypercubical collection si in A, modeled on X = {1, . . . , n}. (Note that 
every e € E n can be written as ((Z), for a unique Z C X.) 

For Z C {1, . . . , n}, set 

(27) t)^= ff /i = V \%(a{Z)). 
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For example, when Z = {i},£ = Tj for some i 6 {l,...,n}, the map along the corresponding 
edge of the hypercube is D n = P^LiC*) = {D n ) odi , as noted in Section [3^21 For n = 2, by playing 
the symphony on a set of two elements, we recover formula (|9j) for iM 1 ' 1 ). 

Proposition 3.14. H = (C £ , l) £ ) £e E n is a hypercube of chain complexes. 

Proof. The relations (|SJ) are a direct consequence of Lemma [3. 131 The fact that D e changes grading 
by Hell — 1 (as required in the definition of a hypercube) follows from the similar property for the 
maps D e , together with the second relation in (|2U|) . which is satisfied by all the terms appearing in 
a symphony on a set of size n. □ 

3.7. Chain maps and homotopies. Let 

°h = {(°c% md) ,(°D% £En ), i h = (ec^^eD^^) 

be two hyperboxes of chain complexes, having the same size d £ (Z>o) n . Let (d, 1) £ (Z>o) n+1 be 
the sequence obtained from d by adding 1 at the end. 

Definition 3.15. A chain map F : °H — > l H is a collection of linear maps 
satisfying 

e'<e 

for all e° G E(d),e E E n such that e° + e € E(d). 

In other words, a chain map between the hyperboxes °H and 1 H is an (n + l)-dimensional 
hyperbox of chain complexes, of size (d, 1), such that the sub-hyperbox corresponding to e n +i = 
is °H and the one corresponding to e n +i = 1 is 1 H. The maps F are those maps D in the new 
hyperbox that increase e„+i by 1. 

Note that, in the particular case when d = (0, . . . , 0), so that °H and l H are ordinary chain 
complexes, the notion of chain map coincides with the usual one. Also note that, when d = 
(1, . . . , 1), so that °H and 1 H are hypercubes, a chain map F induces an ordinary chain map i*tot 
between the corresponding total complexes Ct o t and 1 C to t- 

The identity chain map Id : H — > H is defined to consist of the identity maps Id^ when 
e = (0, . . . , 0), and zero for other e. 

Lemma 3.16. A chain map F between hyperboxes H and 1 H induces a natural chain map F 
between the compressed hypercubes H and H. 

Proof. As mentioned above, the information in F can be used to build a new hyperbox of size (d, 1) 
composed of °H and 1 H. Compressing this bigger hyperbox gives the required map F. □ 

Definition 3.17. Let F : °H -> 1 H and G : 1 H — >■ 2 H be chain maps between hyperboxes of the 
same size. Their composite G o F is defined to consist of the maps 

{GoFf £0 = £ G-' e ,oFf '. 

{e'|e'<e} 

Definition 3.18. Let F,G be two chain maps between hyperboxes H and 1 H. A chain homotopy 
between F and G is a collection ^ of linear maps 

ij,£ . Oris , l r Y£°+e 
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for all satisfying 



e'<e 

for e° G E(d), e G E n suc/j i/iai e° + e G E(d). 

Note that we can also interpret a chain homotopy as a bigger hyperbox, namely an (n + 2)- 
dimensional one of size (d, 1, 1), where e n +i = and = 1 are the (n+l)-dimensional hyperboxes 
corresponding to F and G, respectively, and the maps in the new direction (from e n +2 = to 
£n+2 = 1) are the identities (preserving e n +i) and \P (increasing e n+ \ by one). 

We define a chain homotopy equivalence between hyperboxes as a chain map that has an inverse 
up to chain homotopy. The following follows from the same kind of argument as Lemma 13.161 

Lemma 3.19. If F : °H ->■ 1 H is a chain homotopy equivalence, then the compressed map F is 
also a chain homotopy equivalence. 

Observe that if F : °H — >■ 1 H is a chain homotopy equivalence between hypercubes, the map 
F tot between the respective total complexes is an ordinary chain homotopy equivalence. 

Definition 3.20. A chain map F : °H — > 1 H is called a quasi-isomorphism of hyperboxes if its 
components 

F (0,...,0) . o c£ o ^ 1(J£ 

induce isomorphisms on homology, for all e° G E(d). 

We note that a chain homotopy equivalence of hyperboxes is a quasi-isomorphism. Further, 
if F : °H -»• 1 H is a quasi-isomorphism between hypercubes, the total map F tot is an ordinary 
quasi-isomorphism. 

3.8. Elementary enlargements. For future reference, we introduce here a simple operation on 
hyperboxes, called elementary enlargement. 

Let H = ((C e ) £g ]E(d), (D £ ) £€ E n ) be a hyperbox of chain complexes, of size d G (Z>o) n . Pick 
k G {1, . . . , n} and j G {0, 1, . . . , d k }. Define d+ = (df, . . . , d+) G (Z> ) n by d+ = d + r fc , i.e. 

dt = 

We construct a new hyperbox 

i7+ = ((C + ' £ ) £eE(d+) ,( J D+' £ ) £eE J 

by replicating (i.e. introducing a new copy of) the complexes in positions with = j. The new 
copy will be in position = j + 1, and everything with higher is shifted one step to the right. 
The two identical copies (which can be thought of as sub-hyperboxes) are linked by the identity 
chain map. Precisely, we set 

\C £ -^ \ie k >j + \ 

and 



We then say that H + is obtained from H by an elementary enlargement at position (i, k). The 
following is easy to check from the definitions: 






if 4 


+ e k < j 


Id 


if 4 


= 3,£ = Tk 





*4 


= j,£k = 1, ||e|| > 2 


V £ U -Tfc 


if 4 


>3- 
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Lemma 3.21. Let H + be an elementary enlargement of a hyperbox of chain complexes H . Then 
the compressed hypercubes H and H + are identical. 

3.9. Canonical inclusions. We describe here yet another construction that will be useful to us 
later. We restrict to the case of hypercubes (since this is all we need), but everything can also be 
done in the more general context of hyperboxes. 

Definition 3.22. Let (if*, d) be a chain complex. The n-dimensional canonical hypercube H(K, n) 
associated to (if*, d) is defined to consist of the vector spaces 



C £ = if*, e G E n , 



together with the maps 





Id 





if Ml = o, 
»/NI = i> 

if\\4 >2. 



Now suppose that H = (C £ , D £ ) £€ ^ n is an arbitrary n-dimensional hypercube of chain complexes. 
Our aim is to construct a chain map 

which will be called the canonical inclusion. 

When n = this is simply the identity map. When n = 1, the hypercube H consists of a single 
chain map / = : — > between two chain complexes. The canonical inclusion is then 
the square: 



C(o) 
Id 

C(o) 



id 



> c(°) 



with the diagonal map being trivial. 

For general n, we construct the canonical inclusion as a composition of n different chain maps 
as follows. For i € {0, . . . , n} and e € E n we let e[< i] € E n be the multi-index obtained form e by 
changing all entries above i to be zero. In other words, 



e[< i] 



Ej ifj<i, 
if j > i. 



Similarly, we let e[> i] to be obtained from e by setting all entries less than or equal to i to be zero. 
We define a hypercube H[i] to consist of the chain groups 



and the maps 



D[i] 



£ — £ 

e 



( D (e'-e)[<i] 
e[<i] 

Id 




C[i] £ = C £ ^\ e G E n , 

if e[> i] = e'[> i], 

if e[< i] = e'[< i] and ||e'[> i] 

otherwise. 



e> i 



Note that H[0] is the canonical hypercube H(C^°'"' ,0 \n), while H[n] 
For i = 1, . . . , n, we define chain maps 



H. 



F[i] : H[i - 1] -> i?[i] 
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to consist of 



F[i\ 



e'-e 
e 



^'[<i]-e[<(i-l)] 
4<(i-l)] 



Di r 9;r:^ yi ~ ±n a s { = 1, s [> %] = e'[> i\, 



Id if e = e' and e» = 0, 

otherwise. 
The canonical inclusion is then: 

FJf 1 = F[n] o F[n - 1] o • • • o F[l]. 
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4. Generalized Heegaard Floer complexes for links 

We define here some complexes associated to a Heegaard diagram for a link. As we shall see in 
Section 110, H these are the complexes which govern large surgeries on links. 

4.1. Heegaard diagrams. Combining the constructions of [22] and [9], define a multi-pointed 
Heegaard diagram to be data of the form T~L = (E, a, f3, w, z), where: 

• E is a closed, oriented surface of genus g; 

• a = {ai,..., a g +fe_i} is a collection of disjoint, simple closed curves on E which span 
a g-dimensional lattice of i?i(S;Z), hence specify a handlebody U a ; the same goes for 
(3 = {Pi, . . . , /3 9+ fc_i}, which specify a handlebody Up; 

• w = {wi, . . . , uik} and z = {zi, . . . , z m } (with k > m) are collections of points on E with 

the following property. Let {A;}^ be the connected components of E — a\ a g+ k-i 

and {Bi}i =1 be the connected components of E — /3i — ■ • • — (3 g+ k-i- Then there is a 
permutation <7 of {1, ... , m} such that u>j 6 Ai fl i?j for i = 1, . . . , k, and Zj G Ai PI ^(i) 
for i = 1, . . . , m. 

We do not take the orderings of the curves and basepoints to be part of the data of the Heegaard 
diagram; rather, we just ask for such orderings to exist, so that the conditions above are satisfied. 

A Heegaard diagram % describes a closed, connected, oriented 3-manifold Y = U a Us Up, and 
an oriented link L C Y (with £ < m components), obtained as follows. For i = 1, . . . , to, we join 
Wi to Zi inside Ai by an arc which we then push by an isotopy into the handlebody U a ; then we 
join Zi to WfjU-\ inside Bi by an arc which we then push into Up. The union of these arcs (with 

the induced orientation) is the link L. We then say that % is a multi-pointed Heegaard diagram 
representing L C Y. Note that the definition we work with here is more general than the notion 
of a multi-pointed Heegaard diagram from |22j . as we allow here for more than two basepoints per 
link component; moreover, we are allowing for extra basepoints of type w which are not thought of 
as belonging to a link component. We refer to w m +\, ■ ■ ■ , as free basepoints. 

In order to define the chain complexes associated to a Heegaard diagram H (as below, Sec- 
tion UT2|), we need to require that it is generic, i.e. the alpha and beta curves intersect each other 
transversely. Further, we should require that it is admissible in the sense of [H Definition 2.2]. 
More precisely, we define a periodic domain to be a two-chain cj> on E which is a linear combination 
of Aj's and B^s, with integer coefficients, such that the local multiplicity of <fi at every Wi £ w is 
zero. 

Definition 4.1. A multi-pointed Heegaard diagram % = (E, ct, j3, w, z) is called admissible if 

every non-trivial periodic domain has some positive local multiplicities and some negative local 
multiplicities. 

This definition is equivalent to the requirement that the underlying diagram (E,o;,/3,w) rep- 
resenting Y is weakly admissible, see |18t Definition 4.10]. As mentioned in Section [21 since in 
this paper we will use coefficients in power series rings, there is no need to impose the strong 
admissibility condition from |18[ Definition 4.10]. 

Definition 4.2. A coloring (with p colors) of the Heegaard diagram (E, at, {3, w, z) is a surjective 
map t : wUz — > {1, . . . ,p} such that, whenever two basepoints lie on the same link component, 
they are mapped by r to the same color. A Heegaard diagram together with a coloring is called a 
colored Heegaard diagram. A coloring is called maximal when p = t + k — m, that is, each link 
component and each free basepoint has its own separate color. 

Definition 4.3. A colored Heegaard diagram (E, a, /3, w, z, r) for a nonempty link is called basic if 
k = m = p = I; that is, each link component has only two basepoints, there are no free basepoints, 
and the coloring is maximal. If the diagram represents an empty link, we call it basic if k = p = 1 
and m = 0. 
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Note that every link admits a basic Heegaard diagram. Indeed, basic diagrams were the ones 
originally studied in [THJ and [22]. 

More generally, we will also need to consider multi-pointed Heegaard multi- diagrams: data of 
the form (£, {rf} l i=0 , w, z), such that each (£, rj l , rf , w, z) (for < i ^ j < I) is a multi-pointed 
Heegaard diagram. A coloring r of the Heegaard multi-diagram is a map r : wUz — > {1, . . . ,p} 
that is a coloring for each of the Heegaard sub-diagrams made of a pair of the attaching curve 
collections from the multi-diagram. A multi-diagram is called generic if all the curves in it intersect 
transversely, and no three curves intersect at one point. Finally, we have the following admissibility 
condition; compare \18\ Definition 8.8 and Section 8.4.2]: 

Definition 4.4. A multi-periodic domain (j) on a multi-pointed Heegaard multi-diagram (S, {r] l } l i= Q, 
w, z) is a two-chain on £ that is a linear combination of the connected components o/S\(Ujr/*), with 
integer coefficients, such that the local multiplicity of <f> at every Wi G w is zero. The Heegaard multi- 
diagram is called admissible if every multi-periodic domain has some positive local multiplicities and 
some negative local multiplicities. 

4.2. Generalized Floer complexes. Let L be an oriented ^-component link in an integral homol- 
ogy sphere Y. We denote its components by L\, . . . , Lg. Let % = (£, a, j3, w, z, r) be an admissible, 
generic, colored, multi-pointed Heegaard diagram for L. As in the previous subsection, p denotes 
the number of colors, k denotes the number of basepoints in w, and m denotes the number of 
basepoints in z, so that £ < m < k and p < £ + k — m. 
In the Introduction we defined sets 

E^ ^^'^^ +ZCQ, H(L) = 0i(i) i , 

i=l 

where lk denotes linking number. Let us also set 

i 

3B(L)i = M(L)i U {-oo, +oo}, W(L) = W(L)i. 

i=i 

Remark 4.5. More invariantly, we could think of H(L) as an affine lattice over H\(Y — L; Z), see |22| . 
The latter group is identified with using the oriented meridians of each component. Furthermore, 
M(L) itself is canonically identified with the space of Spur structures on Y relative to the link L, 
see [221 Section 8.1]. 

The Heegaard diagram determines tori 

T a = ai x • • • x a g+k ^, TT> = ft x ■ ■ ■ x /3 9+fc _! c Sym^-^S). 

For x, y G T a n Ta, we let 7r2(x, y) be the set of homology classes of Whitney disks from x to 
y relative to T a and Tg, as in [TH]. For each homology class of disks (f> G ^(x, y), we denote by 
n-wji^) an d n Zj (4>) G Z the multiplicity of Wj (resp. Zj) in the domain of <j). Further, we let fi((j)) 
be the Maslov index of (j). 

Any intersection point x G T a nTs has a Maslov grading M(x) G Z and an Alexander multi- 
grading given by 

Ai(x) 6l(L)i, ie {!,...,£}. 

Let Wj and Zj be the set of indices for the w's (resp. z's) belonging to the i th component of the 
link. We then have 

Ai(x) - My) = Yl n *M ~ Yl n ^M)- 

j€Zi jew, 
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For i G {1, ...,£} and s G H(L)j, we set 

' Ejew, n w 3 (<t>) if ^( X ) < -4i(y) < s 

(s - Ai(x)) + £ jeZi n z .{4>) if ^(x) < s,^(y) > s 

Ttjezt n z {4>) if M x ) > s > ^i(y) > s 

I (^(x) - s) + 2 i6Z . n 2j (0) if Ai(-x) > s, Ai(y) < s. 
Alternatively, we can write 

(28) Ei(</>) = max(s- A,(x),0) - max(s - ^(y),0) + J]n 2j .(0) = 

(29) = max(ii(x) - s,0) - max(A;(y) - s, 0) + ^ 

jew. 

In particular, EL^ty) = £ jeZj n 2j ((/>) and £^(0) = EjeW, 

Recall that we have a coloring r:wUz— Let us denote Tj = r(wj) for G Wj. 
Given s = (si, . . . , S£) G H(L), we define a generalized Heegaard Floer complex 

2T(ft,s) =2l-(^,si,...,^) =a-(T a ,T j8 ,s) 

as follows. We let %~{%, s) be the free module over 7*!. = F[[Lq, . . . , £7 P ]] generated by T a n T^, and 
equipped with the differential: 

(30) ax= £ £ #(M0)/M).^5 W ^ 

M(0)=1 

Note that this complex also depends on the choice of a suitable almost complex structure on the 
symmetric product. We suppress the almost complex structure from notation for simplicity. 
The fact that 2l _ (%,s) is a chain complex comes from the following: 

Lemma 4.6. The endomorphism d from Equation (|30p satisfies d 2 = 0. 

Proof. Most of this is standard in Floer homology. The important twist is the following additivity 
property of E\: if (f>i G 7T2(xi,X2) and S ^2(^2, X3), then 

Ei(cf> 1 * ( f> 2 )=E i s (<l> 1 ) + Ei( ( f> 2 ), 

where <p\ * 4>2 € 7T2(xi,X3) denotes the juxtaposition of 4>i and 02- D 

Note that 2l~('H,s) can be equipped with a Z- grading fi s such that the differential d decreases 
fj, s by one. Indeed, when none of the values Sj is —00, we can set the grading on generators to be 

1 

(31) Ms(x) = M(x) -2^max(A(x) - «i,0), 

and let each C/j decrease grading by 2. When some of the values Sj are —00, we replace the 
corresponding expressions max(Aj(x) — Sj,0) by Aj(x) in the formula (|3ip . 

Remark 4.7. When L = IT is a knot and the diagram T~L K has only two basepoints (one w and one 
z), the complex 2l~ (?{ , s) is the subcomplex A~ = C{max(i, j — s) < 0} of the knot Floer complex 
CFK°°(Y, K), in the notation of [16]. Note that in [23], the formula for integral surgeries along a 
knot was stated in terms of HF + . It involved a similar complex Af = C{max(i,j — s) > 0}. 

Remark 4.8. When all Sj are +00, the complex 2l~(%,s) is just the completed Heegaard Floer 
complex 

CF~ (£,<*, /3, w,r) = CF~(T a ,T^,w) = CF~(y) 
representing the underlying three-manifold Y. 
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Just as in the usual case of Heegaard Floer homology (or link Floer homology), there is an 
invariance statement for generalized Floer complexes for links. We state it below (Theorem 14. 1Q[) . 
but before doing so we need to establish some terminology. 

Suppose that C* and are two chain complexes over TZ = ¥[[U\, . . . , Ui\]. Recall that a quasi- 
isomorphism f : C* — > Cl is a chain map that induces an isomorphism on homology. The complexes 
C* and are called quasi-isomorphic if they are related by a sequence of quasi-isomorphisms; by 
standard homological algebra, this is equivalent to the condition that there should be a third 
complex C'l and quasi-isomorphisms / : C" — > C* and g : C" — )• C*. 

Definition 4.9. Suppose C* and are two chain complexes over free power series rings TZ and 
TZ' , respectively. 

(a) We say that C* and C£ are stably quasi-isomorphic if they are related by a sequence of the 
following moves (and their inverses): 

(i) quasi-isomorphisms (over the same power series ring TZ); 

(ii) replacing a chain complex C* over a free power series ring TZ with the complex 

c* +1 [[u}] ^% a [[£/]] 

over TZ[[U]], where U{ is one of the free variables in TZ; 
(hi) replacing a chain complex C* with C* <8> iJ* + i(5' 1 ) = C* © C*+i; 

(iv) setting two variables Ui,Uj equal to each other in a chain complex C* over TZ, with the 
result being C*/{U~i = Uj} over TZ/{Ui = Uj}. 

(b) We say that is obtained from C* by directed stable quasi-isomorphisms if we can go from 
C* to Cl by the moves (i)-(iii) only; that is, their inverses and the move (iv) are not used. 

We are now ready to state the invariance theorem, in three versions. Part (c) below is the only 
one we will use in this paper, but for completeness we include the first two parts. 

Theorem 4.10. Let Ti and Ti' be two generic, admissible, colored, multi-pointed Heegaard diagram 
for the same oriented link L CY. Pick s € M(L). Then: 

(a) The chain complexes %l~(Ti,s) and 2l~(%',s) are stably quasi-isomorphic. 

(b) Suppose H and Ti' are basic in the sense of Definition and that each link component 
Li C L corresponds to the same color i in both Ti and Ti' . Then %l~(Ti,s) and %~ (Ti' ,s') are 
quasi-isomorphic over TZ = F[[[/i, . . . , C/g]] . 

(c) Suppose Ti is basic, Ti' is maximally colored, and that each link component Li C L corresponds 
to the same color i in both Ti and Ti' . Then, 2l~ (7i',s) can be obtained from 2l _ (%,s) by directed 
stable quasi-isomorphisms. 

Much of this invariance statement follows from an adaptation of arguments from [22]; however, 
some aspects of this proof will be of particular importance for the present paper. In Sections 14. 3H4. 41 
below we will give an outline of the proof with special emphasis on those aspects. 

Remark 4.11. The restriction to the underlying three- manifold Y being an integral homology sphere 
is not essential. Indeed, with minor modifications, one can define generalized Heegaard Floer 
complexes for arbitrary null-homologous links in a three-manifold. Let us explain the only other 
version of the construction relevant to this paper, namely when Ti represents an unlink L (of m 
components) inside a ball in Y = # n (5' 1 x S 2 ). The generators x € T a n are then grouped in 
equivalence classes according to the Spin c structures on Y. We focus attention on only those x that 
lie in the torsion Spin c structure So- They have an Alexander grading A(x) £ Z m . For s G Z m , we 
then define 2l~('H,s) by the same formula as (|30h . but using only generators in So- Theorem 14.101 
still holds in this situation. 
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4.3. Heegaard moves. Let % = (E, o;,/3,w,z, r) and H! = (E', a', (3' , w', z', r') be two colored, 
multi-pointed Heegaard diagrams representing the same link L CY. If this is the case, we say that 
T~L and %' are equivalent. It is important to note that we are fixing the 3-manifold Y, not just its 
diffeomorphism class, and we are also fixing the link L, not just its isotopy class. Similarly, the 
Heegaard surfaces E and E' are thought of as embedded in Y. 
We say that % and H! are related by: 

(i) a 3-manifold isotopy if there is a self-diffeomorphism eft : Y — > Y isotopic to the identity 
such that (f>(L) = L, 0(E) = E', and <j) takes all the curves and basepoints on E into the 
corresponding ones on E'; further, each basepoint on E should be colored in the same color 
as its image on E'; 

(ii) an a- curve isotopy if E = E',w = w',z = z',r = r',/3 = /3', and the curves in a' 
are obtained from those in a by an ambient isotopy of E supported away from all the 
basepoints; a (3-curve isotopy is similar, with the roles of a. and a' switched with those of 
(3 and /3'; 

(hi) an a-handleslide if E = E',w = w',z = z',r = r',/3 = (3', a curve a- € a' is obtained 
by handlesiding the repsective curve ctj € a over another curve in a (with the handleslide 
being done away from the basepoints), and the other curves in a' are isotopic (by an isotopy 
away from the basepoints) to the respective curves in a; a beta-handleslide is similar, with 
the roles of a and a' switched with those of (3 and (3'; 

(iv) an index one/two stabilization if E' is obtained by taking the connected sum (inside Y) 
of E and a genus one surface with one alpha and beta curve intersecting transversely at 
a point; the connected sum is done away from the link L and the basepoints, so that 
w = w', z = z', r = r'; 

(v) a free index zero/three stabilization if E' = E, a! = a U {a n },/3' = (3 U {/?'}, w' = w U 
{w'},z' = z, where the new curves a' and (3 1 intersect each other in two points, do not 
intersect any of the other curves, and both bound disks containing the new free basepoint 
w' . (This kind of stabilization was called simple in [22^ Section 6.1]. See \22\ Figure 3] for 
a picture.) Further, the coloring r' takes the same values as r on the old basepoints, and 
assigns to w' its own new color; 

(vi) an index zero/three link stabilization if E' is obtained from E by taking the connected sum 
(inside Y) with a sphere, in the neighborhood of a z basepoint, as shown in Figure[2l This 
introduces the new curves a' and /?', as well as an additional (w , z) pair, denoted (w', z') in 
the picture. The coloring t' is the same as r on the old basepoints, and necessarily assigns 
to the new basepoints w' and z' the same color as z. 

(vii) an elementary coloring change if (E, a, (3, w, z) = (E', a! , (3\ w', z'), and r' is obtained from 
t : w U z — y {1, . . . ,p + 1} by post-composing it with a surjective map {1, . . . ,p + 1} — > 

The moves above and their inverses are called Heegaard moves. (The inverses of the stabi- 
lization moves are called destabilizations.) An a-curve isotopy or an a-handleslide (resp. a f3- 
curve isotopy or /3-handleslide) is called admissible if the corresponding Heegaard triple diagram 
(E, a, f3, a', w, z) (resp. (E, a, (3, j3' , w, z)) is admissible. Admissible curve isotopies, admissible 
handleslides, together with all other moves (i) and (iv)-(vii) and their inverses are called admissible 
Heegaard moves. 

Combining the arguments in |17| . |22| and [9], we obtain the following: 

Proposition 4.12. Any two equivalent, generic, admissible, colored, multi-pointed Heegaard dia- 
grams can be related by a sequence of admissible Heegaard moves. 

One can check that, for the purposes of Proposition I4.12[ 3-manifold isotopies are redundant 
in the list (i)-(vii) above, that is, they can be obtained as combinations of the other moves. For 
example, a 3-manifold isotopy away from all the curves and the basepoints can be viewed as an 
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FIGURE 2. An index zero/three link stabilization. The surface £' is obtained 
from £ by deleting a disk and adding a cap, i.e., taking the connected sum with a 
sphere inside Y. This is the same picture as [9j Figure 5], but we emphasize the fact 
that the construction is done inside the fixed 3-manifold Y, with a fixed link L. 

index one/two stabilization, followed by an index one/two destabilization. Nevertheless, having the 
complete list of Heegaard moves is useful for stating the following refinements of Proposition 14.121 

Proposition 4.13. Let T~L and H' be two equivalent, generic, admissible, colored, multi-pointed 
Heegaard diagrams. Suppose the diagram H is basic, and that each link component Li C L corre- 
sponds to the same color i in both H and %' . 

(a) If %' is basic, then H and %' can be related by a sequence of admissible Heegaard moves 
{i)-{iv) (and their inverses) only. 

(b) If H! is maximally colored, then %' can be obtained from H by a sequence of admissible 
Heegaard moves {i)-{iv) and their inverses, and Heegaard moves (v) and (vi) (but not move (vii) 
or the inverses of (v) and (vi)). 

Proof. Part (a) is [22l Proposition 3.9]. For part (b), it suffices to note that one can use handleslides, 
isotopies, and index one/two stabilizations and destabilizations to turn H' into a diagram H", such 
that H" is obtained from a basic diagram by index zero/three stabilizations only. The details of 
this argument can be found in [9J Lemma 2.4]. □ 

For future reference, let us introduce some more terminology. If two Heegaard diagrams H and 
H! have the same underlying Heegaard surface £, and their collections of curves f3 and j3' are 
related by isotopies and handleslides only (supported away from the basepoints), we say that (3 
and (3' are strongly equivalent. 

Definition 4.14. Consider two colored, multi-pointed Heegaard diagrams H = (£, a, j3, w, z, r) 
and Tl' = (£', a', (3', w', z' , t'), representing the same link L C Y. 

(a) The diagrams H and H' are called strongly equivalent ifT, = w = w', z = z', r = r', the 
curve collections a and a' are strongly equivalent, and (3 and {3 are strongly equivalent as well. In 
other words, H and H' should differ by the Heegaard moves (ii) and (Hi) only. 

(b) We say that H and H' differ by a surface isotopy if there is a self-diffeomorphism (f> : £ — > £ 
isotopic to the identity and supported away from the link L, such that £ = £' and eft takes all curves 
and basepoints on £ to the corresponding ones on £'; further, each basepoint on £ should be colored 
in the same color as its image on £'. IfH and H' are surface isotopic, we write % = Tl'. 

Note that any surface isotopy can be embedded into an ambient 3-manifold isotopy. For this 
reason, there was no reason to include it in the list of Heegaard moves (i)-(vii). However, surface 
isotopies will play an essential role in the definition of complete systems of hyperboxes in Section HTBl 
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Observe also that, by definition, surface isotopies keep the basepoints on L fixed. If a surface 
isotopy kept all the basepoints fixed, it could simply be viewed as a composition of curve isotopies. 
Therefore, the main role of surface isotopies is to allow a way of moving the free basepoints on £, 
while keeping £ fixed. 

Let us now go back to the invariance statement for generalized Floer complexes of links. 



Beginning of the proof of Theorem \4-10 To show that 21 (%, s) is an invariant of L up to stable 



quasi-isomorphism, we need to verify that it is invariant under each of the Heegaard moves (i)-(vii) 
Let us discuss these moves briefly in turn. 

Under curve isotopies and index one/two stabilizations, the generalized Floer complexes change 
by chain homotopy equivalences only; the proof of this fact is completely similar to the one in 
|18j . 3-manifold isotopies result in chain homotopy equivalences also: one only needs to pull 
back the almost complex structure on the symmetric product under the isotopy, and then use the 
contractibility of the space of compatible almost complex structures. (This is the same argument 
as the one used in |18|. Theorem 6.1].) 

Invariance (up to chain homotopy equivalence) under handleslides can also be proved along the 
lines in |18| . but one has to define suitable polygon maps between the generalized Floer com- 
plexes: the details of their construction are explained in Section [4.41 Note that all chain homotopy 
equivalences are quasi-isomorphisms. 

Let us now discuss the remaining three Heegaard moves (v)-(vii), which change the number of 
basepoints and/or colors. 

Suppose that we change a colored diagram T~i (with p colors) by a free index zero/three stabi- 
lization introducing an additional free basepoint w' . Let %' be the new diagram, with the coloring 
being the same on the old basepoints, and the new basepoint w' being assigned its own color 
t(w') = p + 1. By the same argument as in [22^ Lemma 6.1], the new generalized Heegaard Floer 
complex 2l~(%',s) is the mapping cone 

a-(^,s)[[^ p+1 ]] U ^- Up+ \ %-(H,s)[[U p+1 ]\, 

where w is one of the old basepoints in T~L. 

Next, suppose that we change a colored diagram T~i by an index zero/three link stabilization 
introducing an additional (w, z) pair on a link component Lj C L. By the argument in (9J Proposi- 
tion 2.3], the generalized Floer complex for the new diagram is the mapping cone of the map from 
2l _ (%,s) to itself given by multiplication by U — U = 0, where U is the variable corresponding to 
Lj. This mapping cone is simply 2t~(7^,s) <g> H st+ i(S 1 ). 

Finally, if Ti' is obtained from ~H by an elementary coloring change, this simply corresponds to 
setting two U variables equal to each other in the respective chain complex. 

Thus, the Heegaard moves (v)-(vii) correspond to the moves (ii)-(iv) on chain complexes discussed 
when we introduced stable quasi-isomorphisms in Definition 14.91 (a). This concludes the proof of 
part (a) of Theorem 14. 101 

To verify parts (b) and (c) of the Theorem, it now suffices to apply parts (a) and (b) of Propo- 
sition HJ21 respectively. □ 

We are grateful to Andras Juhasz and Sucharit Sarkar for conversations about the following 
point: 

Remark 4.15. Part (b) of Theorem l4.10l implies that the homology i/*(2t~ (Ti, s)) (for basic diagrams 
T~L) is an invariant of L C Y and s, up to isomorphism. However, this is not so up to canonical 
isomorphism. The problem is that when relating a Heegaard diagram to itself via equivalence moves 
that include 3-manifold isotopies, the basepoints may trace homotopically non-trivial loops during 
those isotopies. Nevertheless, the generalized Floer homology iJ*(2l _ (7^, s)) (for basic diagrams) is 
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an invariant of L C Y, s and the basepoints w, z C L, up to canonical isomorphism. This can be 
proved along the lines of [12\ Section 6]. 

4.4. Polygon maps. In this section we define certain maps between generalized Floer complexes 
that count holomorphic polygons. For the sake of clarity, we start with the case of triangles, which 
is used in the part of the proof of Theorem 14. 101 that deals with invariance under handleslides. 

Let % = (S, ct,/3, w,z,t) be a generic, admissible, colored multi-pointed Heegaard diagram 
representing a link L C Y, as in Section 14. 1[ Let 7 be a new set of attaching curves for X, 
which is strongly equivalent to (3. We assume that the Heegaard multi-diagram (£, a, f3, 7, w, z) is 
generic and admissible. Note that the diagram %" = (S, a, 7, w, z, r) represents L C Y, whereas 
H' = (£, P, 7, w, z, r) represents an unlink in the connected sum of several 5 1 xS 2 . More precisely, 
with g, m, k as in Section 14.11 we have that H! represents the unlink of m components inside 
#9+k-i^x S 2 ). 

For s G EI(L), we can define generalized Floer complexes 2l _ (%,s) and 2l _ (%",s). Moreover, 
according to Remark 14. 1H we can define complexes ^i~{H',s') for s' G Z m . Note that there is a 
projection Z m — > Z l , which takes s' = (s^, . . . , s' m ) to s' = (s[, . . . , s' e ), where 

Since H(L) is an affine space over Z £ , for any s G H(L) and s' G Z m we can make sense of the 
expression s + s' G H(L). 

For x G T a n T p , y G n T 7 , z G T 7 n T a , we let 7T2(x, y, z) be the space of homotopy classes of 
Whitney triangles connecting x, y,z, as in [18|. Section 8.1.2]. For s G H(L)j and s' G Z, we define 
the quantity 

s , (0) = max(s - Ai (x) , 0) + max(s' - ^ A, (y ) , 0) - max(s + s' - A4 (z) , 0) + ^ rc z . (0) 

= max( J 4j(x) — s, 0) + max( ^ A/(y) - s', 0) - max( J 4 i (z) - s — s',0) + ^ n Wj (<j>). 

jew, jeZi 

Further, for s = (si, . . . , s^) G H(L) and s' = (s[, . . . , s^) G Z^, we introduce the notation 

E 1 , (d>) E e , (4>) (X\ rj.\ 

(32) u B .y w = c/ T1 sl ' Si • • • • c/ n ;™+i ( f . . . u n ; hi ?\ 

y ' T l T l T{w m +i) r(w k ) 

Then, for s G H(L) and s' G Z m , we define a triangle map 

fafr :%~(H,s)®%-(H',s') -+&r(H",B + Bf) 

by the formula 

zgT a nT 7 {0G7r 2 (x,y,z)| A t( <) !.)=O} 

Here, .M(0) is the moduli space of pseudo-holomorphic triangles in the class 4>, which is required 
to have Maslov index fi((j>) = 0. It is straightforward to check that f a R^ is a chain map. 

This construction can be extended to more general polygon maps, compare [20], Section 4.2]. Let 
(E, {rf} l i=0 , w, z) be a colored, admissible, generic, multi-pointed Heegaard multi-diagram, such 
that each rf is a (g + k — l)-tuple of attaching circles. For simplicity, we assume that the curve 
collections rf come in two equivalence classes, such that the collections in the same class are strongly 
equivalent, and the diagrams formed by curve collections in different classes represent a link L in 
an integral homology sphere Y. We can then define Floer groups 2l - (T„*, T„j, s), where each s is 
either in Z m or in H(L). In the former case we have a well-defined projection s G Z^; in the latter, 
we use the notation s to simply denote s. 
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Suppose I > 1, and that rp and ry are in different equivalence classes, so that (E, T7 , rj , w, z) 
represents the link in the integral homology sphere. Then, we can define linear maps 

l 

(33) f Vo _ Vl : (g) 21- (T^-i,T^, Si ) ^21- (T^,^,!! + ••• + !;) 

i=i 

/ % ,.,m(xi®---®x,)= 2 ^ #(A4(0))-U^i.-^)y, 

yeT^ ,\; {0enj(x 1 ,...,X|,y)|M(^)=2-/} 

given by counting isolated pseudo-holomorphic (Z+l)-gons in Sym fl+fc-1 (E), with ed ges on T^o , . . . , , 
and with specified vertices. We keep track of the basepoints according to a quantity U Esi ■■ ••< s iW 
defined by the obvious generalization of Equation (|32p . Here, the Maslov index fJ,(<f>) denotes the ex- 
pected dimension of the space of pseudo-holomorphic polygons in the class (f>, where the domain (a 
disk with I + 1 marked points) has a fixed conformal structure. Since the moduli space of conformal 
structures on the domain has dimension (1 — 2), the Maslov index equals the expected dimension of 
M(4>) minus (1 — 2), where A4((p) is the space of all pseudo-holomorphic (I + l)-gons in the class <f>. 
We warn the reader that this definition of fJ.(4>) is different from the one in [20\ Section 4.2], where 
fj,(4>) was simply the expected dimension of A4((p). Our definition of fi(4>) coincides with that used 
by Sarkar in \25\ Section 4]. It has the advantage that it makes the Maslov index additive under 
the natural juxtaposition maps. 

When I = 1, by /„o „i we simply mean the differential d for a generalized Floer complex 
2l-(T ?) o,V,s). 

The maps n, can also be defined when all the curve collections rj°,...,r] 1 are strongly 

equivalent. The definition is completely analogous, except there is no need for the bars on the 
values s; the image should be in 2l _ (T r? o,T r; i,si + • • • + sj), where si + • • • + s; € Z m . 

For simplicity, we will ignore the subscripts on the maps fno,.~,m, an d denote them all by /. The 
maps / satisfy a generalized associativity property, which can be written as 

(34) /( x i> • ■ ■ > x i>/( x i+i) • • • , x j), x j+i, • • • , x = 0, 

0<i<j<l 

for any x, € 2l _ (T^i-i , T v i , Sj), i = 1, . . . , I. Compare Equation (9) in [20] . 

Completion of the proof of Theorem \4-10j As mentioned in Section 14.31 the triangle and quadrilat- 
eral maps defined here are used to prove the part of Theorem 14.101 that deals with invariance under 
handleslides. Indeed, one can follow the arguments of [181 Section 9] almost verbatim. The only 
difference is that we use generalized instead of ordinary Floer complexes. In particular, if (3 and 7 
are curve collections that differ from each other by either an elementary handleslide as in [18[ Figure 
9], instead of CF~(f3, 7, So) we use 2l - (Tg, T 7 , 0). Since all the 2 9+k ~ l generators are in Alexander 
grading zero, it is easy to see that 2l _ (Tg, T 7 , 0) is the homology of a (g + k — l)-dimensional torus, 
with zero differential. □ 

4.5. Reduction. Suppose that M is a sublink of L = L\ II ■ ■ ■ II Li . We choose an orientation on 
M (possibly different from the one induced from L), and denote the corresponding oriented link 
by M. We let I+(L,M) (resp. I~(L,M)) be the set of indices i such that the component Lj is in 
M and its orientation induced from L is the same as (resp. opposite to) the one induced from M. 
For i € {1, ...,£}, we define a projection map pf 1 : H(L)j — > M(L)i by 

( +00 ifieI+(L,M), 
pf(s) = I -00 if i e I-(L,M), 
I s otherwise. 
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Set N = L — M. We define a map 

rP™ : W(L) 



M(N) 



as follows. The map ip M depends only on the summands H(L)j of H(L) corresponding to Li C N . 
Each of these Lj's appears in N with a (possibly different) index jj, so there is a corresponding 
summand H(iV)y j of U(N). We then set 



where Lj is considered with the orientation induced from L, while M is with its own orientation. 
We then define ip M to be the direct sum of the maps ip M , pre-composed with projection to the 
relevant factors. 

Remark 4.16. If we view H(L) as a lattice over Hi(S 3 — L), see Remark 14.51 we can describe the 
map tp M as 



where we denote elements in ^(S 3 — L) the same as their inclusions into Hi(S 3 — N). 

Definition 4.17. Let H be a multi-pointed colored Heegaard diagram representing a link L C Y. 
Let M C L be a sublink, with an orientation M (not necessarily the one induced from L). The 
reduction ofTi at M , denoted r^Ti, is the colored Heegaard diagram for L — M obtained from "H as 
follows: first, we delete the basepoints z from all components of M C L oriented the same way in L 
as in M; second, we delete the basepoints w, and relabel the basepoints z as w, from all components 
of M oriented the opposite way in L as in M. The coloring on r^T-L is set to be the restriction of 
the coloring on %. 

Using the interpretation of H(L) as a space of relative Spin c structures, see Remark l4.5l it follows 
from \12\ Section 3.7] that there is an identification: 



(35) 



^ M :U{L) i ^m{N) ji , Si^Si 



ML h M) 
2 



(36) 



2l"(^,p M (s)) 



> %-{r hl {U)^ M {s)). 
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5. QUASI-STABILIZATIONS 

In this section we introduce a new move that relates certain equivalent, multi-pointed Heegaard 
diagrams, called quasi-stabilization. Basically, a quasi-stabilization is the composition of a free 
index zero/three stabilization and some handleslides. 

Our goal is to study how the polygon maps on Heegaard Floer complexes behave under this move. 
There are two motivations for this. First, the behavior of polygon maps under ordinary (free) index 
zero/three stabilizations (which can be viewed as particular examples of quasi-stabilizations) is one 
of the inputs in the construction of complete systems of hyperboxes in Section as well as in 
the proof of the Surgery Theorem 17.71 Second, the more general quasi-stabilizations are needed in 
Section fl~2"j where they appear in the context of grid diagrams. 

For concreteness, we will first describe the results in the case of triangles (for general quasi- 
stabilizations). Then we will explain how similar arguments can be used to study higher polygon 
maps. At the end we will specialize to the case of ordinary index zero/three stabilizations. 

5.1. The set-up. Let 7i = (S, a, (3, w, z, r) be a colored multi-pointed Heegaard diagram, as in 
Section [4.11 Suppose H represents a link L in an integral homology sphere Y. Fix s € H(L), so 
that we have a well-defined generalized Floer complex 2l~(%,s) = 2t~(T a , Tg, s). 

Let g be the genus of £ and d the number of alpha (or beta) curves. We assume that fi\ S (3 
bounds a disk containing a free basepoint wi, and that the only alpha curve intersecting j3\ is a\, 
which does so at two points x and x'. On the other hand, a\ can intersect other beta curves. 

Let T-L = (X, a, (3, w, z, f) be the diagram obtained from T~i by deleting a\,Pi, and w\, and 
considering the restriction r of the coloring r to the remaining basepoints. We then say that T-L is 
obtained from % by quasi- destabilization. The reverse process is called quasi-stabilization. 

Remark 5.1. By handlesliding a\ over other alpha curves, we can arrange so that it does not 
intersect any beta curve except f3\. The resulting diagram is then a usual free index zero/three 
stabilization of H, see [22]. 

Consider now an extra collection of d attaching curves 7 on E, such that 71 G 7 has the same 
properties as j3\: it bounds a disk containing w\, and the only alpha curve that it intersects is 07, 
with the respective intersection consisting of two points y and y' . Furthermore, we assume that 71 
is a small Hamiltonian translate of j3\, and intersects (3\ in two points 6 and 6', as in Figure [3j We 
assume that the relative positions of x, x' , y, y' , 6 and 0' are exactly as in the figure. 

Let 7 be the collection of curves obtained from 7 by removing 71. Then (£, a, 7, w, z, r) is a 
quasi-stabilization of (£, a, 7, w, z, r). For any x € T a (7 Tg, the intersection x Pi (X\ is either x 
or x' . We denote by x £ T„ n the generator obtained from x by deleting the point in x D u\. 
Similarly, for y € T a (7 T 7 , there is a corresponding generator y in T„ fl T^, obtained by deleting y 
or y' . 

Pick an intersection point 6 in (7 T 7 such that S 0. We have a map 
F:a-(T a) T>,s) ->2T(T a) T 7 ,s), F(x) = /(x®0), 

which counts index zero pseudo-holomorphic triangles with one vertex at 6, as in Section 14.41 

Set 6 = — {6} £ Tg 17 T 7 . There is a corresponding triangle map in the quasi-destabilized 
diagram: 

F:2l-(T a ,T^s) ^ 2T(T S , T 7 , s), F(x) = /(x ® 0). 

Next, we define a map G : 2l~(T a , Tg, s) — > %l~(T a , T 7 , s) as follows. Writing the coefficients of 
F as rix|, so that for x € T a 17 Tg, 

^(*) = X] n *>yy> 



HEEGAARD FLOER HOMOLOGY AND INTEGER SURGERIES ON LINKS 



33 




Figure 3. Quasi-stabilization. We show here a part of the triple Heegaard dia- 
gram described in Section r5.ll In Section [5. 5( we will stretch the complex structure 
along the dashed curve. 

we set 

G(x) = Yl «x,y(yU(xnai)). 

yeT^nT, 

Proposition 5.2. For a quasi- stabilized triple Heegaard diagram (£, at, (3, 'y, w, z, r) as above, and 
suitable almost complex structures on the symmetric products, the maps F and G coincide. 

The proof of Proposition 15.21 will occupy Sections I5.2H5.51 

5.2. Cylindrical formulations. We recall Lipshitz's cylindrical formulation of Heegaard Floer 
homology jS], see also \22\ Section 5.2]. Instead of holomorphic strips [0, 1] x R — > Sym d (S) with 
boundaries on T Q and Tg, Lipshitz considers pseudo-holomorphic maps from a Riemann surface S 
(with boundary) to the target 

W = E x [0, 1] x R. 
The four-manifold W admits two natural projection maps 

7Ts : W — > S and ir : W — ► [0, 1] x R. 

The notation iro refers to the unit disk DcC, which can be viewed as the conformal compacti- 
fication of [0, 1] x R, obtained by adding the points ±i. 

We equip W with an almost complex structure J translation invariant in the R- factor, and 
such that -/rp is a pseudo-holomorphic map. Further, we ask for J to be tamed by a natural split 
symplectic form on W. Typically, we choose J to be a small perturbation of a split complex structure 
js x jo, where js and jo are complex structures on £ and [0, 1] x R, respectively. Sometimes (for 
example, to ensure positivity of intersections) it will be convenient to require J to be split on U, 
that is, split on U x [0, 1] x R, where U C E is an open subset. 

Definition 5.3. An annoying curve is a pseudo-holomorphic curve in W contained in a fiber of 
no- 

To define the differential on the cylindrical Heegaard Floer complex, Lipshitz uses pseudo- 
holomorphic maps 

u : S — > W = S x [0, 1] x R 

with the following properties: 

• S is a Riemann surface with boundary and 2d punctures on its boundary, of two types: d 
"positive" punctures {p±, . . . ,pd} and d "negative" punctures {gi, . . . , qd}] 

• u is a smooth embedding; 

• u(dS) C(ax {1} x R) U ((3 x {0} x R); 
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• u has finite energy; 

• For each i, u~ 1 (a{ x {1} x R) and n~ 1 (/3j x {0} x R) consist of exactly one component of 
dS - {pi, . . . ,p d ,qi, . . .,q d }; 

• No components of the image u(S) are annoying curves; 

• Any sequence of points in S converging to qi resp. pi is mapped under 7rp to a sequence of 
points whose second coordinate converges to — oo resp. +oo. 

Curves of this kind are called cylindrical flow lines. Any cylindrical flow line u can be extended 
to a map u from the closure of S to the compactification S xB, The image of this extension 
contains the points x x {— i} and y x {i}, for x € x, y € y, where x, y € T a n C Sym d (S). We 
then say that u connects x to y. 

To every cylindrical flow line u : S — > W one can associate a strip u:[0,l]xl-> Sym c( (S) with 
boundaries on T a and Tp, by setting u(z) = 7Ts((7Td o u)~ 1 (z)). Thus, cylindrical flow lines can 
be organized according to moduli spaces A4((f>), indexed by homology classes <f> € ^(x, y) for the 
corresponding Whitney disks. Moreover, in [8j Appendix A], Lipshitz identifies the moduli spaces 
of cylindrical flow lines in a class (f> with the respective moduli spaces of pseudo-holomorphic strips 
(ordinary flow lines), for suitable almost complex structures, in the case when the Maslov index 
n(4>) is one. It follows that the Heegaard Floer complex can be defined just as well by counting 
cylindrical flow lines instead of pseudo-holomorphic strips. 

When studying degenerations of cylindrical flow lines (for example, in the proof that d 2 = in 
the cylindrical setting), we also encounter maps of the following kind: 

Definition 5.4. Consider a Riemann surface S with boundary and d punctures {pi, ■ ■ ■ ,Pd} on 
its boundary. A (cylindrical) boundary degeneration is a pseudo-holomorphic map u : S — > E x 
(— oo, 1] x R which has finite energy, is a smooth embedding, sends dS into a x {1} x R, contains no 
component in the fiber of the projection to (— oo, 1] x R ; and has the property that each component 
of u" 1 (ai x {1} x R) consists of exactly one component of dS \ {p±, . . . ,Pd}- A similar definition 
can be made with f3 playing the role of a, and using the interval [0, oo) instead of (— oo, 1]. 

Note that for a boundary degeneration u, the points at infinity must be mapped to a fixed x 6 T a . 
Boundary degeneration with endpoint x can be organized into moduli spaces M{ip) according to 
homology classes tp £ ir% (x) = i?2(S, a). 

Next, let us recall from Section T4.4I that when one has three collections of curves q,/3,7 on fixed 
Heegaard surface with marked basepoints (S,w), one can define a map 

f = f«fr :a-(T a ,T0,s)®a-(T0,T 7 ,O) 2T(T a , T 7 , s) 

by counting index zero pseudo-holomorphic triangles in Sym rf (S), with boundaries on T a ,Tp and 
T~. These maps admit a cylindrical formulation, too, see [8j Section 10]. Indeed, consider a 
contractible subset A C C as in Figure [U with three boundary components e a ,ep and e 7 , and 
three infinity ends v a p,vp^,v ar( , all diffeomorphic to [0, 1] x (0, oo). Setting 

W A = S x A, 

note that there are natural projections vts,7ta to the two factors. We equip W/\ with an almost 
complex structure having properties analogous to those of the almost complex structure on W . 
We then consider pseudo-holomorphic maps 

u : S — ► W A 

with the following properties: 

• S is a Riemann surface with boundary and 3d punctures pf^,pf 7 ,p" 7 , i € {1, . . . , d}, on 
the boundary dS; 

• u is a smooth embedding; 

• u(dS) C (a x e a ) U (j3 x ep) U (7 x e 7 ); 
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FIGURE 4. The triangular region A. This region is conformally equivalent to a 
triangle with punctures at the vertices. 



• u has finite energy; 

• For each i = 1, . . . ,d and a € {a, /3,7}, the preimage u~ 1 (ai x e a ) consists of exactly one 
component of the punctured boundary of S; 

• No components of the image u(S) are annoying curves; 

• Any sequence of points in S converging to p"^ (resp. pf 7 ,p" 7 ) is mapped under 7ta to a 
sequence of points converges towards infinity in the strip-like end v a p (resp. v^,v a j). 

Maps u like this are called cylindrical triangles. They can be organized into moduli spaces Ai(<p) 
according to homology classes <f) € ^(x, y,z), for x € T a n T^y E n T 7 ,z € T a n T 7 . The 
moduli space of such maps in classes with /i(</>) = can be identified with the moduli space of 
ordinary pseudo-holomorphic triangles in Sym d (£), as used in the definition of the map / = fap-y- 
It follows that / can be described in terms of counts of cylindrical triangles. 

Similar descriptions can be given to the higher polygon maps from Section 14.41 

5.3. Domains. Let (f> 6 7T2(x,y) be a homology class of Whitney disks in a Heegaard diagram 
(S,q,/3,w). The curves a and f3 split the Heegaard surface into several connected components 
R\, . . . , R r , which we call regions. A domain T> on the Heegaard diagram is by definition a linear 
combination of regions, with integer coefficients. The class <p has an associated domain D(4>), see 
PSl Section 3.5]: 

r 

P(0)=^-[{0 i }xSym d - 1 (S)]) J Ri, 
i=i 

where Zi is a point chosen in the interior of the region Ri, and • denotes intersection product. 

Let P be a domain and x £ ol% D (3j an intersection point, for some A neighborhood of x is 
split by «j and flj into four quadrants. Two of the four quadrants have the property that as we 
move counterclockwise around x, we first see on on their boundary and then /L; for the other two 
quadrants, we first see /3j and then Oj. Let m a °(T),x) the sum of the multiplicities of T> in the two 
quadrants of the first type, and m^ a (T>,x) the sum of multiplicities in the other two quadrants. 

Given a point x 6 on PI f3j and a d-tuple x£T a n T^, we set 



<5(x, x) 



1 if x G x, 
otherwise. 
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Definition 5.5. Let T> be a domain on (£, a, (3) and x, y € T a n T«. The domain T> is said to be 
acceptable for the pair (x, y) if, for every i,j = l,...,d and x £ on n /3j, we have 

(37) m al3 (V, x) - mP a {V, x) = <J(x, x) - 6(y, x). 

The proof of the following lemma is straightforward: 

Lemma 5.6. A domain T> is acceptable for the pair (x, y) if and only if it is of the form T>((j)) for 
some (p G ^(x, y). 

We now turn to the Maslov index pi(c/>), which is the expected dimension of the moduli space of 
pseudo-holomorphic representatives of (j) £ 7r2(x, y). The Maslov index can be calculated in terms 
of the domain T> = T){(p) using the following formula due to Lipshitz [8j Corollary 4.3]: 

(38) n{4>)=e{V) + Y,n x {V) + Y j n y {V). 

zGx i/Gy 

Here, n p (T>) denotes the average multiplicity of V in the four quadrants around a point p, while 
e(T>) is the Euler measure of the domain, as defined in [8j. 

Now consider a boundary degeneration class ip € ir^ (x). Its domain is then an a-periodic domain 
V = V(ip) € -#2(2, q), i.e. a linear combination of components of £ — a. In fact, there is a one-to- 
one correpsondence between periodic domains and classes in tt^ (x). The respective Maslov index 
is given by 

(39) ^) = e(P)+2j2n x (P). 

We also have an alternate characterization, see \22\ Lemma 5.4]. Recall that we have a basepoint 
uii in each component of £ — a. Then: 

d-g+l 

(40) MV0 = 2 £ n Wi (V). 

i=l 

Next, we turn to homology classes of triangles. Let (£, a, /3, 7, w, z) be a triple Heegaard dia- 
gram, with each curve collection consisting of d curves. By regions we now mean the connected 
components of S \ (a U f3 U 7). Given a homology class 4> £ 7T2(x,y, z), for x G T Q n T^y € 
¥3 n T 7 ,z 6 T a n T 7 , its domain T> = T>((j)) is defined as before. We have analogues of Defini- 
tion [53] and Lemma 15.61 

Lemma 5.7. The necessary and sufficient conditions for a domain T> to be of the form T>((p) for 
some (j) G ^(x, y,x) is that V is acceptable for the triple (x, y, z), that is, it should satisfy: 

(41) m al3 (V,x) -m^ a {V,x) = S(x, x) for x G a { n 

(42) m^(V,y)-m^(V,y) = 8(y,y) for y e ftn 7j) 

(43) m 7Q (P, z) - m a7 (£>, z) = 5(z, z) for zGjiHaj. 

The vertex multiplicities of a domain are defined as in the case of bigons. We can similarly define 
the Euler measure. Further, we let a(T>) denote the intersection dT>Pia, viewed as a 1-chain on S, 
supported on a. Similarly we define b(V) = dV n f3 and c(V) = dV n 7. We let a(T>).c{T>) denote 
the average of the four algebraic intersection numbers between a'(P) and c(D), where a'(T>) is a 
small translate of a(T>) in any of the four "diagonal" directions off a, such that no endpoint of a(D) 
lies on 7, and no endpoint of c(T>) lies on a. We could similarly define b(T>).a(T>) or c(T>).b(T>). 
Sarkar [251 Theorem 4.1] proved the following formula for the index of holomorphic triangles: 

(44) /x(0) = e(p) +$>*(!>) + J>f( P ) + " \- 

xGx yGy 
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Sarkar also gave a generalization of this formula to higher polygons. Suppose we have curve 
collections rf,i = 0,...,l on a pointed surface (£,w,z), such that each collection consists of d 
curves. We then consider a homotopy class of (1 + l)-gons <fi G ^(x , . . . , x'), where x* G T„» flT„i+i 
for i < I and x z G T^o n . We can define T>((p) as before, and we have acceptability conditions 
similar to (01]) -(03]). We let a*(X>) = dV n rf. Theorem 4.1 in then says: 

(45) ^) = e(V)+Y j n x {V)+Y j n y {V) + a\V).Y J ^{V)+ £ a^(V).a k (V) - fcil. 

x-Gx° ySx 1 J=2 j>fe>l 

Here, the Maslov index /i(0) is as defined in Section T4.41 

5.4. Convergence and gluing for the moduli spaces of triangles. Let (S 1 , a 1 , /3 1 , 7 1 ) and 
(£ 2 , a 2 , (3 , 7 2 ) be two triple Heegaard diagrams. (For the purposes of this subsection, we can ignore 
the basepoints and colorings.) For i = 1,2, we let d{ be the number of curves in the collection a 1 
(or f3 l , or 7*), and gi < d; t the genus of S l . 

Consider an extra simple closed curve a\ on E 1 that is disjoint from the other curves in a 1 and 
lies in their homological span. Set 

a 1+ = a 1 U {a]}. 

Pick also one of the curves in a 2 , say a 2 , and call it a 2 . The subscript s stands for "special." 

Pick points pi G a % s , i = 1, 2, that do not lie on any of the beta or gamma curves. We form the 
connected sum £ = Y,i#Y<2 at p\ and P2, of genus g = g\ + <?2- By joining each of the two ends of 
a\ with at p\ with the respective end of a 2 at P2, we obtain a new curve a s = a^o; 2 on S. We set 

ct = a 1 U (a 2 — {a 2 }) U {a s }. 

This is a collection of d = d\ + d2 attaching curves on S. We can also form collections fi = (3 1 U/3 2 
and 7 = 7 1 U7 3 . Together, they turn £ into a triple Heegaard diagram, which we call the special 
connected sum of (X 1 , a 1 , (3 1 , 7 1 ) and (S 2 , a 2 , /3 2 , 7 2 ). 

Example 5.8. A triple Heegaard diagram (£, a, /3, 7) as in Section [BTTI can be viewed as the special 
connected sum of the diagram (T,,a,f3,-y) with the genus zero diagram (<S, ot,\, f3\, 71) shown in 
Figure [3 The notation is as in Section [5.11 

Given a special connected sum of triple Heegaard diagrams, note that intersection points x 1 G 
T Q i n Tgi and x 2 G T a 2 n give rise to an intersection point x 1 x x 2 G T a n T^. Conversely, any 
x G T a n is of this form, because none of the points on a\ PI @h i = 1, . . . , di, can be part of x. 
Similar remarks apply to generators of the form y = yi x y 2 G n T 7 and z = zi x z 2 G T 7 n T a . 

Given a homology class 4> £ ^(x, y, z) on the special connected sum, we denote by m\ = mi{T>) 
and 7?i2 = m 2 (f ) are the multiplicities of P on each side of the curve a s , near the connected sum 
neck. (See Figure [5] for an example.) 

Lemma 5.9. For a triple Heegaard diagram obtained as a special connected sum as above, pick 
x = x 1 xx 2 G T a n Ta, y = yi x y2 G n T 7 and z = zi x Z2 G T 7 PI T a . Then, there is a short 
exact sequence: 

(46) 0^7r 2 (x 1 ,y 1 ,z 1 ) ^7r 2 (x,y,z) — > 7r 2 (x 2 , y 2 , z 2 ) — > 0. 

Furthermore, a choice of a domain V G i/2(X,a: 1+ ) whose boundary contains a\ with multipicity 
one induces a splitting of this exact sequence. 

Proof. We use the identification between homology classes <j) G ^(x, y, z) and acceptable domains 
V = T>(<p), see Lemma 15.71 An acceptable domain T> on the special connected sum gives rise to an 
acceptable domain T>2 on £2 with respect to (x 2 ,y 2 ,z 2 ). It is clear that the kernel is ^(x 1 , y 1 , z 1 ). 

Given V is as in the statement of the Lemma, the desired splitting maps an acceptable domain T>2 
on £2 to the acceptable domain T> = T>2 + (?n,i(P 2 ) — m2(T>2))V on the special connected sum. □ 




Figure 5. The sphere S. This is the one-point compactification of the disk 
bounded by the dashed curve in Figure [3l It could be viewed as a triple Heegaard 
diagram, except it is missing a basepoint. The compactification point p 2 is shown 
by a gray dot. The four boxes show the multiplicities of a triangular domain inside 
the corresponding regions. 

Let cj) 6 7T2(x, y,z) have a domain T>. We define an equivalence relation on pairs ((/> 1 ,'P), where 
(j) 1 £ 7T2 (x 1 , y 1 , z 1 ) and V £ ^(^i ^) has a\ with multiplicity mi(T>) — m2(T>) on its boundary. 
Two pairs (4>\,Vi) and (4>2, V2) are set to be equivalent if 4>\ + V\ = <j)\ + V2, as two-chains on S . 
From the proof of Lemma 15.91 it is clear that every <j) determines a unique such equivalence class 
4> 1+ . We set 

for any (4> 1 ,V) € 4> l+ ■ 

Lemma 5.10. Let <p E ^(x, y,z) be a homology class of traingles in a triple Heegaard diagram 
obtained by special connected sum, as above. Let <j) 2 € ^(x 2 , y 2 , z 2 ) be its restriction to S 2 , and 
(f> 1+ the corresponding equivalence class of pairs on S . Then: 

H(<f>) = + - mi (V) - m 2 (V), 

where T> = T>{4>) is the domain of <p. 

Proof. In Sarkar's formula (|44p . all terms except e{T>) are additive under the special connected 
sum. When adding up the Euler measures, we have to subtract mi{V) + m2(T>) because doing 
the special connected sum involves deleting two disks, each made of two bigons. Two of these four 
bigons have multiplicity mi(T>), the other two m^P), and the Euler measure of a bigon is 1/2. □ 

We now proceed to study holomorphic triangles on a special connected sum. We will use Lip- 
shitz's cylindrical formulation from Section [5.2i 

Note that if a homology class <f> (of cylindrical flow lines, boundary degenerations, triangles, etc.) 
admits pseudo-holomorphic representatives, the principle of positivity of intersections implies that 
the domain T>((j)) is a linear combination of regions with only nonnegative coefficients: 

V{<t>) > 0, 

see p~8l Lemma 3.2]. 

In addition to the cylindrical flow lines, boundary degenerations and triangles from Section [5. 2[ 
when discussing special connected sums we will also need to study some new objects: 



HEEGAARD FLOER HOMOLOGY AND INTEGER SURGERIES ON LINKS 



39 



Definition 5.11. Consider a Heegaard surface E and a collection of attaching circles a on E. An 
annoying a-degeneration is a holomorphic curve u : S — > Wa = E x A such that S is a connected 
Riemann surface with boundary and punctures on the boundary, and there exists an unpunctured 
component d$S of the boundary dS satisfying u{8qS) C a x e a . Here, A is as in Figure^ 

Lemma 5.12. An annoying a-degeneration u : S — >■ Wa is an annoying curve in the sense of 
Definition \5.3l that is, all of S is mapped to a fixed point p € e a under 7ta ° u. 

Proof. Let D(S) be the double of S taken along the component OqS C dS, and D(A) the double 
of A along e a . We can extend 7ta ° it to a holomorphic map / : D(S) — > D(A) using Schwartz 
reflection. Since doS is compact and e a is not, there exists some zq £ doS with f'(zo) = 0. If / 
were not constant, it would have a branch point of order k > 2 at zq. This contradicts the local 
model near zq, which is that of a holomorphic function / mapped to C such that Re f{z) > for 
Re z > 0. □ 

Annoying a-degenerations can be organized according to their domains, which are relative ho- 
mology classes V G i?2(E,a:). The domain V must be nonnegative. Even though there are no 
transversality results for annoying curves, compare [8j Section 3], one can still define the Maslov 
index n(V) according to the formula ([39]) . by treating V as in the case of usual boundary degener- 
ations. 

We will mostly be interested in annoying a-degenerations on the first surface E 1 that is part of the 
special connected sum. The degenerations will be taken with respect to the collection of curves a 1+ 
that includes a\. For an annoying a-degeneration of this form, with domain V, and any x E T a i, 
we have the formula (|39p . However, in (J39]) there are no vertex multiplicity contributions from 
the curve a], so Equation (pi0|) needs to be modified accordingly. Precisely, if we place basepoints 
w\, . . . ,w d i_ g i in all components of S 1 — a l+ except the two that have a l s on their boundary, we 
obtain 

(47) fi(P) = mi(7>) + m 2 (V) + 2 ^ n m (V). 

i=l 

This has the following consequence: 

Lemma 5.13. Let u be an annoying a-degeneration in (E 1 , cx 1+ ), with domain V. Then ^(V) > 0, 
with equality if and only ifV = 0. 

We now turn to studying how cylindrical triangles in Wa = E x A relate to those in = E 1 x A 
and W\ = E 2 x A when we do a special connected sum. Pick almost complex structures J 1 and 
J 2 on and W\ and disk neighborhoods D l ,D 2 of p 1 in E 1 , resp. p 2 in E 2 . We assume that J 1 
and J 2 are split near D l ,D 2 . For T > 0, we form the connected sum 

E(T) = (E 1 - D 1 )#([-T - 1,T + 1] x 5 1 )#(E 2 - D 2 ) 

by inserting a long cylinder, using the identifications dD 1 = {— T} x S 1 and dD 2 = {T} x S . We 
construct an almost complex structure J(T) on 

W A {T) = E(T) x A 

by extending J 1 , J 2 on the two sides, and using a split complex structure on the cylinder. The 
quantity T is called the neck-length. 

By a broken triangle in a homology class 4>, we mean the juxtaposition of a cylindrical triangle 
with some cylindrical flow lines and ordinary boundary degenerations, such that the sum of all 
their homology classes (as a two-chain on the Heegaard surface) is <f>. 

We then have the following convergence result: 
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Proposition 5.14. Suppose we have a special connected sum, with the notations above. Consider 
a homology class <fi G ^(x, y,z). Let (f> 2 G ^(x 2 , y 2 , z 2 ) be its restriction to X 2 , and <f) 1+ the 
corresponding equivalence class of pairs on £ . Suppose that the moduli space M{4>) of cylindrical 
triangles is nonempty for a sequence of almost complex structures J(Tj) with Tj — > oo. Then, the 
moduli space of broken holomorphic triangles in the class <p 2 is nonempty. Further, there exists a 
representative ((f) 1 , V) of the equivalence class 4> 1+ such that the moduli space of broken holomorphic 
triangles in the class (f) 1 is nonempty, and there exist some annoying a -degenerations with domains 
that sum to V. 

Proof. The proof is similar to that of the second part of Theorem 5.1 in [22], and is based on 
Gromov compactness, compare also [8j Sections 7, 8, 10]. In the limit Tj — > oo, the sequence of 
holomorphic triangles must have a subsequence converging to some holomorphic objects on S 1 and 
£ 2 . On £ 2 the object is a broken triangle u 2 . The only new twist is that when 7T£ o u 2 maps a 
point of the boundary of the domain to the connected sum point p 2 G X 2 , on the other side (i.e. 
on S 1 ) an annoying a-degeneration must appear in the limit. In the end on S 1 we obtain a union 
of a broken triangle and some annoying a-degenerations. □ 

There is also a gluing result: 

Proposition 5.15. Consider a homology class (p G ^(x, y, z) on a triple Heegard diagram obtained 
by special connected sum. Let (p 2 £ ^(x 2 , y 2 , z 2 ) be the restriction of (j) to X 2 , and (p 1+ the equiva- 
lence class of pairs obtained by restricting <p to S 1 . Suppose that <p 1+ contains a representative of 
the form ((f) ,0), with (p 1 G ^(x 1 , y , z 1 ). Further, suppose that cfo > 52, M^ 1 ) = 0, p((f> 2 ) = 2m, 
and the domain T> of <j> has m\(T>) = m%(jy) = m, so that p(4>) = ; see Lemma \5.1(A Consider 
the maps 

p 1 : M(ct) 1 ) — ► Sym m (A) and p 2 : M{& 2 ) — ► Sym m (A U e a ) 

where 

p*(u)=ir A ((^ouTH{p 1 }))- 

If the fibered product 

M(4> 1 ) x Symm(A) M^ 2 ) = {u 1 x u 2 G x Mi^pHu 1 ) = p 2 (u 2 )} 

is a smooth manifold, then this fibered product can be identified with the moduli space M(4>), for 
sufficiently large neck-length. 

Proof. We claim that, for sufficiently large neck-length, if u : S — > £ is a holomorphic representative 
of 0, no point of dS is mapped to p 2 under 7ta u. Indeed, if such points existed, in the limit when 
T->oowe would get a broken triangle in a class ip 1 and one (or more) annoying a-degenerations 
on £ , summing up to a class V G i?2(£ , cx l+ ). We must have p{ip l ) > because of the existence 
of a holomorphic representative, piV) > by Lemma [5.13[ and p^ip 1 ) + piV) = because (ip 1 , V) ~ 
((p 1 , 0). This is a contradiction, so our claim was true. 

By the definition of the fibered product, if a holomorphic triangle u 2 G M((p 2 ) is such that 
p 2 (u 2 ) fl e a 7^ 0, that triangle cannot appear in the fibered product. With these observations in 
mind, the rest of the proof is completely analogous to that of the third part of Theorem 5.1 in 
|22| . Basically, the index conditions forbid the presence of flow lines and boundary degenerations 
as part of broken triangles in the relevant moduli space. Further, the hypothesis cfo > 92 is used 
to exclude the presence of sphere bubbles on the £ 2 side. One can then use the gluing arguments 
from [8], applied to triangles. □ 

5.5. A degeneration argument. We now return to the setting of Section \5. II We view the triple 
Heegaard diagram (£,ct,/3, 7) as the special connected sum of the diagram (E,a,(3,*jf) with the 
genus zero diagram (S, ati, /3i, 71) from Figure El see Example 15.81 
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Lemma 5.16. Let ip € 7T2(a,9,b) be a homology class of triangles in S, with a € {x,x'} and 
b 6 {y,y'}- Let mi, 1712^3,1714 be the local multiplicities of the domain of ip in the regions marked 
as such in Figure [5l Then: 

Hty) = mi + m 2 + m 3 + m 4 . 

Proof. The claimed equality is true when ip is the index zero triangle in H2{x,9 ,y). Any other 
class ip is related to this by the juxtaposition of a linear combination of embedded index one 
bigons (i.e. homology classes of flow lines) and index two disks (i.e. homology classes of boundary 
degenerations). It is straightforward to check the equality for these disks and bigons. □ 

Proof of Proposition \5.2[ We seek to understand the moduli space of triangles M(<fi) for <p> G 
7r 2 (x, 0,y) with fx((f>) = 0. 

Suppose M.{4>) 7^ 0, for any sufficiently large neck-length T. Let ip = <p 2 G 7T2(a,9,b) be the 
restriction of <f> to S, where a £ {x,x'} and b € {y,y'}- Let also <p> l+ be the equivalence class of 
pairs which is the restriction of (p to (£, a, (3, 7). Using Proposition I5.14"| there must be a pair 
{(p^V) G <p l+ that admits holomorphic representatives. Hence p{<p 1+ ) > 0. 

On the other hand, by Lemmas 15.101 and I5.16[ we have 

= H(4>) = f7((f> 1+ ) + fJ,(lp) - nil - 1712 = K4> 1+ ) + m 3 + m A- 

Since all the terms on the right hand side are nonnegative, we deduce that /i(^ 1+ ) = 1713 = 1714 = 
0. The fact that ii(<j) l+ ) = together with Lemma 15.131 implies that there can be no annoying 
a-degenerations: V = 0, fi(4>) = and mi = m-i- Denote by m the common value mi = rri2- We 
are now able to apply Proposition 15.151 to obtain an identification: 

(48) M{<f>) = M{$) x Sym m {A) M(i/>). 

The fact that mi = m 2 and m 3 = m 4 = implies that ip must be a class in either TT2(x,9,y) or 
7T2(x' ,6,y'). Without loss of generality, let us consider ip € iT2(x,6,y). We have fJi(ip) = 2m. From 
the proof of Proposition 15 . 1 51 we know that for any u £ M(ip), 

p{u) = vr A ((7r E o u) _1 ({p 2 })) 

lies in Sym m (A), that is, it does not contain any points on e a . Given p G Sym m (A), set 

M(i/>,p) = {u£ M{ip)\p{u) = p}. 

Define 

M(p)= Yl #M(iP,p). 

{■4>£ir2 (x,9,y)\mi (i/")=m 2 (i/i)=m,m 3 (i/i)=m 4 (i/>)=0} 

A Gromov compactness argument shows that M(p) is independent of p, modulo 2, compare 
\22\ Lemma 6.4]. By taking the limit as p consists of m distinct points, all approaching the 
edge ep of A with spacing at least T between them, with T — > 00, we obtain that the respective 
contributions M(jp) are splicings of the index zero triangle class ip$ € 7^(2;, 6, y) and m /3-boundary 
degenerations of index two, compare [221 Lemma 6.4] . There is a unique possible class of /3-boundary 
degenerations of index two with m.3 = m 4 = 0, namely the exterior of the curve f3i from Figure [5j 
For this class the count of pseudo-holomorphic representatives (modulo the two-dimensional group 
of automorphisms) is l(mod2), see \22\ Theorem 5.5]. Moreover, the index zero triangle class ipo 
has a unique pseudo-holomorphic representative. It follows that 

Af(p) = 1 (mod 2). 

A similar equality holds for the sum of contributions from classes ip € ^(x', 9, y') with mi{ip) = 
m -2(V') = m,i7i3(ip) = m4(ip) = 0. Combining these observations with (148p . we deduce that 

m(<p)^ M( &> ( mod2 )< 
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Figure 6. Several curve collections. This is the analogue of Figure[3]for higher 
polygons. We show here the case / = 4. The shaded domain is a pentagon of index 
zero. 



for sufficiently large neck-length. This implies that the triangle maps F and G are the same. □ 

5.6. Higher polygons. We now turn to a generalization of Proposition 15.21 Suppose we have 
I > 2 collections of attaching curves a, /3^\ f3^ 2 \ ■ ■ ■ , (3^ on a multi-pointed colored Heegaard 
surface (E, w, z, r), such that each diagram (£, a, /3^, w, z, r) is the quasi-stabilization of a diagram 
(£, a, w, z, f), obtained by adding curves a\,f3^ and the basepoint w\. We also assume that, 

for every i ^ j, the curves f3\ and p~{ differ by a small Hamiltonian isotopy, and intersect each 
other in two points. See Figure [U 

Let {x, x'} = ai n [3^ and {y, y'} = a\ n /?f , with x and y to the left of x' and y', as in Figured! 
Let also 0® G fl /3| i+1 ^ be the upper intersection point between the two curves. 

There is a unique index zero (7+l)-gon class ipo on the sphere S with vertices at x, . . . , 9^ l ~ l \y^ 
such that V'o h as a positive domain: see Figure [6l The moduli space of holomorphic representatives 
for ipQ is (/ — 2)-dimensional, corresponding to all possible lengths of the cuts at . . . , 9^ l ~ 2 \ 

Lemma 5.17. For a fixed, generic conformal structure on the domain (which is a disk with I + 1 
marked points on its boundary), the number of pseudo-holomorphic representatives of ipQ is one 
{mod 2). 

Proof. We use induction on /. The case / = 3 was treated in |201 proof of Theorem 4.7]. For 
/ > 4, let Jo be a generic conformal structure on the domain. Take a generic, smooth path of 
conformal structures (</t)te[o,i)' which starts at Jo and limits (as t — > 1) to a degenerate conformal 
structure, corresponding to taking the length of one of the cuts starting at #(' -2 ) to infinity. Thus, 
in the limit t — > 1 the domain degenerates into the union of an Z-sided polygon and a triangle. Let 
M.t = Mt{ipo) be the moduli space of pseudo-holomorphic representatives of ipo with the conformal 
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structure Jt on the domain. By Gromov compactness and generic transversality, the union 

M= |J M t 

*6[0,1] 

is a one-dimensional compact manifold with boundary A4q U J\4\. By the inductive hypothesis, the 
cardinality of M\ is odd; hence, the same must be true for A^o- D 

- n\ 

For i = 1, . . . , I — 1, pick S Tg^) n Ts^+i) and set 

6^) = W u {6> w } G n 
Just as in Section [5l there is a map 

F : & _ (T a ,Tg(i),s) ->■ 2r~(T a ,Tg(j),s), F(x) = /(x ® 0« • • • fl^" 1 )), 

this time given by counting pseudo-holomorphic (I + l)-gons of index 2 — 1, see Section [4.4i 

For any x € T a Pi Tg(i) and y € T a n TTg(i) , we can eliminate their intersections with a,\ to obtain 
generators xeTgfl Ts(i) and y € T s n Tsyj. We can define a map F by counting (Z + l)-gons in 
the destabilized diagram with / — 1 fixed vertices at , . . . , l \ If -F(x) = X^yeT&nT- n n x,yy"i 
we set 

G(x)= ^ ^y(yu(xn«i)), 

Proposition 5.18. For H,a, (3^\ . . . , (3^ l \0^ l \ . . . ,0^^ as above, and suitable almost complex 
structures on the symmetric products, the maps F and G coincide. 

Proof. The arguments are completely analogous to the ones for 1 = 2. We insert a long neck along 
the dashed curve from Figure El We thus view £ as the special connected sum of the sphere <S 
and the quasi-destabilized diagram, except now each has I + 1 collections of attaching curves. Let 
(ft G tt 2 (x,6^\ . . . ,6 ( - l - 1 \y) be homology class of (/ + 1)- gons, of index 2 — 1, that admits pseudo- 
holomorphic representatives. In the limit when the neck-length T — » oo, the class <fi splits into 
homology classes of broken (I + l)-gons tjj on the sphere S, (ft on the quasi-destabilized diagram, 
and a class V of annoying a-degenerations. Equations (I57p . (I47D and Lemma (|5.16p still hold true, 
and therefore we have 

(49) 2-1 = n(cft) = fi(4>) + fi(p) + m 3 + m 4 > (2 - I) + + + 0. 

Hence, V = (so there are no annoying a-degenerations) , 777.3 = m & = 0> an d we en d up with a 
fibered product description of -M(</>) analogous to (|48|) . On the S side, we can use a limiting process 
to ensure that the holomorphic representatives of ip are splicings of an index zero (I + l)-gon and 
several /J^-boundary degenerations. One possibility for the index zero (I + l)-gon is that it lies in 
the class ifto analyzed in Lemma [5. 171 In the fibered product description the conformal structure of 
the domain of a pseudo-holomorphic (I + l)-gon in i/jq is specified by the (I + l)-gon on the quasi- 
destabilized diagram. By Lemma 15.171 the number of the holomorphic representatives of ipQ with 
this constraint is 1 (mod 2). A similar discussion applies to the index zero (I + l)-gon class with 
vertices at x',6^\ . . . ,9^ l ~ 1 ',y'. The fibered product description then implies the identification of 
the two maps F and G. □ 

The reader may wonder what happens in the case 1 = 1, that is, how are flow lines in a diagram 
H related to flow lines in its quasi-stabilization Tl. This question is more difficult, because if we 
try to degenerate along the special connected sum neck, we can no longer avoid the presence of 
annoying a-degenerations. Indeed, in (]49h the inequality fi(4>) > 2 — I = 1 does not hold true, due 
to the existence of index zero flow lines on 7-L (namely, trivial ones) . This leaves open the possibility 
that fi(V) = 1. 
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Nevertheless, we make the following: 

Conjecture 5.19. Let "H = (T,, a, (3, w, z, r) be a Heegaard diagram, and H = (X, a, /3, w, z, r) 6e 
z£s quasi- stabilization, as in Section \5.1[ Suppose W2 is the second basepoint (apart from w\) in the 
component of £ — a that contains the curve a±. Suppose r _1 (l) = {w±} and t{w2) = 1, i.e., the 
variables corresponding to w\ and W2 are U\, resp. U2, and w\ is the only basepoint marked by U±. 
Then, for suitable almost complex structures, there is an identification between the Floer complex 
2l~(^,s) and the mapping cone complex 

^-(n,^]] ^\^-(n,s)[[u 2 }]. 

Note that this is a generalization of Proposition 6.5 in [22], which dealt with ordinary index 
zero/three stabilizations. The difficulty in proving Conjecture 15. 191 is the lack of available transver- 
sality and gluing results for annoying curves. In Section 112. 41 we will give a proof of the conjecture 
for a particular class of Heegaard diagrams, using rather ad- hoc arguments. 

5.7. Stabilizations. We now specialize to the case of ordinary index zero/three stabilizations. 
Let (£, a, {/3®}\ =1 , w, z, r) be as in the previous section, and 

F : 2l~(T a , Tg(i),s) — >■ 2l~(T a , Tg( ;) , s), F(x) = /(x ® 0« ® • • • ® 0^) 

(i) 

the corresponding polygon map. Assume further that the curves j3\ approximate ct\. Thus, 
(£, a, /3^\ w, z, r) is obtained from (£, a, j3 , w, z, f) by an index zero/three stabilization, and 

F : a-(T a ,T^i),s) -^a-(T a ,T^o,s), F(x) = /(x ® • • • ® 

We separate the two different cases: either r colors iui with in its own color, in which case we 
call the stabilization neo- chromatic, or it colors it with one of the colors in f , in which case we call 
the stabilization paleo- chromatic. (The Heegaard move (vi) from Section f4. 31 was neo-chromatic.) 

In the neo-chromatic case, there are stabilization quasi-isomorphisms 

C :2T(£,«,3 (i) ,s,f) -^2T(£,t*,/3« s,r), 

defined by 

f(x) = xU{i'} 
while in the paleo-chromatic case, we have quasi-isomorphisms 

rf: a-(E,a,j3 (i) ,s,f)®fl* + i(5 1 ) — > 2T(E, a, /3 W , s, r) 

which, on the level of generators, is given by the identity map, with the understanding that x' 
corresponds to the generator of Hii^S 1 ) and x corresponds to the generator of Hq^S 1 ). 

Proposition 5.20. The stabilization quasi-isomorphisms commute with the polygon maps, that is, 
in the neo-chromatic case, 

In the paleo-chromatic case, 

r } l o(F®Id m+l{s i ) ) = For ] 1 . 

Proof. Use Proposition 15.181 □ 

Versions of Proposition 15.201 are true for ordinary Heegaard Floer complexes, as well. In that 
case, we can consider an admissible multi-diagram (£, a, {/3^}\ =1 , w, r), where again the curves 

^1 approximate ai, so that we can form the index zero/three destabilizations, and corresponding 
maps 

F : CF-(T a ,Tg (1) ,w) -> CF-(T a ,T^ ))W ), 
F : CF-(T s ,T^ (1) ,w) CF~(T a , , w). 
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(Note that the Heegaard diagrams appearing here can represent arbitrary three-manifolds.) 
We have analogous stabilization quasi-isomorphisms £ Q and r] . 

Proposition 5.21. In the case of ordinary Heegaard Floer complexes, the stabilization quasi- 
isomorphisms commute with the polygon maps, that is, in the neo-chromatic case, 

&oF = F o£. 

In the paleo- chromatic case, 

rf o (F ® Id#„ +1 (si)) =F on x . 
Proof. This is analogous to the proof of Proposition 15.201 □ 
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6. Hyperboxes of Heegaard diagrams 

In this section we define the notion of a complete system of hyperboxes for a link. As advertised 
in the introduction, this notion is the basic input for the surgery theorem. 

Let (3 = (/Si, . . . , (3 g+ k-i) and (3' = (/3[, . . . , f3' g+k _ 1 ) be two collections of curves on (E, w, z). We 
will need the following terminology: 

Definition 6.1. Suppose that for any i, the curve (5[ is obtained from by an isotopy, such that 
and intersect each other in exactly two points, and do not intersect any of the other curves in 
the diagrams. If this is the case, we write (3 ~ (3 , and we say that (3' approximates (3. Replacing 
(3 by (3' is called an approximation. 

Fix a multi-pointed, colored, admissible Heegaard diagram (E, a, (3, w, z, r) for a link L, and s G 
M(L). If (3 approximates (3 sufficiently closely, then there is a nearest-point map from 2l~ (T a ,Tp, s) 
to 21 _ (Tq,, Tpi, s) taking each intersection point to the corresponding nearest intersection point. 

Lemma 6.2. If (3 1 approximates (3 sufficiently closely, then the nearest-point map is an isomor- 
phism of chain complexes. 

Proof. When the approximation is sufficiently small, the nearest point map, which is clearly an 
isomorphism of modules, coincides with a continuation map obtained from varying the almost 
complex structure. The latter is always a chain map, see \18\ Section 7.3]. □ 

6.1. /3-Hyperboxes. Let (3 and f3' be collections of curves on (E,w,z) that are strongly equiva- 
lent. Fix a coloring r on the Heegaard diagram (E, (3, (3', w, z). If the pair ({3,(3') is generic and 
admissible, we can define a generalized Floer chain complex 2l~ (Tg , Tg/ , 0) as in Section [4.2| see 
in particular Remark 14.111 The resulting Floer homology -ff* (2l~ (TV TV, 0)) is the generalized 
Heegaard Floer homology of an unlink inside the connected sum of several copies of S 1 x S 2 , hence 
it equals the homology of a torus, see the observations at the end of Section [4.4i As such, there is 
a well-defined maximal degree element 9p p> G iJ*(2l — (TV TV, 0)). Observe that, if the number of 
free w basepoints is b, this maximal degree is [i = 6/2. In the particular case when (3 ~ (3', there 
is also a canonical cycle (intersection point) O™, representing 0p,p'. 

Recall the notation from Section 13.11 in particular, pick d = (d±, . . . ,d n ) G (Z>o) n ,n > 0, 
and consider the set of multi-indices E(d). We say that two multi-indices e,e' G E(d) with e < 
e' are neighbors if e' — e € E n . Note that, in the definition of a hyperbox of chain complexes 
(Definition I3.ip , we only have linear maps D £ ~ e : C e -»• C e in the case when e and e' are neighbors. 

The hyperbox E(d) can be viewed as a union of several unit hypercubes: if all d^s are nonzero, 
there are d\di . . . d n unit hypercubes of dimension n, whereas if some di's are zero, we get a union 
of unit hypercubes of smaller dimension. More precisely, let d° = (d\, . . . , d° n ) consist of the values 
d° = m&x(di — 1,0), and let n° be the number of nonzero d^s. Then E(d) is the union of the unit 
hypercubes e + E n ° for e £ d°. 

Definition 6.3. An empty /3-hyperbox of size d G (Z>o) n on a fixed surface with marked points 
(E,w,z) consists of a collection {/3 £ } ee E(d) of strongly equivalent sets of attaching beta curves (3 £ , 
indexed by e G E(d), as well as a map r : w U z — > {1,... ,p} for some p > 0. Further, we 
require that, for each unit hypercube of the form e + E n o with e G d°, the corresponding Heegaard 
multi-diagram (E, {(3 s } £ / e ( £+ ^ n0 ^, w, z) is generic, admissible, and admits r as a coloring. 

Definition 6.4. Let {/3 £ } £ GE(d) ^ e an empty /3-hyperbox, consisting of diagrams with b free base- 
points. Set fi = 6/2. A filling G of the hyperbox consists of chain elements 

e e , e /€Si; +||e/ _ e|| _ 1 (T^,v,o) ) 

one for each pair (e, e') such that e < e' and e, e' are neighbors. The chains ® e ,e' are required to 
satisfy the following conditions: 
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• When e < e' and \\e' — e\\ = 1 (i.e. e,e' are the endpoints of an edge in the hyperbox), ££ ' 
is a cycle representing the maximal degree element 8^ a e > in Floer homology; 

• For any e < e' such that e, e' are neighbors, we have 

(50) £ /(© e o ie i®---«8>e el - v ) = 0. 

1=1 { £=£ 0<...< £ i =£ '} 

The data consisting of an empty (3-hyperbox {/3 £ } £e E(d) an d a filling by {0 £i£ /} is simply called a 
/3-hyperbox. 

Remark 6.5. The simplest kind of /3-hyperbox is a /3-hypercube, i.e. one with d = (1, . . . , 1), so 
that E(d) = E n . Then the Heegaard multi-diagram consisting of all 2 n curve collections has to be 
admissible. Further, any two e,e' € E n with e < e' are neighbors, so for any such e, e' the pair 
((3 £ ,/3 £ ) needs to come equipped with a chain £j£ ', such that these chains satisfy (|5TJ|) . 

This kind of /3-hypercube is quite natural, and has already appeared implicitly in the Heegaard 
Floer literature, e.g. in |20| . There are two reasons why we need the more general kind of hyperbox. 
The first is that we want to allow for some of the beta pairs in the hyperbox (those for which e, e' 
are not neighbors) to form non-admissible diagrams. These non-admissible diagrams make an 
appearance in the construction of basic systems, see Section 16.71 below. The second reason is that 
general hyperboxes appear naturally in the context of grid diagrams, see Section 112.61 below. 

Lemma 6.6. Any empty /3-hyperbox admits a filling. Moreover, if a filling is partially defined on 
the m-skeleton of a (3-hyperbox (i.e., the elements £j£ ' are defined only for neighbors e,e' with 
\\e' — e|| < m, and satisfy the required conditions), it can be extended to a filling on the whole 
hyperbox. 

Proof. We construct the chain elements £>e ' inductively on ||e' — e||. When \\e' — e\\ = 1, we choose 
arbitrary cycles representing the maximal degree elements in homology. Suppose we want to define 
£j£ ' and we have defined elements S 7i y whenever — j\\ < \\e' — e||, satisfying (f50|) . Set 

||e'— e|| 

c= Yl /CSW 1 ®---®e eJ - v ). 

1=2 { £=£ 0<...< £ i =£ '} 

Using (f3lj) . we obtain: 



dc = E E /(/(e e o, e x®---®e e ,- v )) 

1=2 { £=£ o<... <£ ; =£ '} 
Ik'-ell 

= E E E /(^v 1 ®---/^,^ 1 ®---® ^- 1 ^)---® ^^^)) 



1=2 { £=£ o<...< £ ! =£ '} 0<i<j<Z 
= 0. 

Here, for the last equality we applied (|50|) to the pair (e 1 ^ 3 ). 

Since c is a cycle in 2l~ + || £ /_ e ||_ 1 (ir^£ , T^ e / , 0) and the respective homology group is zero (being 

beyond the maximal degree /i), we can choose £j£ ' so that <90 £j£ ' = c. Then f)50f) is satisfied for 
the pair (e, e'). □ 



6.2. Hyperboxes of strongly equivalent Heegaard diagrams. We define an a-hyperbox on 
(S, w, z) to be the same as a /3-hyperbox, except we denote the collections of curves by q's and, for 
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any neighbors e < e', we are given elements e ' |S € 21 (T e > , T Q e , 0) rather than in 21 (T a e , T ae i , 0) . 
The compatibility relation (|50p has to be modified accordingly: 

l|e'-e|| 

(51) Yl E f(®eO,ei®---®®e<-\ei)=Q- 

1=1 { £ '= £ o > ... >£ i =£ } 

Now suppose that we have d = (di, . . . , d n ) G (Z>o) n , for some n > 0, and we are given maps 

n : {1, . . . ,di} {a,P}, i = l,...,n. 

We can then assign to each edge (e, e') of the hyperbox E(d) a symbol r(e, e') G {a, f3} as follows: 
if the edge is parallel to the i th axis and its projection to that axis is the segment [j — we 
choose r(e,e') = rj(j). We refer to {rj}" =1 as bipartition maps. 

Given bipartition maps as above and e G E(d), we set 

e? = #(r-V)n{l,..., £i }) ) 

for z = 1,. . . ,n. These define n-tuples e a G E(d a ),e /3 € E(d /3 ), where d Q = (df)f =1 , d' 3 = (df)f =1 
(where, of course, df = #r~ l {a) and d^ = ^r i ~ 1 (/3)). Note that ef + = £j for any i. 

Definition 6.7. Choose d G (Z>o) n and bipartition maps fj, i = 1, . . . , n. A hyperbox 7i of 
strongly equivalent Heegaard diagrams consists of an a-hyperbox of size d a G (Z>o) n , and a (3- 
hyperbox of size d@ G (Z> ) n , both on the same surface, equipped with basepoints and colorings 
(£,w,z,t). These are required to satisfy the following conditions. For each multi-index e G E(d), 
we can consider the Heegaard diagram 

^ e = (S,« £Q ,/3 e ",w,z). 

For each e, the diagram 7i £ is assumed to admit r as a coloring. Furthermore, for each unit 
hypercube (e+E n °) C E(d), the curve collections appearing in the diagrams H £ ', for alls' G (e+E n o) ; 
are required to form a generic, admissible Heegaard multi-diagram. 

We can view some of the information in H in the following way. The hyperbox H has at each of 
its vertices a Heegaard diagram H £ , such that all of these are strongly equivalent, and each edge 
in the hyperbox corresponds to changing either the alpha or the beta curves. Further, we have 
elements £ = G e / j£ for e < e' neighbors in E(d Q ), and &^ e i = @ £ , £ ' for e < e' neighbors in E(d^). 
We usually refer to a hyperbox T~L as going between the Heegaard diagrams %(o,...,o) an d H(di,...,d n )- 

Remark 6.8. Suppose we have a hyperbox H of strongly equivalent Heegaard diagrams representing 
a link L C Y. Then the hyperbox H naturally gives rise to a reduced hyperbox r^ffl), with the 
same size and bipartition maps, made of the reduced Heegaard diagrams {r^{T-i)) £ = rj^(H. £ ), see 
Definition 14.171 Indeed, in r^{H,) we can take the same G-chain elements as in H. 

6.3. Hyperboxes of Floer complexes. Let T~i be a hyperbox of strongly equivalent Heegaard 
diagrams, of size d G (Z>o) n and with partition maps r^, i = 1, . . . , n. At each vertex we have 
an admissible Heegaard diagram H £ . Let us assume that H £ represent a link L in an integral 
homology sphere Y. Fix s G H(L). We will construct an associated hyperbox of chain complexes 
as in Section 13.11 To each vertex e G E n we assign the generalized Floer chain complex 

CI = 2C (H e , s) = 2C (T a£Q , T^, , s) , 

compare Section I4T21 

We define the linear maps D £ £ ~ e : C e -> C £ by the formula 

Df- £ (x) = E E E /( e 7° l7 i®- • ■®e^_ 1>(yJ (g)x®eJ )iC1 ®. • -®g;u >cp ). 

l,P { e ' a=7 0>... >7 i =£a } { £ /3 =C < ... <C p =£ '/3} 
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Example 6.9. When e = e' the corresponding map D® is just the differential / = d on the generalized 
Floer complex 2l~(% £ , s). 

Example 6.10. When ||e' — e|| = 1, i.e. (s,e') is an edge in the hypercube then D £ '~ £ is given 
by counting holomorphic triangles with one specified vertex. Since that vertex is a theta cycle 
representing the maximal degree element in homology the chain map D £ ~ £ is a chain homotopy 
equivalence. 

Example 6.11. When ||e' — e|| = 2, we distinguish two cases, according to whether the edges of 
the square between e and ef are marked with only one or both of the symbols a, f3. In the first 
case, assuming they are marked with f3, the map D £ ~ £ is a sum of three different polygon maps: 
one counting triangles with one vertex at 0^ /j8 and two counting quadrilaterals with two vertices 

at 0^g ^ and 0^ ^ where £ is an intermediate multi- index between and . (There are two 
possibilities for (.) In the second case, when e, e' are the vertices of a square with two edges marked 
with a and two with f3, the map D £ ~ £ is given by counting quadrilaterals with two specified vertices 
at OP. and 0°, . 

eP,e& e a ,e a 

Lemma 6.12. 2l~(%,s) = ((C' e ) e6E ( d ), (Z? e ) eg E n ) is a hyperbox of chain complexes. 
Proof. We need to check Equation ([6]), i.e. that for any e,e" £ E n we have 
(52) £ L> £ £ ,"- £ 'o£»|'- £ = 0. 

{e'|e<e'<e"} 

Indeed, the summation in (I52p equals 

S/(Qy> l7 i®- • ■®e^_i )7 4®/(e^ j<yi+1 ®- • •®e2_ li7 ,®x®ef, ifl ®- • -®0^._ 1)C ,)®0^ ci+1 ®- • -®0^_ liC J, 

where the sum is taken over all possible l,p,i,j and multi-indices e a ' = 7 > • • • > 7' = e a , = 
C° < •■■ < C p = e • Applying Equation (|34p we find that this sum further equals 

2 /(©°o i7l ® • • • ® /(0^-i j7! ® • • • ® 0^-i,y) ® ■ ■ ■ ® ©y-i iV ® x ® 0^ cl ® • • • ® 0f P -i >c J+ 

^ /(©y, i7 i ® • • • ® e^_ 1(7 , ® x ® 0^ O)?1 ® ■ ■ ■ ® /(©J_ 1)Ci ® • • • ® eJi-i iC j) ® • • • ® ©J,-i iC p)- 

Both of these sums vanish. Indeed, let us fix i, I — j,p and all 7's and £'s in the first sum, except 
for 7*, . . . , j 3 . Then the corresponding sum of /(©"_! < ® • • • ® 0™-_i j) over 7% . . . , 7J" 1 is 
zero by Equation (|5ip . Similarly, by applying Equation (|50p we find that the second sum is also 
zero. □ 

6.4. Moves on hyperboxes. In this section we describe a series of moves on hyperboxes of 
strongly equivalent Heegaard diagrams. In light of Lemma 16.61 we see that hyperboxes are easy to 
construct, and thus are rather flexible objects. 

Recall the list of Heegaard moves between colored, multi-pointed Heegaard diagrams from Sec- 
tion |4]3l Suppose now that T~L is a hyperbox of strongly equivalent Heegaard diagrams. We have a 
similar list of hyperbox Heegaard moves on H: 

(i) A 3-manifold isotopy of H consists of applying the same 3-manifold isotopy to all the 
Heegaard diagrams H £ simultaneously, keeping the same partition maps and taking the 
0-chain elements (which are linear combinations of collections of intersection points) to 
the corresponding linear combinations in the isotopic diagrams; 

(ii) An index one /two stabilization of a hyperbox H consists of a simultaneous index one/two 
stabilization of all diagrams ~H £ , in the same position. Note that if two collections of 
attaching curves are strongly equivalent, they remain so after the stabilization. With 
regard to the fillings, we need to pair each 0-chain element with the unique intersection 
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point between the new a curve and new f3 curve. The fact that the new 0-chain elements 
still satisfy the relations (|50p follows from the argument of |21| Lemma 4.7] generalized to 
polygons; 

(hi) A free index zero/three stabilization of a hyperbox % consists of a simultaneous (neo- 
chromatic) free index zero/three stabilization of all diagrams T~L e , in the same position. 
We again note that if two collections of attaching curves are strongly equivalent, they 
remain so after the stabilization. With regard to the hllings, we pair each 0-chain element 
with the maximal degree intersection point between the new a and (3 curves. The fact 
that the new 0-chain elements still satisfy the relations (|50p follows from the hrst part of 
Proposition I5,20( 

(iv) An index zero/three link stabilization of a hyperbox % consists of a simultaneous (paleo- 
chromatic) index zero/three link stabilization of all diagrams H e , in the same position. 
The fillings are constructed as in (iv), by pairing with the maximal degree intersection 
point between the new curves. The relations (|50p are then a consequence of the second 
part of Proposition 15.201 (b); 

(v) An elementary coloring change for % is an elementary change of the coloring r of the 
basepoints, in all diagrams simultaneously; 

(vi) Instead of curve isotopies and handleslides, we now have global shifts, defined as follows. 
Consider two hyperboxes H and %' having the same size d € (Z>o) n and the same partition 
maps r,j. A global shift S from H to %' is an (n + l)-dimensional hyperbox of size (d, 1) € 
(Z>o) n+1 , such that its sub-hyperbox corresponding to e n+ \ = is H and its sub-hyperbox 
corresponding to = 1 is %' . Note that there are two kinds of global shifts, a and 
f3, according to the value of the map r n+ \ : {1} — > {a,/3}. Observe that, by definition, a 
global shift does not change the Heegaard surface with basepoints (S, w,z); 

(vii) An elementary enlargement, to be defined later (see Definition 16.171 below); 

(viii) Inverses to the above. In particular, the inverse process to a stabilization is called desta- 
bilization, and the inverse of an elementary enlargement is called a contraction. 

Note that the moves (i)-(vi) (and their inverses) preserve the size of the respective hyperbox. 

As a particular kind of 3-manifold isotopy, we define a surface isotopy of % to consist in applying 
the same surface isotopy to all the Heegaard diagrams simultaneously, compare Definition 14. 141 (b) . 
If % and H' are surface isotopic hyperboxes, we write % = %'. 

Let us now focus on understanding global shifts further. Note that a global shift induces a 
chain map between the respective hyperboxes of generalized Floer chain complexes, compare Def- 
inition 13.151 It turns out that this map is always a chain homotopy equivalence. Before proving 
this fact, we need some preliminaries. 

Definition 6.13. Let H and %' be two hyperboxes of strongly equivalent Heegaard diagrams, such 
that either: 

(a) the corresponding alpha curves on % and H 1 coincide, whereas the corresponding beta curve 
collections approximate each other (f3 £ ~ ft 6 ) in the sense of Definition 1 6. 1\ or 

(b) the corresponding beta curves coincide, and the corresponding alpha curve collections approx- 
imate each other. 

Further, suppose that the approximations are sufficiently small (for Lemma \ 6.S\ to hold) and 
suppose the Q-chains correspond to each other under the respective nearest point maps. We then 
say that H' approximates %, and write % ~ %' . If we are in case (a), we call this an approximation 
of type (3, and if we are in case (b), we call it of type a. 

Lemma 6.14. Suppose H ~ %' , where the approximation is of type (3. Then, there exists a 
canonical global shift between T~L and %' , such that along the new edges we see the canonical elements 
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(mentioned in Section \6. 1\) 

Proof. For simplicity, we explain the construction in the case when the hyperboxes are one-dimensional 
of length one. Thus, % consists of two curve collections (3° and (3 1 and a chain element G relating 
them. Similarly, %' consists of curve collections (3 and f3 1 and a chain element 0' that is the 
image of under the nearest point map. Along the new edges we are required to place the two 
intersection points Gg an and Qf^. 
We also have a cycle 

e"e2r(T>,Tiy,o) 

that is the image of under the nearest point map changing /3 1 into /3 1 . (This is a cycle because 
of Lemma 16.21 ) Recall that there is a canonical homotopy between the continuation map from 
2l _ (Too'jTgi/,0) — > 2l - (Tgo , Tgi' , 0) and the triangle map x H> /(6g an (g)x), see [8j proof of Propo- 
sition 11.4], or [121 proof of Theorem 6.6]. This chain homotopy is defined by counting holomorphic 
bigons with a varying almost-complex structure and stretching of the neck. Thus, 

/(Q£ an ® G') = 0" + dH , 

where H$ is the image of G' under the canonical chain homotopy. Similarly, we have 

/(G ® Q c r) = Q" + dH h 

where H\ is the image of a map counting stretched bigons with one vertex at G. We then place the 
chain element Hq + H\ on the two-dimensional face of our global shift. Relation (j50|) is satisfied. 

If T~i and T~i' are one-dimensional (of arbitrary length), we place chain elements as above on all 
their two-dimensional faces. Further, the construction generalizes to hyperboxes of higher dimen- 
sion, by considering continuation maps with several stretched necks. □ 

The global shift constructed in Lemma 16.141 is called the identity shift. There exists a similar 
identity shift between hyperboxes that approximate each other through an approximation of type 
a. 

Now, suppose % ~ H' and fix s 6 M(L). Let (C £ ,D e ) and (C' e ,D' e ) be the hyperboxes of 
generalized Floer complexes (for the value s) associated to % and %' ', respectively. Note that there 
is a nearest point map from C E to C' e , defined by taking each generator (intersection point) to its 
image under the approximation. This is a chain map provided that the almost complex structures 
are chosen in a compatible way. In fact, by adding zeros on the higher dimensional faces, we obtain 
a chain map between the respective hyperboxes of generalized Floer complexes. We refer to this 
the nearest point map, too. 

Lemma 6.15. An identity shift induces a map on the hyperboxes of Floer complexes which is chain 
homotopic to the nearest point map. 

Proof. The triangle map induced by an approximation is chain homotopic to the nearest point 
map, see \12\ proof of Theorem 6.6]. The argument in [12] can also be applied to higher polygons, 
with the result that the chain homotopies between triangle and nearest point maps lift to chain 
homotopies between the respective hyperboxes. □ 

Lemma 6.16. The chain map F(S) induced by any global shift S on hyperboxes of Floer complexes 
is a chain homotopy equivalence. 

Proof. Let S be a global shift between two n-dimensional hyperboxes 7i,1-L' of size d, so that S has 
size (d, 1). Let H" be two hyperboxes that approximate H and each other. 

We construct an (n + 2)-dimensional hyperbox S of size (d, 1, 1) as follows. Its sub-hyperbox 
corresponding to e n +2 = is S, so that e n +i = £n+2 = corresponds to H and e n +i = 1, £ n +2 = 
is T~L' . Its sub-hyperbox corresponding to e n +i = 1 is any global shift between %' and %" ' , for 
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example the reverse S r of S composed with the identity shift from H to H". Thus e n +i = £ n +2 = 1 
corresponds to H". For e n +i = 0, e n +2 = 1 we take the other hyperbox that approximates H. 
For e n+ \ = we choose the identity shift between Ti and H'" , and for e n +2 = 1 the identity shift 
between Ti'" and TL" . We then fill in the remaining faces of the hyperbox S (those corresponding 
to increasing both e n +i and e n +2 by 1) with G chain elements in an arbitrary way. 

On the level of Floer complexes, the hyperbox S then produces a chain homotopy between 
F(S r ) o F(S) and the identity □ 

Definition 6.17. We define an elementary enlargement of a hyperbox H of strongly equivalent 
Heegaard diagrams by analogy with the corresponding concept from Section EOI Let d £ (Z>o) n be 
the size ofH. Pick Iq € {1, . . . , n} and jo € {0, 1, . . . , d^}. Define d + = d + as in Section \3.£l 
We also choose a symbol k = a or (3. 

We construct a new hyperbox TL + of size d + , with bipartition maps rf = n for i ^ iq, and 

' n (j) if 3 < 30 

« if 3 = 30 + 1 

/ioO' -1 ) j/j>Jo + 2. 

The hyperbox Ti + is obtained from TL by splitting the latter into two halves along the hyperplane 
£j = JO; adding a new sub-hyperbox at £i = jo + 1 that approximates the one at £- l0 = jo, and in- 
serting the identity global shift between them. We say that H + is obtained from H by an elementary 
enlargement. The reverse process is called elementary contraction. 

In Section 13.81 we defined a similar notion of elementary enlargement for hyperboxes of chain 
complexes. If H + is the elementary enlargement of a hyperbox of Heegaard diagrams H, let 
2l - (%,s) and 2l~(% + ,s) be the respective hyperboxes of generalized Floer chain complexes, as in 
Section [6.31 Let also 2l~(%,s) + be the corresponding elementary enlargement of the hyperbox of 
chain complexes 2l~(%,s). By applying Lemma 16.151 we see that 2l~ (7i,s) + is chain homotopy 
equivalent to 2l~(% + ,s). 

Lemma 6.18. Let % and H 1 be two hyperboxes of strongly equivalent Heegaard diagrams repre- 
senting the same oriented link L CY , and having the same dimension. Then: 

(a) The hyperboxes % and %' can be related by a sequence of hyperbox Heegaard moves. 

(b) If, moreover, the diagrams in H are basic in the sense of Definition \4.3[ the diagrams in H! 
are maximally colored, and if each link component Li C L corresponds to the same color i in both 
H and H! , then %' can be obtained from % using a sequence of hyperbox Heegaard moves that does 
not involve any index zero/three (free or link) destabilization or coloring change. 

Proof. For part (a), use 3-manifold isotopies, stabilizations, destabilizations, and coloring changes 
to transform the hyperboxes into two new ones that have the same underlying colored Heegaard 
surface (£, w, z, r). After a few more index one/two stabilizations as in [91 Lemma 2.4], we can also 
arrange so that the a curves in T~L are strongly equivalent to the a curves in %' , and the /3 curves in H 
are strongly equivalent to the j3 curves in H'. We can then use elementary enlargements to arrange 
so that the hyperboxes H and H! have the same size and bipartition maps. Using the winding 
procedure from [181 Section 5], we can find a sequence of empty hyperboxes (of the same size and 
with the same bipartition maps) that interpolate between the two: H = H°, H l , ■ ■ ■ , W = W such 
that each pair (W , W) forms an empty hyperbox of one dimension bigger (satisfying the required 
admissibility conditions). We then choose arbitrary fillings of the intermediate hyperboxes W , see 
Lemma l6.6[ as well as arbitrary global shifts between W~ l and W , for j = 1, . . . ,p. The result is 
a sequence of global shifts relating % and %' . 

Part (b) follows by combining the strategy above with Proposition 14.131 (b). □ 

Recall the invariance statement about generalized Floer complexes for links (Theorem I4.10p . 
Part (a) of that statement says that any two generalized Floer complexes for the same link are 
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stably quasi-isomorphic. We aim to establish an analogous result for hyperboxes of strongly equiv- 
alent Heegaard diagrams representing a link. First, we need to define the notion of stable quasi- 
isomorphism for hyperboxes, compare Definition 14.91 

Definition 6.19. Let H,H' be two hyperboxes of chain complexes defined over free power series 
rings 1Z = ¥[[Ui, . . . , U p ]] and Hi = F[[[/i, . . . , U p >]], respectively. 

(a) The hyperboxes H and H' are called stably quasi-isomorphic if they differ by a sequence of 
the following moves and their inverses: 

(i) quasi-isomorphisms (over the same power series ring 1Z), see Definition \3.2(k 

(ii) replacing every chain complex C* (over a free power series ring H) in the hyperbox with 

a corresponding complex C*+i [[£/]] - U '> C* [[U]] over 1Z[[U]], where Ui is one of the free 
variables in 1Z; 

(iii) tensoring a hyperbox with H il:+ i(S 1 ), i.e. replacing all chain complexes C* in the hyperbox 
with C* <£>if* + i(S' 1 ) = C*®C*+i, and using the previous maps from C* and C*+i, tensored 
with the identity on H^+i^S 1 ); 

(iv) setting two variables Ui,Uj equal to each other in all the chain complexes in the hyperbox 
simultaneously. 

(b) We say that H' is obtained from H by directed stable quasi-isomorphisms if we can go from 
H to H' by the moves (i)-(ra) only; that is, their inverses and the move (iv) are not used. 

We can now state the generalizations of parts (a) and (c) of Theorem 14.101 to hyperboxes: 

Proposition 6.20. Let H,H' be two hyperboxes of strongly equivalent Heegaard diagrams that 
represent the same oriented link L C Y , and have the same dimension. Let %l~(H, s) and %l~(H', s) 
be the hyperboxes of generalized Floer chain complexes associated to H and Hi , respectively, for 
some s € H(L). Then: 

(a) the compressions of 2l~ (H,s) and 2t~~(H', s) are stably quasi-isomorphic; 

(b) if, moreover, the diagrams in H are basic and the diagrams in Hi are maximally colored, 
and if each link component Li C L corresponds to the same color i in both H and Hi , then the 
compression of%~(H',s) can be obtained from the compression of'Ql~(H',s) by directed stable 
quasi-isomorphisms. 

Proof. By Lemma [6.18| it suffices to investigate the effect of hyperbox Heegaard moves on the cor- 
responding (compressed) hyperboxes of generalized Floer complexes. Index one/two stabilizations 
and 3-manifold isotopies produce chain homotopy equivalences between the respective hyperboxes, 
see [18] and [21]. The same goes for global shifts, according to Lemma 16.161 The chain homotopy 
equivalences then descend to the compressed hyperboxes, according to Lemma [3.191 Elementary en- 
largements also produce quasi-isomorphisms between the respective compressions, see Lemma [3.21i 
Free, neo-chromatic index zero/three stabilizations result in the move (ii) from Definition 16. 191 this 
follows from [22] Proposition 6.5] and Proposition 15.201 Paleo-chromatic index zero/three link 
stabilizations result in the move (iii); this is a consequence of [H Proposition 2.3] and, again, 
Proposition 15.201 Finally, elementary coloring changes result in the move (iv). 

For part (b), apply Lemma 16.181 (b). □ 

6.5. Sublinks and hyperboxes. Let L C Y be an oriented link, and M C L a sublink. We 
choose an orientation M of M, not necessarily the one induced from L. We denote by L — M the 
sublink L — M with the orientation induced from L. 

Definition 6.21. A hyperbox of Heegaard diagrams for the pair (L,M) is an m- dimensional 
hyperbox H of strongly equivalent Heegaard diagrams representing the link L — M , together with an 
ordering M%, . . . , M m of the components of M . (Here m is the number of such components.) 
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Remark 6.22. In particular, a hyperbox of Heegaard diagrams for a pair (L, 0) is simply a Heegaard 
diagram for L. 

Definition 16.211 may appear mysterious at first. The intuition behind it is that a hyperbox T~L for 
a pair (L, M) corresponds to subtracting the link M from L. Indeed, although this is not required 
by the definition, the initial diagram %(o,...,o) °f ^ wm always be obtained from a Heegaard diagram 
for L by deleting some of its basepoints. The final diagram will represent L — M, and the ordering 
of the components is telling us the parts of the hyperbox associated to subtracting the respective 
components M, from L. Indeed, we can think of the ordering as a one-to-one correspondence 
between the coordinate axes of the hyperbox and the components of M, where the i th coordinate 
corresponds to Mj. 

To make this more precise, let T-L L ' M be a hyperbox for the pair (L,M). Then, for each M' C 
M, we denote by % L ' M (M') the Heegaard diagram "HJ^ty where e(M') is the multi-index with 
components e(M')i, i = 1, . . . , m, given by 



e(M>) 



if Mi C M', 
otherwise. 



Informally, we think of 7~L L ' M (M') as the intermediate step in the hyperbox obtained after sub- 
tracting M' from L. In particular, the initial and final vertex of the hyperbox T-L L,M are T~L L,M (0) 
and T~L L,M (M), respectively. 

For every M' C M, there is a sub-hyperbox of U 1 ^ 1 going from U l ^\M') to H^(M). 
We denote it by U^{M',M). Note that H^(M',M) is a hyperbox associated to the pair 
(L -M',M- M'). We denote also by % £ '^(0, M') the sub-hyperbox of going from % £ >^(0) 

to VP^{M'), which is complementary to H^M^m' ,M). 

We say that two hyperboxes H L,M and T-L L,M for the same pair (L, M) are isotopic if they 
have the same same ordering of the components of M, and the underlying hyperboxes of strongly 
equivalent Heegaard diagrams are isotopic. If this is the case, we write 7-L L,M = i-L L,M . 

Up to now, the orientation for M has not played any role in the definition of a hyperbox for 
a pair (L,M). However, it played a role when we discussed reduction (see Definition 14.171 and 
Remark I6.8|) . Observe that if H L ' M is a hyperbox for a pair (L,M), its reduction at an oriented 
sublink N C L — M, denoted r ] ^('H L,M ), is a hyperbox for the pair (L — N, M). 

We are now ready to mention the following notions of compatibility for hyperboxes (see Figure [7]): 

Definition 6.23. Let T~L L,M be a hyperbox for a pair (L,M), and T~L L,M be a hyperbox for the 
pair (L,M'), where M' is a sublink of M with the orientation M' induced from M . Let also 
%l-m',m-m' be a hypzriox f or t h e pa ir (L - M', M - M'). 

(a) We say that the hyperboxes H L,M and 'H L ' M ' are compatible if 

(53) r a _ M ,(n i ^') = n i ^{%,M'). 

(b) We say that the hyperboxes H L,M and % L ~ M ' ,M—M' are compatible if there is a surface 
isotopy 

(54) h l-m',m-M' ^ H L,ti( M > t M y 

6.6. Complete systems of hyperboxes. In the following definition (and in the rest of this 
subsection), all sublinks in a link L that are denoted L' will come with the orientation L' induced 
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L' — M' f- M' 



Figure 7. Compatibility between hyperboxes. We represent here hyperboxes 
schematically by lenses. On top we have a hyperbox 7i L '' M and two sub-hyperboxes, 
shown as sub-lenses with different shadings. The compatibility condition (a) in 
Definition 16.231 is the equality between the two lightly shaded lenses. Condition (b) 
is the equality between the two darkly shaded lenses. 

from L and, similarly, all sublinks in a link M that are denoted M' will come with the orientation 
M' induced from M. 

Definition 6.24. A complete pre-system of hyperboxes T~L representing the link L consists of a 
collection of hyperboxes, subject to certain compatibility conditions, as follows. For each pair of 
subsets M C L' C L, and each orientation M G J7(M), the complete pre-system assigns a hyperbox 
pair (L',M). Moreover, the hyperbox T-L L '' M is required to be compatible with both 
U L '^' andU L '- M '^- M ' . 

In particular, note that a complete pre-system contains hyperboxes of the form H L >" , which are 
zero-dimensional; in other words, they consist of a single Heegaard diagram, which we denote T~L L . 
The diagram Ti L represents the sublink L' QY. 

As previously mentioned in Section [STo] we think of the hyperbox H L ' ,M as a way of de-stabilizing 
V at the components of M. Indeed, H L ' ' M goes from r^(T-L L ') (i.e. H L with half of the basepoints 
on M deleted, according to the orientation M) to H L '~ M . 

Example 6.25. Let L = K C Y be a knot. Then, a complete pre-system of hyperboxes for K 
consists of two multi-pointed Heegaard diagrams: T~L K for K and 'Hr for Y itself, together with two 
one-dimensional hyperboxes of strongly equivalent Heegaard diagrams: one, T~L K ' K , going from a 
diagram l-l K ' K {$) (which is just H with the z points on K removed) to some diagram H K,K (K) 
(surface isotopic to H®); and another one, 7i K ~ K , going from the diagram T-L K ~ K (®) (which is 
just H K with the w points removed), down to a diagram H K '- K (K) (surface isotopic to % ). This 
is illustrated in Figure [HJ 

In short, a complete pre-system of hyperboxes for a knot K produces a multi-pointed diagram T~L K 
for the knot, together with a way of relating the diagram H K with the z points on K removed to the 
diagram T~L K with the w points on K removed, via a certain sequence of strongly equivalent Heegaard 
diagrams and O-cycles, plus some surface isotopies in the middle (moving the w basepoints into 
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♦ . . . » 

n K '~ K {<D) n K -- K {K) 

Figure 8. A complete pre-system of hyperboxes for a knot K. For sim- 
plicity, we assume here that T~L K has no free basepoints, and exactly two linked 
basepoints (w and z). The symbols = indicate surface isotopies. 



the z basepoints). Note that both of the diagrams that we relate in this fashion represent Y itself. 
Observe also that the sequence of 0-cycles (and surface isotopies) induces a corresponding sequence 
of chain maps on Floer complexes as in Section 16.31 These chain maps are all chain homotopy 
equivalences, see Example 16.101 By composing them we obtain a chain homotopy equivalence 
between the initial and the final Floer complex. This is exactly the kind of structure that was used 
in |23| . in the context of describing the Heegaard Floer homology of integer surgeries on knots. One 
should view complete pre-systems as a generalization of this structure to the case of links. 

Example 6.26. When L = K1UK2 is a link of two components, a complete pre-system of hyperboxes 

for L consists of four zero-dimensional hyperboxes: 

njK]UK 2 qjKi njK 2 %/$ 
ft , ft , ft , ft , 

eight one-dimensional hyperboxes: 

n/KiUK 2 ,Ki n J KiUK 2 ,-K 1 njKxXjK^Ki %iK\\3K 2 -K 2 
ft , ft , ft , ft , 

^K\,K\ ■j^K\,—Ki <j_^K 2 ,K 2 ^K 2 ,—K 2 

and four two-dimensional hyperboxes: 

njKiUK 2 ,K 1 UK 2 njKiUK 2 ,-KiUK 2 uKiUK 2 ,K 1 U-K 2 njKiUK 2 ,-K 1 U-K 2 
ft 1 ft , ft 1 ft 

These hyperboxes are related by various compatibility conditions. Some of these conditions are 
illustrated in Figure O 

In the case of a knot K C S 3 , the complete pre-system only contains data for quasi-isomorphisms 
(in fact, chain homotopy equivalences) between various Heegaard Floer complexes of Y = S s . At 
the level of homology, there is a unique F[[L r ]]-module isomorphism from HF~(y) = F[[£/]] to 
itself, namely the identity. However, in the case of links (or even for knots, but in more general 
homology spheres Y), complete pre-systems give rise to quasi-isomorphisms between generalized 
Floer complexes of sublinks, whose homology can be complicated. Recall from Remark 14.151 that, 
in general, the resulting isomorphisms on generalized Floer homology are not canonical. To ensure 
naturality, we need to control the paths traced by basepoints under the surface isotopies involved 
in the compatibility relations (|54p . 

We start with the following: 

Definition 6.27. (a) Let H = (£, at, (3, w, z, r) be a colored, multi-pointed Heegaard diagram for 
an oriented link L C Y , with a corresponding Heegaard splitting Y = U a Us Up. For each basepoint 
w € w n L, we denote by z{w) € z the successor of w on L, that is, the basepoint on the same 
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H K 2 
♦ 




FIGURE 9. A part of a complete pre-system of hyperboxes for a link L = 

K\ U K.2- For simplicity, we assume that % has exactly two basepoints w\ and 
z\ on K\, and two basepoints W2 and Z2 on K2. We show here one quarter of the 
complete pre-system, consisting of the two-dimensional hyperbox n K i uK 2> K i [J K2 ^ 
and all smaller hyperboxes related to it by compatibility conditions. 

component Lj of L as w, which appears just after w as we go around Lj according to its orientation. 
A good set of trajectories 

c = {c«;|w; G w fl L} 
for % consists of disjoint, smoothly embedded paths 

c w : [0, 1] -> S, c w (0) = w, c w (l) = z(w), 

such that each path c w is homotopic (inside the handlebody U a ) to the minimal oriented segment 
l w on L going from w to z{w), by a homotopy whose interior avoids the link L. Further, we require 
that the image of each c w is disjoint from the free basepoints (i.e., the basepoints inw\L). 
(b) IfH and c are as above, a set of supporting disks 

D = {D w \w € w n L} 
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for c consists of disjoint, properly embedded disks D w C U a such that dT) w = c w U l w and the 
interior ofT> w does not intersect L. 

Note that a good set of trajectories always admits a set of supporting disks. Indeed, let Z denote 
the complement of a tubular neighborhood of L inside U a . We can modify c w U l w by a small 
isotopy to obtain a simple closed curve -f w on dZ, which we know to be null-homotopic inside Z. 
Dehn's Lemma implies that we can find the desired embedded disks. 

Consider now a complete pre-system of hyperboxes rl for L C Y. Note that all the hyperboxes 
H L > M in rl contain Heegaard diagrams with the same underlying Heegaard surface E. Let w L ,M 
(resp. z L '' M ) be the set of basepoints of type w (resp. z) on the diagrams in the hyperbox T~L L ' ,M . 
In particular, we let w L ' = w L $ and z L ' = z L ''®. We also set w = w L and z = z L . 

Given a sublink M C L with an orientation M, we let M = M + II M_, where M + (resp. M_) 
consists of those components of M that have the same (resp. opposite) orientation in L as in M. 
Suppose M is a sublink of some L' C L (with the orientation L 1 coming from L). Because of the 
compatibility condition (|53p (applied to L' instead of L, and taking M' = 0), we must have 

= ( W L' \ M _) U (z L ' n M_) 

and 

Z L',M = Z L' n (L , _ M) _ 

Thus, the basepoints on all hyperboxes are determined by those on the diagrams % L ', for L' C L. 
To get further control on the basepoints (and the way they move under surface isotopies), consider 
a good set of trajectories c = {c w } for the initial diagram Ti L (which represents L). We say that the 
complete pre-system T~L is dependent on the trajectory set c if the following conditions are satisfied: 

• For any V C L, we have w^' = w and z L ' = z D L', so that for any M C L' with an 
orientation M, 

w £ '' Al = (w \ M_ ) U (z n M_ ) , z Z '' Al = zn(l'-M); 

• For any M' C M C L' C L, and any orientation M of M, in the respective compatibility 
relation (I54h . which reads 

(55) H L'-M>,M-M> ^ H L',M( M ^ M ) 

we use a surface isotopy that moves each basepoint w E w n ML (appearing in the diagram 
on the left hand side of (f55l) ) to its successor z(w) 6 zfl Mi (appearing in the diagram on 
the right hand side of ([55]) ). exactly tracing the path c w . Moreover, we require the surface 
isotopy to fix all the basepoints in 

(w \ M_) u (z n (M — m')_) u (z n (l' - M)) , 

which appear on both sides of (|55|) . 

Definition 6.28. A complete system of hyperboxes (H,c) representing a link L C Y consists of 
a complete pre-system of hyperboxes rl for L together with a good set of trajectories c for % L such 
that T~L is dependent on c. (We usually drop c from the notation, and refer to rl as a complete 
system of hyperboxes.) 

If H is a complete system of hyperboxes for L with a good set of trajectories c, and if (E, w, z) 
is the multi-pointed Heegaard surface of the initial diagram fl L , we refer to (E,w,z,c) as the 
underlying surface data for H. 
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6.7. Basic systems. Let L C Y be a link. In this section we describe a special kind of complete 
system for L, which we call basic. 

In a basic complete system, all hyperboxes will be pure /3-hyperboxes, i.e. the corresponding 
bipartition maps ri take all the indices to ft, hence, the a curves always stay fixed, and we have 
e = for any multi-index e. Furthermore, all hyperboxes of the form 7i L '' M will be trivial, i.e. of 
size (0, . . . , 0), when M has the orientation induced from L (or, equivalently, from L'). In particular, 
all diagrams T~L L ' = T-L L ''® will simply be obtained from an initial diagram, H L , by deleting the z 
basepoints on the components of L — L' . 

Let £ be the number of components of L. We choose the Heegaard diagram H L to be basic 
(see Definition I4.3H . that is, of genus g, with g + £ — 1 alpha curves and g + £ — 1 beta curves, £ 
basepoints marked w, £ basepoints marked z, and maximally colored (with £ colors). Further, we 
can assume that the basepoints W{ and Zi,i = 1 ...,£, lie on each side of a beta curve and are 
not separated by any alpha curves. Thus, the beta curves split the surface S into £ components 
Si, . . . , Ti£, numbered such that Ej contains the basepoints Wi and Zi, and has both sides of ft as 
parts of its boundary. We denote by Li the component of L on which Wi and Zi lie. We construct a 
good set of trajectories c = {c^} for T~L L to consist of small paths c Wi from W{ to zi that intersect 
ft once and do not intersect any of the other curves. We will take (£, {wi}, {zi}, c) to be the 
underlying surface data for our complete system. 

Let ft/ be the curve obtained from ft by a small Hamiltonian isotopy over Zi and Wi, as in 
Figure [TUJ Note that, if we ignore u>i, then ft/ can also be obtained from ft by handleslides 
supported in £j away from Zi, namely by handlesliding ft over all the other curves on the boundary 
of Sjj compare \18\ Proof of Proposition 7.1]. 

Let Bj be the bigon between ft and ft/ containing Zi and Bf the other bigon, which contains ruj. 
Then Sj — B\ + Bf is a periodic domain in £ with only nonnegative multiplicities, and with zero 
multiplicity at the basepoint This is a source of problems if one tries to construct a Heegaard 
diagram using the curves and and the basepoint Zi, because such diagrams are not admissible. 
In order to fix this problem, we introduce an intermediate curve P\ as in Figure HU Then there are 
no periodic domains as above between and f3[, nor between (}[ and ft/. 

Let us now describe the hyperbox 7i L, ~ L , which is the biggest hyperbox in our basic system. As 
mentioned above, the hyperbox H L ~ L is a pure /3-hyperbox. Its punctures are Zi for % = 1, . . . ,£, 
but playing the role of w's in the definition of a multi-pointed Heegaard diagram. The hyperbox 
has dimension £ and size d = (2, 2, ... , 2). For e € E(d) = {0, 1, 2} e , the collection of curves (3 E is 
given by an aproximation: 



[ft 


if £j 


= 


< % 


if £i 


= 1 


U" 


if Si 


= 2 



for i < £, and /3? w /3j for i > We also arrange so that ft w /3?' for any e ^ e'. 

Note that with this choice of /3 e , when two multi-indices e and e' are neighbors, we never see a pair 
of curves that approximate ft resp. ft/ (for the same i) in the Heegaard diagram (S,/3 £ ,/3 e ,w,z). 
Hence, the admissibility hypothesis in the definition of the /3-hyperbox is satisfied. Further, there is 
a natural choice for the chain £j£ ' when (e, e') is an edge in the hyperbox: namely, the respective 
intersection points of maximal degree. For example, if in the Heegaard diagram (£, /3 e , /3 e , w, z) we 
see the curves ft and ft i: then the point marked in Figure [ill would be part of the corresponding 
0-chain. When e < e 1 are neighbors but \\e' — e\\ > 2, we set Q £ ,e' — 0. 

The fact that the 0-chains satisfy the compatibility relations (I50|) has a proof similar to those 
of [TH Lemma 9.7] and [20l Lemma 4.3]. 
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Figure 10. The curves ft and f5". We show here a component £$ of the com- 
plement of the beta curves in S. 




ft 



Figure 11. The curves ft and ft. The diagram formed by them is admissible. 



For future reference, we denote the (3 curves in the T~L L) L hyperbox by 

ft = ftf, £6 10,1,2}', i€{l,...,g + £-l}. 

Let us now describe an arbitrary hyperbox T~L L '' M in the basic system. Let M = M + II M_ as 
in Section f6. 61 where M+ (resp. M_) consists of those components of M that have the same (resp. 
opposite) orientation in L as in M. Denote by m (resp. m+,m_) the number of components in M 
(resp. M_|_,M_). Order the components of M according to their ordering as components of L: 

M = L h U-- - UL im , h < ■■■ <i m . 
The hyperbox U L '^ [ has size d M = (df , ...,d%), where 

d M = {0 if L ij QM + 

Its diagrams all lie on the surface S with punctures w L '' M ,z L '' M given by 

w £ ''^ = { Wi \Li C L - M_} U {zi\Li C M_} 

and 

z i',M _ | Z .| L . c L' - M}. 

Consider the injective map 

A Al : E(d Al ) E(d~ i; ) = {0, 1, 2} e , 
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given by 

(\tif ei . ; £m )\ = [ £ i iii = l i for some j 
V ' ' / i 1 otherwise. 

For the beta curves /3f in the hyperbox ?i L '' M , we choose 

Pf = P- M{e \ £GE(d Al ), i G {1,..., g + £-!}. 

Finally, we let the G-cycles on the edges be the respective intersection points of maximal degree, 
and we let the rest of the O-chain elements to be zero. 

This completes the description of the hyperboxes H L ,M . (Note that when M_ = 0, we indeed get 
a trivial hyperbox consisting of the initial Heegaard diagram % L with the points Zi on (L — L') U M 
removed.) The verification of the conditions in the definition of a complete system is an easy 
exercise. 

Definition 6.29. A complete system of hyperboxes Ti representing the link L is called basic if it is 
constructed as above. If this is the case, we refer to % more simply as a basic system for the link 
L. 

To review, every basic system for L is associated to a particular 2£-pointed Heegaard dia- 
gram (E, ct\, . . . , a g+ £-i, (Si, ... , P g+ £_i,wi, . . . , wf, z\, . . . , zi) with the property that, for each i = 
1, . . . ,£, the base points Wi and Zi lie on each side of the curve fa and are not separated by any a 
curves. In addition, the construction of the basic system requires several choices (the curves 
and their approximations). For simplicity, we typically forget those choices and just say that the 
basic system is associated to a special Heegaard diagram as above. 

Remark 6.30. Another complete system of hyperboxes for a link is described in Section \12. 61 using 
grid diagrams. 

6.8. Moves on complete systems of hyperboxes. In Section [6.41 we defined several moves on 
hyperboxes of strongly equivalent Heegaard diagrams. We can define an analogous list of system 
Heegaard moves between complete systems of hyperboxes. 

First, note that 3-manifold isotopies, index one/two stabilizations, free index zero/three stabi- 
lizations, elementary coloring changes, global shifts (and all their inverses) have straightforward 
extensions to complete systems of hyperboxes. A certain move of one of these types on a complete 
system consists of applying that type of move to all the hyperboxes in the system, in a way com- 
patible with restrictions. The good set of trajectories should be taken into the corresponding one 
by the respective moves. The (index one/two, or free index zero/three) stabilizations are required 
to be done away from the trajectories c w in the good set, so that these trajectories are preserved. 
Further, for each index one/two or free index zero/three stabilization, we require the existence of 
a set of supporting disks D w for the trajectories c w , such that the respective move is done away 
from the disks D w . 

The other system Heegaard moves in the list are elementary enlargements / contractions and 
index zero/three link stabilizations (and destabilizations), which require more discussion. 

An elementary enlargement of a complete system T~L consists of picking a component Mq of L, with 
an orientation Mq, and doing compatible elementary enlargements of those hyperboxes T~L L '' M with 
Mq C M (and the orientation on Mq is the one induced from M); these elementary enlargements are 
all done along the coordinate axis corresponding to Mq. The good set of trajectories is unchanged. 
An elementary contraction is the inverse of an elementary enlargement. 

An index zero/three link stabilization of a complete system % is as follows. We do an index 
zero/three link stabilization of the initial diagram % resulting in two additional basepoints w' 
and z' near an old basepoint zona component Li C L, see Figure EJ Let £' be the new Heegaard 
surface, and w', z' the new collections of basepoints. We let c w > be a short trajectory (inside the 
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Figure 12. Index zero/three link stabilizations of complete systems. Com- 
pared to the right hand side of Figure [21 we deleted w' and relabeled z and z' as w 
and w' , respectively. The curve f3" can be obtained from f3' by handlesliding it over 
other beta curves. 

disk bounded by a') joining w' to z'. Adding c w > to the good set of trajectories c for 7i, we obtain a 
new trajectory set c'. We take (£, w', z', c') to be the underlying surface data for the new stabilized 
complete system T-C , which we now describe. Let M C L' C L be sublinks, with M = M+ II M_ 
having an orientation M (that coincides with the orientation of L exactly on M+). To get from 
the hyperboxes in % to the corresponding hyperboxes in 7i', we do the following. 

If Li C L' — M-, we change the hyperbox 7i L> ' M by an index zero/three link stabilization 
performed in the same place as in T~i L . 

If Li C L — L', note that the z and z' basepoints should disappear. Therefore, we change 
7i L ' ,M by a paleo-chromatic, free index zero/three stabilization at the same location (followed by 
a 3-manifold isotopy to get from £ to £'). 

If Li C M_, note that the w' basepoint disappears, and we relabel z and z' as w and w', 
respectively. We first construct a hyperbox 7l L ' ,M from 7i L '' M by taking (in each Heegaard diagram) 
the respective connected sum with a sphere, and adding the two new curves a' and f3' encircling 
w and w', as in Figure [T2l At the level of each Heegaard diagram, this procedure can be viewed 
as a paleo-chromatic index zero/three free destabilization introducing the curves a' and f3" in 
Figure [12j followed by a sequence of handleslides that take /3" into /?', and the usual 3-manifold 
isotopy taking S to The corresponding hyperbox (7i') L ' M in the new system is obtained 
from H L '' M by increasing the length of its side in the Li direction by one, and adding on (at the 
end of each segment in the Li direction) new diagrams in which the curve (3' is replaced by (3" 
as in Figure [12j The 0-chain elements on the new edges in the Li direction contain the point 
in the figure. After this modification, the sub-hyperbox (H') L ,M (Li,M) is surface isotopic to the 
free index zero/three stabilization of T-L L —Li,M—Li^ ag ^ s hould be according to the compatibility 
relation ()54|) . Note that the change from T-L L ' ,M to {T-L') L ' ,M can be realized as the composition of an 
elementary enlargement and a global shift (of hyperboxes) . We do these moves in a compatible way 
on all hyperboxes corresponding to pairs (L',M) with Lj C M_. This completes the description of 
the index zero/three link stabilization of %. 

With the list of system Heegaard moves in place, we can now state the analogue of Lemma 16.181 
in this context: 

Proposition 6.31. Let H and H' be two complete systems of hyperboxes representing the same 
oriented link L C Y. 

(a) The complete systems 7i,T-L' can be related by a sequence of system Heegaard moves. 

(b) Suppose that H is a basic system, and that the diagram (T-L') L in H' is maximally colored. 
Further, suppose that each link component Li C L corresponds to the same color i in both H and H' . 
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Then, %' can be obtained from % by a sequence of 3-manifold isotopies, index one/two stabiliza- 
tions and destabilizations, index zero/three (free and link) stabilizations, global shifts, elementary 
enlargements and contractions. 

Proof. We use a similar strategy to that in the proof of Lemma 16.181 

We claim that by a sequence of 3-manifold isotopies, stabilizations (of all three kinds) and 
destabilizations, we can arrange so that the underlying surface data (£, w, z, c) for the two complete 
systems is the same. This is possible due to our fixing the homotopy class in Y — L (rel endpoints) 
of each trajectory c w in c, see Definition 16.271 Precisely, we first use 3-manifold isotopies and index 
zero/three (free and linked) stabilizations to arrange so that the basepoint sets w and z are the 
same in % and H' . Recall that for each trajectory c w in H we can find a supporting disk D w , 
as in Definition 16.271 (b). By applying a 3-manifold isotopy, we can move the trajectory c w (and 
the Heegaard surface £ along with it) so that c w moves along D w , and ends up very close to the 
corresponding segment l w that goes from w to w(z) along the link L. Of course, we can do the 
same with the trajectories in Ti' , and this way we can arrange so that H and %' have the same 
trajectories c w , with the same set of supporting disks D w (lying very close to the segments l w ). Let 
R be the union of L and the supporting disks D w . We can assume that the Heegaard surfaces E 
(for Ti) and £' (for Ti') have the same intersection with a neighborhood v(R) of R in Y\ precisely, 
this intersection would consist of a set of disks around each c w . We can choose self- indexing Morse 
functions f,f':Y\ v(R) — > [0, 3] such that they agree on the boundary, and their level sets for the 
value 3/2 are S and S', respectively. If we connect / and /' by a generic family of functions on 
Y \ v{R), we get that £ to £' are connected by a sequence of 3-manifold isotopies, stabilizations 
and destabilizations (not interfering with L or the supporting disks). Thus, we can arrange that 
the whole underlying surface data for Ti and Ti' is exactly the same. 

Once this is accomplished, we can use elementary coloring changes and their inverses to arrange 
for the colorings on Ti and Ti' to agree. Elementary enlargements and contractions are then used 
to make the sizes (and bipartition maps) of all corresponding hyperboxes to agree as well. Finally, 
we use global shifts to relate the resulting complete systems. This completes the proof of part (a). 
Part (b) follows from modifying this strategy along the lines of the proof of Lemma 16.181 (b) . □ 
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7. Statement of the surgery theorem 

We keep the notation from Section 14.21 Thus, L = L\ II • • • II Li is an oriented link in an integer 
homology sphere Y. We choose a complete system of hyperboxes H for L. In particular, % L is a 
colored Heegaard diagram for L. As in Section 14.11 we let k be the number of w basepoints and p 
the number of colors in 7i L (or in any other diagram in 7i). 

7.1. Inclusion maps. Let M C L be a sublink, with an orientation M, which can be different 
from the one coming from L, as in Section [4.51 In that section we defined have projection maps 

pft : M(L) — >• H(L). 

Recall from Section [4.21 that that we have a generalized Floer complex f&~(W L ,s) for s G H(L). 
We define an inclusion map 

Xf :a-(«,s)->Sr(7£,p**(s)) 

by 

(56) X^X = £ymax(Ai(x)-Si,0) . J~J jjmax(si-Ai(x),0) , x 

ie/+(L,M) ieI-(L,M) 

Note that the expression (|56p is well-defined only when the exponents of the J7 Ti variables involved 
there are finite. That is, we need to require that s, ^ — oo for all i G /+(L,M), and Sj 7^ +00 for 
all i G I—(L, M). These conditions will always be satisfied when we consider inclusion maps in this 
paper. 

Equations (|28p and (|29p imply that 2^ is a chain map. Observe that Xg shifts the grading (|3ip 
by a definite amount: 

(57) V7(s) (Zf(x)) = / u s (x)-2 ^ ai . 

iel- (L,M) 

Remark 7.1. When L = K is a knot, the maps ,I~ K correspond to the inclusions v~ and hj of 
into the subcomplexes C({i < 0}) and C({j < s}), respectively; compare Remark 14.71 In [23J, 
there are analogous maps vf,hf : Af — > B + = CF + (Y). 

7.2. Destabilization of a sublink. Let Lj C L be a component, chosen with some orientation 
Lj. If Lj is the orientation induced from L, we set 

J(Li) = {( ai , . . . ,sg) G M(L) | 8i = +cx)}. 

If Lj has the opposite orientation, set 

J(Lj) = {(si, . . . , S/ ) G M(L) I Si = -00}. 

Now let M C L be a sublink oriented as M. Let m be the number of components of M, so that 

M = MiHM 2 H---HM m , 

where Mj = for some jj G {1, . . . , m}, with ji < ■ ■ ■ < j m . 
Set 

J(M) = f|J(M0, 

i 

where the components Mj have the orientation induced from M. Note that p M (s) G J(M) for any 
s G H(L). 

Consider the m-dimensional hyperbox T~L L,M from the complete system. By the definition of the 
complete system, 7-L L,M has to be compatible with T-L L ^ = ~H L , i.e. the initial diagram in 7~L L,M is 
obtained from T~L L by deleting the basepoints Z{ on components Lj with i G I+(L,M), deleting Wi 
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on the components Li with i € I—(L,M), and also relabeling z% as w% for the components Li with 
i € I-(L,M). 

Let d M G (Z>o) m be the size of U L ' M . For each s £ H(L), there is an associated hyperbox of 
generalized Floer complexes 

as defined in Section lOl By compressing the hyperbox (Cf, Dl) we obtain a hypercube (Cg, -Ds)eeE m) 
see Sections 13. 21 13.61 We are only interested in the longest diagonal map in this hypercube, namely 
Z?s " , which we simply denote by . According to Equation (127D . we have 

D* = plf*j(a m ) l 

where a m is the m th standard symphony and pi denotes the operation of playing songs, see Defi- 
nitions ESI I3~10l 

Thus, for any s € J(M), we have defined a destabilization map 

£>f : 2T(^ L ,s) -> 2T(^ £ ' a1 (M),^ a1 (s)), 

as a sum over compositions of polygon maps associated to various sub-hyperboxes of H L,M . We 
used here the identification (1361). 



Example 7.2. Suppose M is a single link component Lj. Each edge of the one-dimensional hyperbox 
Ti L,Li comes equipped with a corresponding theta chain element, and this gives a triangle map 
between the Floer homology groups associated to the initial and final Heegaard diagrams for that 
edge. The map Dp is the composition of these triangle maps. Note that all the triangle maps, and 
hence also Dp, are chain homotopy equivalences, see Example 16. 1QL 



In a complete system of hyperboxes, we have an isotopy H L,M (M) = T~L L M , which induces an 

identification between the respective Floer complexes. When we change the range of D^ 1 via this 
identification, we denote the resulting map by 

(58) L»f : 2T(^ L ,s) -> %~ {H L ~ M {&)). 

Example 7.3. In the case of a link with two components, some of the inclusion and destabilization 
maps are illustrated in Figures [131 and [Til 

For any s £ H(L), we now define a map 

$f :2T(^ L ,s) ^2T(^ L - M ,V^(s)), 

(59) *? = D£ w o2?. 

Note that we can define similar maps if we replace L by a sublink L' . By abuse of notation, we 
will always denote the maps corresponding to inclusion and destabilization at M by Tg , , $g , 
even though their domains of definition may vary. 

The following lemma is a simple consequence of the definitions: 

Lemma 7.4. Let M\,M2 Q L be two disjoint sublinks, with orientations Mi and M2. For any 
s £ J (Mi), we have: 

T M2 oD M 1=D Mi qX M 2 _ 

!/> M l(s) S P M 2(s) S 
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<&-(H K2 ,i> Kl (s)) 




Figure 13. Chain maps coming from hyperboxes in a complete system. 

We consider here a complete system H for a link L = K\ U K2. Recall that one 
quarter of such a complete system was illustrated in Figure We show here the 
corresponding chain maps: to each reduction (deletion of basepoints) in the complete 
system we have an associated inclusion map Z, to each face of a hyperbox we have an 
associated destabilization map D, and to each surface isotopy we have an associated 
isomorphism denoted by the symbol =. For simplicity, all the sublinks are taken here 
with their induced orientation from L, and we drop the arrows from the notation. 
There are similar maps corresponding to other hyperboxes in the complete system, 
in which some link components can appear with the opposite orientation. 



Proof. For s = (si, . . . , sg), let us denote by s'- the components of s' = ij) Ml (s), obtained from Sj by 
subtracting half the linking number of Li and M±, compare Equation ([35 p . 

Observe that both D^f 1 and D M i are sums of compositions of polygon maps. The same 

p A1 2 (s) 

polygons get counted in both maps, but with different powers of Ui. More precisely, suppose we 
have a chain of polygons relating intersection points x from T~L L and y from nL—M\—M2 _ jf j j s one 

of the colors, let ej resp. e' be the exponent of Uj in the coefficient of y in Dg 11 , resp. D M 1 
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Figure 14. More chain maps coming from hyperboxes in a complete sys- 
tem. This is the same as Figure [T51 but we have composed the destabilization maps 
D with chain isomorphisms (coming from surface isotopies) to obtain the maps de- 
noted D. 



We have: 



^ (max(4j(x) - Sj, 0) - max(Aj(y) - s' h 0)) + 



/ 

'-3 ~ e j - 

{ie/ + (L,A? 2 )|r,=i} 



(max(sj - Ai(x), 0) - max(s- - Aj(y), 0)) , 

{i€l-(L,M2)\n=j} 

compare Section 14. 4[ in particular Equation (|32p . 

On the other hand, according to Equation (|56p . the map X^ 1 " 2 contributes a power of Uj with 
exponent 

V] max(Aj(x) - Sj, 0) + ^ max(s.j - Aj(x), 0) 

{iei + (L,M 2 )\ n =j} {iei-{Z,M 2 )\ n =j} 

and the map 2/^^ ^ ^ a power of Uj with exponent 

E max(A(y) - s-,0) + ^ max(s- - A(y), 0). 

{i6/ + (^JU 2 )|Ti=i} {i6/-(£,iU 2 )|r i =i} 

These contributions exactly cancel out the difference between e'j and ej. □ 

Proposition 7.5. Choose a sublink M C L, and endow it with an orientation M. Then, for any 
s G H(L), we /lave £/ie following relation 

(60) E ^ 1{s) °^ = 0, 
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where M\ and M% are equipped with the orientations induced from M . 
Proof. We have 

y o$mi = y D a ? - oi* o/j 02? 1 

</, M i(s) s Z^ p M 2(il> M l(s)) 4> M i( s ) p M i(s) s 

M 1 UM 2 =M MxUM 2 =M 

Z^ p M 2(,/, M l(s)) p M 2(^ M l(s)) p M l(s) S 

M!UM 2 =M 
MiUM 2 =M 

= 0. 

Indeed, the second equality above follows from Lemma I7~4l and the last equality is a consequence 
of Proposition 13.141 together with the properties of a complete system of hyperboxes. □ 

7.3. The surgery theorem. Let us fix a framing A for the link L. For a component Lj of L, we 
let Aj be its induced framing, thought of as an element in H\(Y — L). 

Given a sublink N C L, we let Q(N) be the set of all possible orientations on N, as in the 
Introduction. For N G Q(N), we let 

A z - A? = £ A iG #i(r-L). 

ieI-(L,N) 

We view H(L) C H\(Y — L;Q) as an affine lattice over H\{Y — L) as in Remark 14.51 Thus, if 
s G H(L), then s + A^ ^ is also in M(L). 
Now consider the 7£-module 

(61) C"(^,A)=0 [J 2l-(^ L - M ,^ M (s)), 

MCL seH(L) 

where ^> simply means ^ with M being the orientation induced from the one on L. 

Note that the definition of C~(H, A) involves direct products; in fact, the direct sum in ([61]) can 
equally be thought of as a direct product, since it is finite. It is worth saying a few words about 
how one can define maps between direct products: 

Definition 7.6. Let S and T be countable index sets, and A = Yises A S ,B = YiteT^t direct 
products of modules over a commutative ring R. Suppose we are given module homomorphisms 

F s>t : A s -> B t , 

for each s € S and t G T. The collection of maps {F St t} is called locally finite if for each t G T, 
only finitely many F s t are nonzero. 

If {F s j} is a locally finite collection of homomorphisms as in Definition 17.61 we can assemble 
them into a single homomorphism 



F:A^B, F({a s } seS ) = {Y,Fs,t( a s)} 



teT' 

s€S 



With this in mind, we equip the module C (7i, A) with a boundary operator T> as follows. For 
s G H(L) and x G %~{U L ~ M , ip M (s)), we set 

P"(s,x) = £ £ (s + A^,$| M(s) (x)) 

NCL-M N£U(N) 

G r (^-^( B ))cc-(«,A). 

NCL-M jv e n(JV) 
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This defines a locally finite collection of maps between the modules 21 {T~L , if) (s)), producing 
a well-defined map 

V- :C~(n,A) ^C-(H,A). 
According to Proposition 17.51 C~(T~L,A) is a chain complex. Note that C~(T~L,A) naturally breaks 
into a direct product of terms C~(T~L, A,u), according to equivalence classes u of the values s. Here 
Si and S2 are equivalent if they differ by an element in the (possibly degenerate) sublattice 

H(L,A) C Hi(Y — L), 

generated by all possible ^ or, equivalently, by the component framings A, G H\{Y — L). The 
space of equivalence classes is parametrized by the quotient 

U(L)/H(L,A), 

which can be naturally identified with the space of Spin c structures on the surgered manifold Y A (L), 
see Remark S3] and [22] Section 3.7]. 

Given a Spin c structure u on Y\(L), we set 

(62) 5(u)= gcd (ci(u),0, 

ZeH 2 {Y A {Ly,z) 

where ci(u) is the first Chern class of the Spin structure. The Heegaard Floer homology HF~(Ya(L), u) 
admits a relative Z/t)(u)Z-grading, see [18]. In Section [73] we will construct a relative Z/c)(u)Z- 
grading on the complex C~(H, A, u) as well. 
The Surgery Theorem then says: 

Theorem 7.7. Fix a complete system of hyperboxes % for an oriented, l-component link L in an 
integral homology three-sphere Y , and fix a framing A of L. Then, for any u G Spin c (YX(L)) = 
M(L)/H(L,A), there is an isomorphism of relatively graded ¥[[U]]-modules 

(63) H*(C-(H,A,u),V-) ^IIF:(Y A (L),u)® ¥ H*(T k -P), 

where k is the number of w basepoints and p is the number of colors in T~L L . 

Note that the left hand side of (f63l) is a priori an 7£-module, where 1Z = ¥[[Ui, . . . , U p ]]. However, 
part of the claim of the theorem is that all U^s act the same, so we can think of it as an F[[C/]]- 
module. 

The proof of Theorem 17.71 will be given in Section [TU1 

Remark 7.8. In the case when the Spin structure u is torsion, one should be able to use the same 
techniques as in [23] to obtain an isomorphism of absolutely graded groups, with a well-determined 
shift in grading between the two sides of (|63p . However, we will not pursue this direction in the 
present paper. 

7.4. Gradings. As promised in the previous subsection, we proceed to construct a relative Z/t)(u)Z- 
grading on the complex C~(T-L, A, u). 

Let us identify H\(Y — L) with Hi as in Remark 14.51 We view the framing A as an l-hy-t 
symmetric matrix with columns Aj. The matrix element Cj,- in A (for i,j = 1, . . . ,£) is the linking 
number between Lj and Lj when i ^ j, and the surgery coefficient Aj of Lj when i = j. 

Let H(L, A) 1 - C be the orthogonal complement to H(L,A), that is, 

H(L, A) x = {v G Z £ | v ■A i = 0,Vi} = {(v 1 ,...,v i )eZ i \J2 u<A< = 0} . 

i 

There are natural identifications 

H 2 (Y A (L)) H X {Y K {L)) = Z e /H(L, A), 

such that 

ci([s]) = [2s], 
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for any s G Spin c (Y\(L)) = M(L)/H(L,A). This can be deduced from the formulas for the Chern 
class in \22\ Equation (24) and Lemma 3.13], compare also Lemma 19.21 below. 

Using Poincare duality, we obtain a natural identification H2(Y\(L)) = H(L,A) . Hence, 

(64) 5(u)= gcd V2s^i, 

veH(L,A)^ i 

where we wrote v = (vi, . . . , vg), and s = (si, . . . , sg) is any element in the corresponding equivalence 
class u G W(L)/H(L,A). 

Remark 7.9. It is clear from (|62p that D(u) is always even. One can also verify this using the 
description of t)(u) given in (|64"|) . Indeed, let A = (Ai, . . . , Xg ) = (en, . . . , c^) be the diagonal vector 
of the framing matrix A. For s G H(L) and v G (L, A)- 1 , we have 2s = Ai + • • • + Kg — A (mod 2) 

and (Ai H h A^) • v = 0, so 

t i it 

(2s) • v = A v = Cjj^j = c^v? = ^2 ^i^J = vT ^ v = ( mod 2 )- 

i=l i=l i=l j=l 

Lemma 7.10. Fix an equivalence class u G W(L)/H(L, A). There exists a function v : u — > Z/D(u)Z 
uwi/i i/ie property that 

(65) z/(s + Aj) = z^(s) + 2sj, 
/or any i = 1, . . . ,£ and s = (si, . . . , sg) G u. 

Proof. Pick some s° = (sj, • • • , s9) G u. Any other s G u is of the form s° + ^ ajAj, for some G Z. 
Set 

£ ^ < 

K s ° + ajAj) = ^ 2ajS° + a^jc^. 

1=1 1=1 i,jr' = l 

There is an indeterminacy in expressing s as s° + ^ajAj, namely one can add an element in 
H(L,A) to the vector (a±, . . . ,ag). It is easy to check that u(s) is independent (modulo 9(u)) of 
how we express s, and that (|65p is satisfied. □ 

Remark 7.11. The function from Lemma 17.101 is unique up to the addition of a constant. 

Fix a function as in Lemma 17.101 Each factor 2l~("H L— M , ip M (s)) appearing in the complex 
C~(H,A,u) admits a natural Z-grading ^ = ^mc s ) as in (fUTjh We define a Z/Z)(u)Z- grading 
on C~(H,A,u) as follows. For s G u and x G 21~(% L ~ A/ , ip M (s)), we set 

M (s,x) = M f (x) + i/(s) - |M|, 

where |M| denotes the number of components of M. 

Lemma 7.12. The differential V~ on C~(H, A, u) decreases \i by one modulo t>(u). 

Proo/. Use fl57|), d59j) , and the fact that D M a (being the longest map in an \M\ -dimensional 

v I s ) 

hypercube of chain complexes) changes grading by \M\ — 1. □ 
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8. TRUNCATION 

In practice, if one wants to compute the Heegaard Floer homology groups HF — (Y\(L), u) using 
Theorem 17. 7\ it is helpful to replace the infinite direct product from (|61|) with a finite one. We refer 
to this procedure as horizontal truncation. It can be done along the same lines as the corresponding 
argument in the case of surgery on knots, see [23^ Section 4.1]. In Section 18.11 we explain how 
horizontal truncation works in the simple case of +1 surgery on the unknot, and we also justify 
our use of direct products rather than direct sums. In Section 18.21 we show how the truncation 
technique can be used to arrive at an explicit computation in the case of surgeries on the Hopf link. 
Then, in Section 18.31 we describe a general way of doing horizontal truncation, for surgery on an 
arbitrary link. 

Even after horizontal truncation, the direct product in (I6ip is still an infinite-dimensional F- 
vector space, due to the fact that each term is a free module over a ring of power series. However, 
in Section [8.41 we show that the power series ring can be replaced (essentially without any loss of 
information) by a finite-dimensional polynomial ring. This process is called vertical truncation, and 
is done by setting large powers of the U variables to zero. By combining horizontal and vertical 
truncation, we can replace the right hand side of (16ip with a finite-dimensional chain complex. In 
Section 18.51 we describe an alternate way of doing so, by applying a slightly different horizontal 
truncation to the vertically truncated complex. In Section 18.61 we alter the combined truncation 
procedure from Section \8 . 5 1 further . by adding certain "crossover maps". We call the result a folded 
truncation of the original complex. Folded truncation will play an important role in the proof of 
Theorem 17.71 presented in Section [TU1 

Before describing all these truncations, let us introduce some more notation. We denote a typical 
term in the chain complex (|6ip by 

(66) C £ s =2T(^ L - M ,^ M (s)), 

where e = e(M) € = {0, 1}^ is such that Lj C M if and only e, = 1. A typical summand in the 
differential T>~ is denoted 

(67) 2# = *£m (s) : Cf -+ Cf+/ A , 

where e° = e(M),e = e(N), and e' € E e is such that i <E I-(L,N) if and only if e- = 1. The dot 
product e' ■ A denotes the vector J2 £ 'i^i- Note that we always have e' < e. 

Whenever we drop a subscript or superscript from the notation, we mean the direct product (or 
sum, as the case may be) over all possible values of that subscript or superscript. For example, 
C £ = ris^s; an d C = ® £ C £ = C(7i,K). Observe that (C e ,V £ ) form a hypercube of chain complexes 
as defined in Section 13.11 (except it may have only a Z/ 2Z-grading, rather than a Z-grading) and C 
is the total complex of this hypercube. 

8.1. Remarks on direct products and the unknot. The reader who is familiar with the knot 
surgery formula from [23j may wonder why our definition of the complex C in (I6ip involved a direct 
product rather than a direct sum. The results in [23] were phrased in terms of direct sums, but 
they only applied to HF + and HF . In the case of HF direct sums do not give the right answer. 
This can be seen even in the simple case of +1 surgery on the unknot U in S 3 . 

Specifically, let us consider a genus one Heegaard diagram for the unknot, with one alpha curve 
and one beta curve intersecting transversely at a single point, and two basepoints w\ and Z\. We 
associate to it a basic complete system for the unknot as in Definition 16. 291 The complex C for +1 
surgery splits as 



(68) 



£G{0,1} s& 
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with each Cf being a copy of F[[[/]]. Let a s G C® and b s £ C\ be the generators of each piece. The 
differential T> is obtained as the sum of maps 



each given by multiplication with an element of F[[C/]], as follows: 

it fl ifs>0 r7 (V s ifs>0 

(69 $s = \ ~ ®s = { 

K J [U- s ifs<0, ll ifs<0. 

(Compare Section 2.6 in |23j.) The homology of the complex C is then isomorphic to F[[C/]], being 
freely generated by the element 

The Heegaard Floer homology of +1 surgery on the unknot is HF^S 3 ) ^ ¥[[U]], so TheoremO 
gives the right answer. However, if instead of the direct product in (|68|) we had used a direct sum, 
the homology of the resulting complex would have been a more complicated F[[[/]]-module. Indeed, 
the map T> would then have nontrivial cokernel in the new C 1 = ©C^. The cokernel would be 
generated as a F[[t/]]-module by classes [bi\,i £ Z, subject to the relations: 

[bo] = [h] = U[b-x] = U[b 2 ] = U 3 [b^ 2 ] = U 3 [b 3 ] = ... 

The basic reason why direct sums are not suitable for the Surgery Theorem for HF~ is that they do 
not behave as well with respect to nitrations as direct products do. As we shall see soon, nitrations 
play an important role in the truncation procedure, which in turn is essential for the proof of 
Theorem 17.71 

Let us fix some terminology. For us, a filtration T on a 7£-module A is a collection of 1Z- 
submodules {^(A) \ i € Z} of A such that F^A) C T j (A) for all i < j. A filtration is called 
bounded above if J 71 (A) = A for i 3> 0, and bounded below if T l {A) = for i <C 0. A filtration is 
called bounded if it is both bounded above and bounded below. 

If A is equipped with a differential d that turns it into a chain complex, we say that the chain 
complex (A, d) is filtered by J- if d preserves each submodule J- 1 (A). The associated graded complex 
grjr^l is defined as 

(70) gr^) = 0(^(„4)AF-V)), 

equipped with the differential induced from J- . 

If J 7 is a bounded filtration on a chain complex (A, d), a standard result from homological algebra 
says that if gr^r(^l) is acyclic, then A is acyclic as well. (Note that this can fail for nitrations that 
are not bounded.) 

A standard way to construct bounded nitrations is as follows. If A is freely generated over 1Z by 
a collection of generators G, a map J- : G —¥ Z defines a bounded filtration on A by letting ^(A) 
be the submodule generated by the elements g G G with F{g) < i. 

Suppose now that we have a direct product of 7£-modules 



A= ]JA S 



indexed over a countable set S. Suppose further that each A s is a free module over 1Z with a set 
of generators G s . Assume that A is equipped with a differential d. (Typically, in our examples, 
each G s is finite, and the differential d is defined on each term so that it is locally finite, as in 
Definition El) 
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In this situation, an assignment 

ses 

specifies bounded nitrations on each A s . Together these produce a filtration on A given by 

s&S 

This filtration on A is generally neither bounded above nor bounded below. It is bounded above 
provided that there exists i > such that ^{As) = A s for all s; that is, if J-{g) < i for all 
g € G s , s G S. We have the following: 

Lemma 8.1. Consider a module A = Y\ s& sA s , where each A s is a freely generated over 1Z by a 
set of generators G s . Suppose T : \J seS G s — > Z defines a filtration on A that is bounded above. 
Further, suppose A is equipped with a differential d, and that the associated graded complex gVjr{A) 
is acyclic. Then A itself is acyclic. 

Proof. Consider the spectral sequence associated to T, whose E 1 term is H*(grjr(A)) = 0. Ac- 
cording to |27l Theorem 5.5.10], the spectral sequence converges to H*(A) if the the filtration is 
complete, exhaustive, and the spectral sequence is regular. Completeness of the filtration means 
that A = ^mA/T l A, which is true because A is constructed as a direct product. Exhaustiveness 
is a weaker condition than being bounded above. Regularity (as defined in \27\ Definition 5.2.10]) 
is automatic when the E l term is zero, because the higher differentials have to be zero as well. □ 

One can apply Lemma I8TT1 to calculate H*(C~(U, 1)), where C = C~(U, 1) is the surgery complex 
for +1 surgery on the unknot, considered above. (Of course, this calculation can also be done 
directly.) As a module, the complex C is the direct product of all , over e £ {0, 1} and s £ Z. 
Each term in the direct product is freely generated by an element a s or b s . We have two nitrations 
J-q and J-\ on C defined by: 

To(a s ) = Toibs) = -s, 
Ji(a s ) = Ji(6 s+ i) = s. 

The map ^ preserves the JVgrading and decreases T\ by one, whereas &J U decreases Tq 
by one and preserves T\. Neither Tq nor T\ are bounded above. However, we can consider the 
following subcomplexes of C: 

C >0 = U(C s ®Cl) and C <0 = n( C °© C l+i)- 

s>0 s<0 

Then the restriction of J-q to C>o and the restriction of T\ to C<o are both bounded above. 
Further, in the associated graded of these subcomplexes the differential cancels out all the terms 
in pairs. Applying Lemma 18. II we get that 

-H*(C>o) — #*(C<o) = 0. 

The quotient complex C/(C>o © C<o) is simply Cq = F [[£/]] with a trivial differential. From the 
corresponding long exact sequence we get that 

H*(C) ^H*(Cg) =¥[[U]], 

as expected. 

Although Lemma f8.1l can be successfully used to compute the homology of the complex associated 
to +1 surgery on the unknot, if we try to do —1 surgery instead, we will need to work with nitrations 
that are bounded below, rather than above. As the following example shows, the exact analogue 
of Lemma 18. II fails for bounded below nitrations. 
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Example 8.2. Let A = Y\ s >qA s , wnere each A s is a free module over F[[£/]] of rank two, with 
generators a s and b s . We equip A with the locally finite differential d given by dao = bo, da s = 
b s + b s -i for s > 0, and db s = 0, for all s. Let T be the filtration on A defined by T(a s ) = J^ibg) = s. 
Then T is bounded below but not bounded above, and g^jA is acyclic. However, A itself is not 
acyclic, because a s is in the kernel of its differential. 

Nevertheless, we can obtain the desired result by imposing an additional condition on our filtra- 
tion: 

Definition 8.3. Suppose we have a module A = Y\ s <=s-A s , where each A s is a freely generated over 
1Z = F[[£7i, . . . , Ui]] by a finite set of generators G s . Suppose A is equipped with a locally finite 
differential d, and with a filtration induced by an assignment T : Uses ^ s ~~ ^ ^- ^or i £ Z, let 
A^ = J 71 (A) / J~ l ~ 1 (A) be the free IZ-module generated by those g € U S G S with J~(g) = i. Then, we 
say that the filtration T is [/-tame if there exists k € Z such that in the restriction of d to A/J- k A, 
all terms that drop the filtration level contain at least a nontrivial power of Uj for some j; that is, 
for all i > k we have 

d(A®) C A® e ((u 1 ,...,ui)-p- 1 (A)). 

Lemma 8.4. Let A be a chain complex as in Definition \8.3l with a XJ -tame filtration T. Suppose 
that the associated graded complex gr jr(A) is acyclic. Then A itself is acyclic. 

Proof. Let k € Z be as in Definition 18.31 The complex T k (A) (with the restriction of the filtration 
J-) satisfies the hypotheses of Lemma [8. 1( so it is acyclic. Thus, it suffices to prove that the quotient 
complex A' = A/J rk {A) is acyclic. 

If we view A' as a complex over F (rather than over 1Z), we can equip it with a second filtration U, 
given by the total degree of the Uj variables. Precisely, if g E U S G S is a generator with J-{g s ) > k, 
we set 

U(Ur i —Ur t -9) = -(m 1 + '" + m i ). 

Because of the original ^-structure on A' , we see that U is indeed a filtration on A' (viewed as 
an F-complex). The [7-tameness assumption implies that the differential on the associated graded 
gr w ^4' preserves each J-"-filtration level A$, i > k. Thus, gr^.4,' splits as a direct sum of complexes 
of the form gr w ^4^ f or { > fc. 

We claim that each gr w .4.W is acyclic for i > k. We know that A^ itself (being a summand of 
grjr(^4)) is acyclic. The short exact sequence 

— ► A [i] % A [i] — > A [l] /U!A li] — > 

induces a long exact sequence in homology, showing that A^ /U\A^ is acyclic. By iterating this 
argument, we get that A^ / (Ui, . . . , Ui)A™ is acylic. Since gr u A^ is just a direct sum of complexes 
isomorphic to A^/(Ui, . . . , Ug)A^, it must be acyclic as well. We deduce from this that gr^^A' is 
acyclic. 

It now follows that A' is acyclic, by Lemma 18.11 applied to the filtration U. (Note that hi is 
bounded above by 0.) Consequently A is also acyclic. □ 

As an application of Lemma 18.41 let us compute the homology of the complex C = C~ (U, — 1), 
associated to —1 surgery on the unknot. Just as in the case of +1 surgery, our new complex C 
is the direct product (as a module) of all Cf , over e € {0, 1} and s 6 Z. Each term in the direct 
product is freely generated by one element, denoted a s (for C°) and b s (for C\). The maps and 
$~ are still given by the formulas ([69]), but now $J U takes C° to C\_ x . Explicitly, we have 

_ \b s + U s b s ^ if,s>0 
oa s = < , ob s = 0. 

I U~ s b s + 6 s _i if s < 0. ' 
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Figure 15. The positive Hopf link. 

Consider the following quotient complexes of C: 

C >0 = H(C° S ®C 1 S ) and C <0 = Y[(C° S+1 ® C]) . 

s>0 s<0 

On C>o, we define a nitration by 

Jb(o s ) = 7b(&s) = s. 

This nitration is not bounded above, but it is [/-tame. Since its associated graded is acyclic, we 
get that C>o is acyclic by Lemma 18.41 

Similarly, on C<o we have a [/-tame filtration T\ given by the assignment 

T\(a s ) = Ji(6 s -l) = -s. 

Its associated graded is acyclic, so C<o is acyclic as well. We deduce that C is quasi-isomorphic to 
its subcomplex Cq, which has homology F[[£7]]. 

The calculations above (for +1 and —1 surgery on the unknot) are the simplest examples of 
horizontal truncation, and serve as models for the general case. In the next subsection we will 
explain horizontal truncation in a more complicated example, that of the Hopf link. 

8.2. Another example: surgeries on the Hopf link. Let L = L\ U L2 C S 3 be the positive 
Hopf link shown in Figure [TBI Its link Floer homology was computed in \22\ Section 12]. Let pi,P2 
be two integers, P1P2 ^ ±1. Then (pi,j>2)-surgery on L produces the lens space L(p\p2 — l,pi), 
which is a rational homology sphere admitting P1P2 — 1 different Spin c structures. For any such 
Spin structure s, the corresponding Heegaard Floer homology group is HF~(5p 1 (L),s) = F [[£/]] 
as a relatively Z-graded module, see \17\ Proposition 3.1]. In this section we show how Theorem 17.71 
can be used to recover this calculation. We assume for simplicity that p\,P2 > 2. 

We need to choose a complete system of hyperboxes for the Hopf link L. We use a basic system, 
as in Definition 16.291 To construct it, we start with the genus zero Heegaard diagram for L from 
Figure [TBI We then stabilize it (and do some handleslides) to end up with the Heegaard diagram 
pictured in Figure \T7\ in which w% and Zi (i = 1, 2) are separated by the new beta curves /3j. The 
old a and curves are denoted 0:3 and fa, respectively. 

In the genus zero Heegaard diagram in Figure [161 the intersection afl/3 consists of four points, 
denoted a, b, c and d. The index one holomorphic disks correspond to bigons. There are twelve such 
bigons: one from b to a containing W\, one from b to c containing Z2, one from d to c containing 
z\, on from d to a containing W2', two other bigons go from a to b and contain z\, but they cancel 
each other in the Floer complex, so for all our purposes they can be ignored. Similarly, there are 
two bigons from c to d containing w\ , two bigons from a to d containing Z2 , and two bigons from c 
to b containing W2', all of these can be ignored. 

In the genus two a-j3 Heegaard diagram from Figure [T7] (which is the diagram denoted H L as 
part of the basic system), the tori T a = a± x 02 x 03 and = fa x fa x fa again intersect each 
other in four points. Indeed, since fa intersects a single a curve, namely a\, and that intersection 
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Figure 17. Another Heegaard diagram for the Hopf link. This picture is 
obtained from Figure [16] by stabilizing twice and doing some handleslides. It has 
the advantage that the basepoints come in pairs (wi,zi) and (u^,^), with Wi and 
Zi on each side of the curve 

consists of a single point, that point must contribute to any intersection in T Q nTg. Similar remarks 
apply to a± n 02- Therefore, the intersection points in T a n Tg are determined by their component 
from 03 n ,$3. We denote them still by a,b,c and d, using the obvious correspondence with the 
intersections in Figure [TBI 

The index one holomorphic disks between T a and Tp in Figure [16] are also in one-to-one corre- 
spondence with those in Figure [TT] Indeed, each bigon from Figure [TBI corresponds to an annular 
domain in Figure [T71 These annular domains are of the same kind as those considered in |17[ 
proof of Lemma 3.4], where it is proved that they support exactly one holomorphic representative 
(modulo 2). Therefore, when building a-(5 Floer chain complexes from Figure [TT] we may just as 
well look at the simpler Figure [16] and count the corresponding bigons. 

The chain complexes we build from Ti L are 2l~('W z ',s), for s £ H(L). Note that: 
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M(L) = (i + Z) x (i + Z). 

The Alexander gradings (A\,A 2 ) of a,b,c,d are (|) 5); ( — 2> 2~)> ( — 1> — 2) anc ^ (^' — 2)' res P ec " 
tively. Therefore, the formulas for the exponents E l s .((p) that appear in the definitions of Ql(T-L L ,s) 
depend only on the signs of Sj. 

More precisely, for each s = (s\,s 2 ) € H(L), the complex 2l(%^,s) is freely generated over 
F[[£7i,{7 2 ]] by a,b,c and d. When si,s 2 > 0, the differential d on the respective complex counts 
powers of U according to the multiplicities of W\ , w 2 and ignores Z\ , z% . We get the following 
complex, denoted 2l ++ : 

21++ : da = dc = 0, db = U x a + c, dd = U 2 a + c. 
When si > 0, s 2 < 0, we use w\ and z 2 , and ignore zi,w 2 . We get the complex 

21+- : 9a = 9 C = 0, db = U x a + U 2 c, dd = a + c. 
When si < 0, s 2 > 0, we use Zj and ti^ and obtain 

2T+ : 9a = 9c = 0, 96 = a + c, = U 2 a + 17 1C . 
Finally, when s\ < 0,s 2 < 0, we use z\ and 22 and obtain 

21 : 9a = dc = 0, 96 = a + c^c, dd = a + U\c. 

We now turn our attention to the other three Heegaard diagrams in the basic system T~L, namely 
H Ll ,H L2 and U % . Note that 

M(Li) = M(L 2 ) = Z, H(0) = 

and we have 

V> ±Ll : H(L) -> H(L 2 ), ^ ±Ll (si,s 2 ) = s 2 Tt), 

^ ±L2 : H(L) -> H(Li), ^ ±Ll (si, s 2 ) = 8l T \, 

where +Lj (resp. —Li) means Lj with the orientation induced from (resp. opposite to) L. 

The diagram % Ll is obtained from % L by deleting z 2 . Let us study 2l~(% Ll ,s) for s G Z. 
The four generators a, 6, c, d have Alexander gradings 0, —1, —1, 0, respectively. Thus, the complex 
2l~(% Ll , s) is isomorphic to 2l ++ for s > and to 21 h for s < 0. 

Similarly, H L2 is obtained from T-L L by deleting Z\. The complex 2l~('H i2 ,s) is isomorphic to 
21++ for s > and to 2l+~ for s < 0. 

Lastly, is obtained from % L by deleting both z\ and z 2 , and the corresponding complex 
2T("H ,O) is a copy of 21++. 

The surgery coefficients pi,p 2 on the two components of L describe a framing A of L. Let 
(1,0), (0, 1) be the generators of Hi(S' i — L) = Z 2 corresponding to the meridians of L\ and L 2 , 
respectively. Since the linking number between L\ and L 2 is 1, the framings of the components are 
Ax = (pi, 1) and A 2 = (l,^)- 

Let us now describe the full complex C~(H,A), whose homology is presumed to produce 

HF~(5i(L)) = ¥[[U]]^ P1P2 - 1 \ 

As an 7£-module, C = C~(H, A) is the direct product of complexes C s over s = (si, s 2 ) € H(L) = 
(Z+ ±) 2 , where 

C s = %-(H L ,s) ©2l"(^ Ll ,si - 1/2) ©2l-(^ L2 ,s 2 - 1/2) ©2T(^ ,O). 

Following (166|) . we denote the four terms in the direct sum above by Cg°, Cg 1 , Cg°, Cg 1 , in this 
order; for simplicity, we write the superscript as 00 rather than (0,0), etc. Recall that each of the 
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Figure 18. The complex C~{H,k) for p\ = p 2 = 2. We show here the lattice 
H(L), as a union of various icons in the plane: black dots, white dots, and black 
diamonds. Each type of icon corresponds to a particular Spin c structure on the 
surgered manifold. We also show how various parts of the differential T>~ act on the 
lattice. Not shown is D 00 , which simply preserves each icon. Note that all parts of 
T>~ preserve the type of the icon. 



terms is freely generated over F[[£/i,C/2]] by four generators a,b,c,d. In order to be able to tell 
these generators apart, we denote them by a| l£2 ,6g l£2 , etc. when they live in C| l£2 . 
The differential T>~ : C~(H, A) — > C~(7i,A) also splits as a sum of four terms 

T>~ = V 00 + V 01 + V 10 + T> n , 

where P £ 'i e 2 maps C s to C s+e ' ii \i+e^A 2 - We have chosen here to drop e°,e and s from (|67p. A 
graphical representation of the differentials D e 'i £ 2 is given in Figure [THJ Note that the equivalence 
relation on H(L) generated by 

(si,s 2 ) ~ (si +pi,s 2 + 1), (si,s 2 ) ~ (si + l,s 2 +P2) 

breaks 1H(L) into p\p 2 — 1 equivalence classes, corresponding to the Spin c structures on the surgered 
manifold S\{L). 

More precisely, V 00 consists of the differentials d = <l>f on the chain complexes C| l£2 themselves, 
plus the cross-terms 
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Figure 19. Four locally-defined filtrations. This is a more in-depth look at 
Figure [THJ Each dashed circle corresponds to one of the icons from Figure [TBI and 
the four bullets inside a dashed circle are the four summands Cf. The values of e 
are noted near each bullet, and the values of s near each dashed circle. Each of the 
four parallelograms represents a summand (namely, the one containing Cg°) in the 
associated graded complex of one of the four filtrations J^o, ^"ioj -^oi and T\\. 

Note that is a chain homotopy between Q L \ , . o and 3> ,? , , o Q^i j n f ac t it is the 
zero chain homotopy, because the corresponding destabilization map is obtained by compressing a 
hyperbox of dimension (0,0); see the formulas (J9]) and ([59]) . 
The term T> 10 is simpler. It consists of the maps 

fK-ii . MX) . M° 

(si,s 2 ) ■ U (si,s 2 ) ~^ U (si+Pi,s 2 + 1)' 



and 



i> L 2( Sl ,S 2 ) (*1.*2) ~^ °(S1+P1,S2+1)' 



,(-Li)UL 2 . ^.00 , r ll 

(si,s 2 ) ' U («i^2) ~^ U (si+Pi,s 2 +1)- 



The chain homotopy ^f s ^s 2 ) 2 ls again zero, because compressing a hyperbox of dimension (0, 2) 
yields zero along the long diagonal. 

A similar description applies to 2? . Finally, the term X? 11 is the simplest of all, consisting only 
of maps of the type 

. r oo r u 

(si,s 2 ) ■ U (si,s 2 ) ~^ U (si+Pi+l,s 2 +P2 + l)- 

Let us introduce four locally-defined filtrations 

•^1U>2 > ^1,^2 G {0, 1} 

on the complex C~(H, A). These filtrations will play an important role in calculating the homology. 
The differential on the associated graded of F mU2 will be denoted V^ 1 ^ 2 . These associated graded 
complexes are shown schematically in Figure [19j 

Recall that the generators of C~(T~L,A) (as a direct product) are of the form 

9 (li,s 2 y 9 £ {a,b,c,d}, £i,e 2 €{0, 1}, s u s 2 eZ + -. 
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The first filtration J^o is denned on generators by 

The differential T>~ either preserves or decreases the filtration level. In the associated graded, 
the only visible part of T>~ is £> 00 = T> 00 . Consequently, the associated graded splits as a direct 
product of terms of the form (C S ,T) 00 ). 

The next filtration J-\q is defined on generators by 

^10(4^2)) = s i - (Pi - !) s 2 - ei- 

Again, the differential T>~ either preserves or decreases the filtration level. In the associated 
graded, the only visible part of T>~ is T> 10 , which is the sum of T> 10 and the parts of £> 00 that 
preserve e±. Consequently, the associated graded splits as a direct product of terms of the form: 

C7i n f 00 _ r 10 



^01 nil 

U (si,s 2 ) ^ U (si+Pi,s 2 +1) 

We similarly have a filtration J-01 given by 

•^01(9^)) =82- (P2 - - £2- 

The differential V 01 on its associated graded consists of T> 01 and the parts of T> 00 that preserve 
£2- There is a direct product splitting of the associated graded analogous to (fTTj) : 



nOl r 11 

U (si+l,S2+p 2 ) *"°(. 



/ (»l+l J «a+P2) (3i+l,3 2 +p 2 ) 

The last filtration T\\ is defined on generators by 

•^H^si^a)) = min { s l -V\£\ ~ ?2,S2 ~ £l ~P2£2}- 

The corresponding differential T) 11 on the associated graded is the sum of the following terms: 
the differentials d = $f on the chain complexes C| l£2 themselves, plus the cross-terms 

. ^,00 , nlO . nOl . nil 

(3l,S 2 ) - (S1,S2) L '(3l+Pl,32 + 1)' V i2 (3l,3 2 ) ' (31,32) ~~ ^ L '(3l+Pl,32 + 1)' 



and 



(f>-L2 . n 00 , M)l <T>~ L 2 . /"10 , nil 

(«i,«2) ' (ai.sa) L, (si+l,s 2 +p 2 )' V Ll (3i,3 2 ) ' (si,3 2 ) L, (si+l,s 2 +P2)' 

~ (3l,3 2 ) • L '(3l,3 2 ) U (31+P1 + 1,S2+P2 + 1)- 



Consequently, the associated graded of F\\ splits as a direct product of terms of the form: 

( 73 ) C (°1,*2) 9 ' C ( 1 31+Pl,32 + 1) 



nOl ^r 11 

(31 + 1.S2+P2) (Sl+Pl + 1,3 2 +P2 + 1) 

Let us now turn to the computation of the homology of C~ (T-L, A) . This complex has a subcomplex 

C >o = II C (3i,3 2 )- 

{(si,s 2 )| max(si,S2)>0} 
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Lemma 8.5. H*(C>o) = 0. 

Proof. We use the restriction of the filtration J-oo to C>o- Note that this restriction is bounded 
above. In light of Lemma [8.1 ( it suffices to show that the homology of the associated graded groups 
^*(Qsi,s 2 ); ^ 00 ) vanishes, whenever si > or S2 > 0. 

Let us first consider the case si, s 2 > 0. Then C( Sl)S2 ) consists of four copies of the same complex, 

2t ++ , related by the five cross-terms in the description of T> 00 above. Among these, $^ , <£g 2 , $^i 2 ^ 

and <fr | , . are all isomorphisms, corresponding to the identity on the complex 2l ++ , while the 

w I s / 

chain homotopy is trivial. (This is because in the definition of a basic system, the respective 
hyperboxes have size zero.) Thus, the complex C s can be described as 

21++ — 21++ 



21++ 21++ 

This is clearly acyclic. 

Next, let us consider the case s\ > 0, S2 < 0. Then C( S1>S2 ) consists of two copies of 2l H , namely 
C?° „ \ and C}® Q s, and two copies of 2t ++ , namely C?} . » and C^ 1 „ v Thus C s can be described 
as 

2i+- — a+- 



21++ — =-»• 21++ 

Even though the vertical maps are not isomorphisms, the horizontal ones are identities. This 
suffices to show that C s is acyclic. Indeed, the filtration .7-01 restricts to a filtration on C s , whose 
associated graded differential consists of the two horizontal maps above. Therefore, this associated 
graded is acyclic, and so is C s . 

Similar remarks apply to the case s± < 0, s 2 > 0. This shows that C>q is acyclic. □ 

Lemma 18.51 implies that the homology of C~(H,A) is the same as that of its quotient complex 

s\,S2<0 

Next, we show that a large part of the complex C<o is also acyclic. Pick small £i> C2 > linearly 
independent over Q. Consider the parallelogram in the plane with vertices 

(-Ci,-C 2 ), (-Ci-pi,-C2-i), (-&-W2-P2), (-Ci-pi-i,-C2-P2-i). 

If Ci: C2 are sufficiently small, the parallelogram Pjr contains a unique representative from each 
equivalence class in H(L), i.e. from each Spin structure on the surgered manifold. Set P = 
PmnU(L). 

For wi,W2 G {0, 1}, let Qui iu)2 be the quadrant in the plane given by 

Qlu^i = {(81,82) € H(L)|si < -Ci + (wi - l)pi, s 2 < -C2 + (W2 - 1)3)2}. 

The complement i? = Qn \ Qoo consists of the union of P and two other regions: one to the left 
of P, which we denote by R\, and one below P, which we denote by R 2 . These regions and the 
parallelogram P are shown in Figure [201 

Consider the following submodule of C<o : 

C<r = Y[ ® C s+Ai © C s+A 2 © Cs| Al+Aa ). 
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Figure 20. The complex C<o for pi = 4,p2 = 3. The parallelogram P is darkly 
shaded, and the two regions R\ and i?2 are more lightly shaded. Each dot represents 
an element of Qn C H(L). The boundaries of Qqo, Qoi, Qio, Qn and P split the 
lower left quadrant in eleven regions. In each of these regions we mark the values 
E\E2 for which the respective groups Cf 1£2 are part of the complex Cr = C < o/C < r. 

It is straightforward to check that C < r is a subcomplex of C<o- We denote the corresponding 
quotient complex by Cr. 

Lemma 8.6. H*(C <R ) = 0. 

Proof. We use the restriction of the filtration T\\ to the subcomplex C <R . Since this restriction is 
bounded above, by Lemma [87X1 it suffices to prove that the associated graded groups are acyclic. 

Recall that the differential of the associated graded of F\\ is denoted D n ; see the description 
of the terms of D 11 before the diagram (|73p . The maps $ appearing in D 11 are compositions of 
destabilization maps D with inclusion maps Z, see (|59|) . Since s\, S2 < —1/2 and the generators all 
have Alexander gradings at least —1/2, from the description (|56p of the inclusion maps we see that 
in our case the inclusion maps are the identity. 

Turning our attention to the destabilization maps, one could in principle compute them explicitly 
by counting holomorphic polygons, and using intermediate Heegaard diagrams with curves ft" as 
in Figure HU However, it is not necessary to do so. All we need to know is that the destabilization 
maps at one component only (be it —L\ or —L2), given by counting holomorphic triangles, induce 
isomorphisms on homology. This is true because they correspond to the natural triangle maps 
between strongly equivalent Heegaard diagrams. 

The associated graded of C < r with respect to J-\\ breaks down into a direct product of factors 
of the form (I73p . one for each s G Qoo- The fact that the vertical and horizontal maps in (173ft are 
quasi- isomorphisms implies that the respective factors are acyclic. The claim follows. □ 
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We denote the quotient complex of C < r C C<o by Cr. Lemma IHUl implies that 

-H*(C<o) = H*(Cr). 

Let Cp C Cr be the submodule 



-.00 

sGP 



This is a quotient complex of Cr. The respective subcomplex Cr 1 ur 2 splits as a direct sum of 
two complexes 

c Rl = (n c s ©n c s io ) nc ^ 

se-Ri sgp 

cp 2 =(n c s©n c s oi )nc«. 

sS-Ri sGP 

Lemma 8.7. H*(C Rl ) = H*{Cr 2 ) = 0. 

Proof. Consider the restriction of the filtration T\q to the complex Cr 1 . This restriction is bounded 
above. The respective associated graded splits as a direct product of mapping cone complexes of 
two possible kinds: 



2T~ = C s 00 C# Al 21+-, 



for s e Qoi H i?i , and 



_> 



a— =■ c°° a 01 = si 



for s = (si,-l/2) G 

Mapping cone complexes of the first kind are acyclic by the same reasoning as in Lemma 18.61 
because &g Ll is a quasi-isomorphism. 

Let us study a mapping complex of the second kind. To compute c &^ 2 , note that it is the 
composition of a destabilization map D and an inclusion map I; the former is the identity and the 
latter is multiplication by suitable powers of C/2. More precisely, in terms of the generators a, b, c, d 
of 21 , 21 1", the map <3?g 2 is given by 

a — > U2C1, b — > U2b, c — > c, d — > <i. 

This induces an isomorphism on homology, which implies that the respective mapping cone complex 
is acyclic. Hence H^Cr^ = 0. 

The proof that Cr 2 is acyclic is similar, but uses the filtration J-q\ instead of J-\q. □ 

Putting together Lemmas 18.51 18.61 and 18.71 we obtain that the homology of the full complex 
C~(?i,A) is the same as the homology of the complex 

c P =n c s°°. 

sGP 

Forsi,S2 < Owe have Cg = 21 , whose homology is easily seen to be isomorphic to F[[C/i, U2]]/(U\- 
U2) — ¥[[U)]. Since there are P1P2 — 1 lattice points from H(L) inside the parallelogram P, we obtain 

H*{C-{H,A)) ^¥{[11}}®^-^, 

as expected. 
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8.3. Horizontal truncation. We now return to the setting of Section [71 where L is an arbitrary 
link, equipped with an orientation, a complete system of hyperboxes H, and a framing A. 

Lemma 8.8. There exists a constant b > such that, for any i = 1, . . . and for any sublink 
M C L not containing the component Li, the chain map 

$ £ ! 7 : 2T("H L ~ A/ ,^ Al (s)) -> ^T(n L ~ M ~ L \^ uii (s)) 

ip M (s) 

induces an isomorphism on homology provided that either 

• s£ H(L) is such that Si > b, and Li is given the orientation induced from L; or 

• s € H(L) is such that Sj < —b, and Li is given the orientation opposite the one induced 
from L. 

Proof. For |sj| sufficiently large, and Li oriented as in the lemma (according to the sign of Sj), 

the inclusion map T L \~ from ( 1561) is the identity. Moreover, the destabilization map D L t 

* i/> M (s) ^ — v J ' y jA(V M (s)) 

is a composition of maps along the edges of the corresponding hyperbox T-L L ~ M,Li , hence induces 
an isomorphism on homology, see Example 17.21 The conclusion then follows in light of Equation 

d5SD- □ 

Lemma 18.81 is the key ingredient in truncating the complex C~(7i,A). Roughly, it allows the 
terms of this complex to cancel in pairs, whenever s € M(L) has at least one component Sj with 
\si\ > b. The result is that the homology of the complex C~~ (H,A) can be computed by restricting 
to some terms corresponding to s lying in a compact subset of H(L). 

Of course, we need to be more explicit about how this is done. For simplicity, let us assume (for 
the moment) that the framing vectors Ai, A^ are linearly independent in R . This is equivalent 
to asking for Y\(L) to be a rational homology sphere. 

Let us first recall the case of surgery on knots, see |23|. Section 4.1]. Then the framing coefficient 
A is a nonzero integer. Set 

(74) C-(H,A)(b)= %-(H L ,s)(B %~{U\ ^ L (s)) C C~(H, A). 

-b<s<b -b+A<s<b 

It is easy to check that C~ (H, A){b) is a subcomplex of C~(H,A) for A < 0, and a quotient 
complex of C~(7i, A) when A > 0. In both cases, an application of Lemma [8.81 shows that C~~ (H, A) 
and C~ {%, A){b) are quasi-isomorphic. 

Next, we turn to the case when the link L has two components. We denote by Ai, A2 the framings 
of Li,L 2 (as compared to the framing coming from a Seifert surface for L), and by c the linking 
number between L\ and L2. Thus, in terms of the standard basis of H\(Y — L) = Z 2 , we have 

Ai = (Ai,c), A 2 = (c,A 2 ). 

Recall our assumption that Ai and A 2 are linearly independent, i.e. A1A2 — c 2 7^ 0. 

As before, C e s 162 will denote the term %-(H L - M , tp M (s)) appearing in ([6T]) . where Si = 1 or 
depending on whether or not Lj C M,j = 1,2. We say that C| l£2 is supported at the point 
s = (si,s 2 ) 6H(L) CM 2 . 

Let b be the constant from Lemma 18.81 We seek to define a chain complex C~ (7i, A)(b) quasi- 
isomorphic to C~(7i, A), and composed of only finitely many of the terms C| l£2 . For this purpose, 
we construct a convex quadrilateral Q in the plane, with vertices Pi, P 2 , P3, P4 as in Figure I2T1 We 
require the coordinates of P\ to satisfy x,y > b, the coordinates of P 2 to satisfy x < —b, y > b, etc. 
Further, we choose half-lines l\,l2, h,l4 with li starting at Pj and staying in the ith quadrant. For 
example, l\ has to form an angle between and n/2 with the x axis, etc. The half-lines li split the 
complement IR 2 — Q into four regions, denoted R±, R2, R3, R4, see Figure I2~T1 

Most importantly, we require that the slopes of the lines PiP 2 , P 2 P3, P3P4, P4P1, h, h, h and I4, 
compared to those of the vectors Ai , A 2 , are as indicated in Figure [22j We distinguish there six 
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Figure 21. The quadrilateral Q and the regions Ri. The quadrilateral Q, 
which is (roughly) the support of the truncated complex C~(%,A)(6), is shown 
shaded. 

cases, according to the values Ai,A2 and c. (Note that these cases cover all the possibilities for 
AiA 2 -c 2 / 0, with some overlap. When we are in an overlap situation, we are free to choose either 
setting.) For example, in Case I, we require both vectors Ai and A 2 to point out of Q when placed 
on the segment P\P2- Note that, in all six cases, the vectors Ai and A 2 point the same way (either 
into or out of Q) when placed on P1-P2 and P4P1, and point in the opposite way when placed on 



By Lemma 18.81 the maps & Ll appearing in the definition of the differential for C~{T~L, A) induce 
isomorphisms on homology when restricted to terms supported in R\. The same is true for the 
maps supported in R2, for the maps 3> -il supported in R3, and for the maps $~ i2 supported 
in i?4. (Here, as in Section [8.21 we let L±,L2 have the orientation induced from L, and we add a 
minus sign when we wish to indicate the opposite orientation.) These facts allow us to truncate 
the complex C~(T~L,A) to a obtain a quasi-isomorphic one Cq = C~(H, A)(b), which is (roughly) 
supported in the quadrilateral Q. This is obtained by taking successive subcomplexes and quotient 
complexes from C~(T-L,A), and cancelling out complexes supported in R\, R2, R3, R4. Some care 
has to be taken with what happens near the boundaries of these regions, so we proceed to do a 
case by case analysis. We present the first case in detail, and for the others we sketch the necessary 
modifications. 

Case I: Ai, X2 > 0,AiA2 — c 2 > 0. Let Cf^ui^ De the subcomplex of C~(H,A) consisting of 
those terms supported in R\ U i?2- There is a filtration J^o on C^ui^ (analogous to the ones used 
for the Hopf link) such that in the associated graded we only see the differentials that preserve s. 
The associated graded then splits into a direct sum Cr x © Cr 2 , where Cr 2 is the direct product of 
the terms supported in R^. On Cr x there is an additional filtration such that the differential of 
its associated graded consists only of maps of the form & Ll , which are isomorphisms on homology. 
Hence H^C^) = 0. Similarly H^C^) = 0, using an associated graded that leaves only the maps 
<3? i2 in the differential. Putting these together, we deduce that Cr.ju.R2 i s acyclic. 

The quotient complex of Cr^^ is supported in Q U R3 U R4. Let us define a subcomplex of it, 
denoted Cr 3U .r.4, to consist of those terms 2lg l£2 with the property that s — eiAi — e 2 A2 £ R3 U R4. 
This is roughly supported in R3 U R4, although some terms spill over into Q. We define Cq to be 
its quotient complex. 



P2P3 and P3P4. 
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Figure 22. Comparing slopes. We show here the required slopes for the edges 
of Q and the half- lines li, in relation to the vectors Aj, A2. There are six cases. 
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We claim that Cq is quasi-isomorphic to the original complex C (7i,A). For this, we need to 
show that Cr 3 u_r 4 is acyclic. In the region R%, we would like to use the maps $>~ Ll to cancel out 
terms in pairs. However, there exist a whole region of values s G R3 such that s + A2 lands in 
i?2 rather than R3. The direct product of Cg° and C® 1 over the values s in that region forms a 
quotient complex of Cr 3U ,r 4 ; this quotient is acyclic, because the maps $ L2 (being close to the 
region R2) make the terms Cg° and Cg 1 cancel out in pairs. The corresponding subcomplex C R3UR4 
is quasi-isomorphic to Cr 3 u.r 4 - Similarly, we can eliminate the terms Cg° and Cg° from C' R3URi for 
those s G -R4 such that s + Ai G R\. The result is a quasi-isomorphic complex C R3UR4 . Consider 
the associated graded of this complex with respect to a filtration T\\ (analogous to the one used 
for the Hopf link), such that the remaining differentials preserve s — eiAi — The associated 

graded is acyclic, as it splits into a direct sum according to the regions R3 and R4, and those are 
acyclic by Lemma [8^81 We conclude that H*(Cr 3 ur 4 ) = H*(C R uR4 ) = 0. 

Case II: Ai, A2 < 0, A1A2 — c 2 > 0. This is similar to Case I, except Cr^^ an d Cr 3 ur 4 are 
quotient complexes, and Cq is a subcomplex. 

Case III: Ai > 0, A2 < 0. We define a subcomplex Cr x composed of the terms supported in the 
region R±, and another subcomplex Cr 3 composed of those terms C^ 162 such that s — EiAi G R3. 
Both of these are acyclic. The corresponding quotient complex admits two further acyclic quotient 
complexes: one, Cr 2 , consisting of CI 162 with s € R2 and the other, Cr 4 , consisting of Cl l£2 such 
that s — £2A2 G -R4. We let Cq be the resulting subcomplex. 

Case IV: Ai < 0, A2 > 0. Similar to Case III, but now Cr x and Cr 3 are quotient complexes, 
while Cr 2 and Cr 4 are sub complexes. 

Case V: c > 0, A1A2 — c 2 < 0. Similar to Case I, but C^uife is a subcomplex, and Cr 3U r 4 is a 
quotient complex. 

Case VI: c < 0, A1A2 — c 2 < 0. Similar to Case V, except now Cr^^ is a quotient complex 
and Cr 3 \jr 4 is a subcomplex. 

A similar construction can be done for surgery on links with an arbitrary number of components 
£. Recall that we assume the framing vectors Ai,...,A^ to be linearly independent in M e (i.e. 
Y\(L) is a rational homology sphere). Let x\, . . . ,Xj> be the coordinates in = H\{Y — L;R). 
The coordinate hyperplanes Xi = split into 2 e "hyper-quadrants". We construct a "skewed 
hyperbox" Q (analogous to the quadrilateral Q in the case £ = 2), with one vertex in each hyper- 
quadrant, as follows. The vertices of Q are P £ ,e 6Ef = {0, with coordinates satisfying 

Xi(P £ ) > b, if ei = 0, 
Xi(P £ ) < -b, if ei = 1. 

Thus, the skewed hyperbox Q contains the hypercube [—6,6]^, where b is the constant in 
Lemma 18.81 Let 

F ii<T , %€{l,...,l},a€ {-1,1} 

be the hyperface of Q that lies completely in the half-space given by axi > 0. In other words, Fi a 
has as vertices all P £ with (— l) Si = a. 

If a = 1, we require that, when all the vectors Aj are placed so that they start at a point on 
Fi >a , they all point in the same direction: either in or out of Q. To see that this can be arranged, 
note that, since the vectors Aj are linearly independent, there is a unique vector v G K such that 
(v, Aj) = 1 for all j. Hence, by choosing Fj jCT so that its normal vector is close to v, our requirement 
is satisfied. The direction of the vectors (in or out of Q) depends on the sign of the ith coordinate 
of v. 
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If a = — 1, we require that, when all the vectors Aj are placed so that they start at a point on 
-Fj j(J , they all point in the same direction (in or out of Q) with the exception of Aj, which points 
the opposite way. 

We can then truncate the complex C~(?i,A) to obtain a quasi-isomorphic one Cq, roughly sup- 
ported in the skewed hyperbox Q. This truncated complex Cq = C~ (H, A) (6) is obtained from 
C~(T~L, A) after canceling some acyclic subcomplexes and quotient complexes, one for each face Fi a . 
We use Lemma EH] to show acyclicity, along the same lines as in the case £ = 2. Note that, near the 
faces i^+i, the truncation is done exactly along the boundaries of Q, while near the faces 
we allow some terms to spill in or out of Q, i.e. instead of requiring (locally) that s € Q, we have 
a requirement of the form s — £jAj € Q. This allows for the cancellation of the terms outside Cq. 
We leave the verification of the details to the interested reader. 

Finally, let us turn to the case when the framing matrix A is degenerate, so that b\(Y^{L)) > 0. 
Then one can still truncate each complex C~(H, A, u), corresponding to a specific Spin c structure u 
on Y\(L). The truncations is done in the same way as in the case b\(Y\(L)) = 0, but we cut only 
in £ — &i(!a(L)) directions. 

In principle, the complex C~(Ti,A) is a direct product over C~(7i, A, u), and there are infinitely 
many Spin structures u. Nevertheless, by Theorem 2.3 in [T7], together with Equation [5l implies 
that there are only finitely many Spin c structures u for which HF~ (Y\(L) , u) 7^ 0. In addition, 
one can find an a priori bound (in terms of a suitable Heegaard diagram) to determine the range 
of possible u with nonzero Floer homology. By only taking those particular u in the direct product 
[\C~(H,A, u) we obtain a chain complex quasi-isomorphic to the original C~(H,A), which we can 
then truncate to arrive at a quasi-isomorphic finite direct product. We denote the resulting chain 
complex with finite support by C~(H, A)(b), depending on & > 0. 

8.4. Vertical truncation. This section is an analogue of Section 2.7 in [23J, with HF _ replacing 
HF + , and with the use of possibly several U variables, as well as non-torsion Spin c structures. 

Let C be a chain complex over TZ = ¥[[U±, . . . , Ug]], with a relative Z/2AZ-grading, where N 
is a nonnegative integer and each U has degree —2. Let S be a positive integer. Let TZ S be the 
quotient of TZ by the ideal generated by Uf,i = 1, . . . ,£. We then denote by C s be the complex 
G ® n TZ 5 . Further, if F : C -> D is a map between chain complexes over TZ, we denote by F 
the corresponding map between C" 5 and D s . The procedure of replacing C by C s , or F by F s is 
referred to as vertical truncation. 

If 5' > 5, note that there is a natural projection 7Z 5 — > 1Z 5 , which gives a map C s — > C s . Set 



Definition 8.9. A chain complex C over TZ = F[[C7i, . . . , Ui]] is said to be of torsion CF _ type 
if it admits an absolute Q-grading, a relative TL-grading, and it is quasi-isomorphic (over TZ) to a 
finitely generated, free chain complex over TZ. 

Remark 8.10. The prototype of a chain complex of torsion CF~ type is the Heegaard Floer complex 
CF~(y, u), where Y is a three-manifold and u a torsion Spin c over Y; see [18], [17], [21]. Also, 
when u is torsion, the complex C~(H, A,u) constructed in Section EH is of CF _ type, because it is 
quasi-isomorphic to a (finitely generated, free) horizontally truncated complex as in Section 18.31 

Note that if C is of torsion CF _ type, then the homology Hk{C) vanishes for k 0. Further, 
as an 7£-module, H*(C) admits a quotient module -H>& = (Bi>kFTi(C), for any % € Z. 
In the lemma below, the symbol = denotes isomorphism of 7£-modules. 

Lemma 8.11. (a) Let C be a complex of torsion CF _ type. Then, for any k € Q, there exists a 
constant d such that for all integers 5 > d, we have H>k{C 5 ) = H>k(C). 



(b) If A,B are chain complexes of torsion CF type satisfying H*(A S ) = H*(B S ) for all 5 > 0, 
then H*(A) = H*{B). 



(75) 
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(c) More generally, suppose we are given integers a,b>0. IfA,B are chain complexes of torsion 
CF~ type satisfying 

for all 5 » 0, f/ierc 9* H*(B). (Here, we view H*+28—i 

as an IZ-module with trivial 

action of all the Ui 's.) 

Proof, (a) This is similar to the proof of Lemma 2.7 in [23]. We consider the short exact sequence 

(76) — > C % C — > C/C/f C — > 0. 

For a given A;, we choose d such that Hi(C) = for i > k + 2d — 1. The induced long exact 
sequence then gives an isomorphism H>k(C) = H>k(C /UfC) for 5 > d. Iterate this argument, 
replacing C with C '/LffC and U\ with £/2, then use U3, etc. 

Parts (b) and (c) follow from (a), combined with the fact that H>i t (A) = H>k(B) for all k implies 

H*(A) H*(B). For (c), we also need to note that H,(A 5 ) and H,(A S )® (H t , +2S -i(S 25 ~ 1 )) m have 
the same quotient modules corresponding to degrees > k, for any 5 sufficiently large compared to 
k; and that a similar statement applies to B s . □ 

Remark 8.12. If C is finitely generated, we can estimate the value of d in Lemma [8. Ill (a) as follows: 
if m is the maximal degree of the generators of C*, we can choose d > (m — k)/2. 

Definition 8.13. A chain complex C over 1Z = F[[C/i, . . . , Ui]] is said to be of non-torsion CF~ 
type if it admits a relative %) IN 7L- grading for some N > 0, and it is quasi-isomorphic (over 1Z) to 
a finitely generated, free chain complex over 1Z. 

Lemma 8.14. Let Y be a three-manifold and u a non-torsion Spin c structure over Y . Then the 
Heegaard Floer complex CF~ (Y, u) is of non-torsion CF~ type, and there exists d > such that 
U?HF-(Y,u) = for alii. 

Proof. The fact that CF~(Y, u) is of non-torsion CF~ type was established in |18| . 

For the second statement, note that all Ui's act the same way on homology, see [22]. Let us 
denote their common action by U. We need to check that this action is nilpotent. Indeed, we have 
HF°°(y, u) = by Equation Since HF°° is the ring of fractions of HF _ with respect to (U), 
the action of U on HF _ must be nilpotent. □ 

Lemma 8.15. (a) Let C be a complex of non-torsion CF~ type. Suppose there exists d > such 
that UfH*(C) = for all i. Then, for all integers 5 > d and 5' > 5 + d, we have an isomorphism 
of relatively graded TZ-modules: 

(77) H 5 ^ S '(C)^ H,(C). 

(b) Let A,B be relatively Z/2N'Z-graded chain complexes of non-torsion CF~ type satisfying 
H^ S '(A) ^ H^ 5 '(B) for all 5' > 5 > 0. Suppose there exists d>0 such that U?H*(A) = for 
all i. Then H*(A) = H*(B), as relatively graded TZ-modules. 

Proof, (a) Note that the short exact sequences (|76|) for 6' and 6 fit into a commutative diagram 

TJS' 

► c — c ► c/uf'c ► 

> c c > c/u(c ► 
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At the level of homology, this produces the commutative diagram 

► H,{C) ► H*(C/U[C) ► H*{C) > 

> H*{C) ► H*(C/U?C) > H*{C) > 

The third vertical arrow is zero by hypothesis. It follows that Im^ (C/Uf'C) — >H*(C/U(C)) ^ 
iJ*(C). By iterating this argument £ times, we obtain (J77J). 

(b) If Uf annihilates H* (A) , the long exact sequence in homology associated to (j76|) implies that 
Uf also annihilates -ff*(A 5 ), for all 5 > 0. Since H^A 5 ) = H*{B & ) by hypothesis (where we chose 
6' = 8), we get that U?H*{B & ) = for 5 > 0. 

We claim that this implies UfH^(B) = for all i. Let us explain the argument in the case 1 = 1. 
The long exact sequence in homology 

► H*(B) % H^B) — > H^B 5 ) 

implies that M = U(H*(B) is in the image of U(H*(B) = U[~ A M for all large 5. Since M is 
a finitely generated module over the local Noetherian ring 1Z = ¥[[Ui, . . . , Ue]], Krull's Theorem 
implies that Dj U\M = 0, see [TJ Corollary 10.19]. Thus UfH*(B) = 0. Iterating this argument I 
times produces the same conclusion for an arbitrary number of Ui variables. 

The claim that H*(A) = H*(B) now follows by applying (a) to both A and B. □ 

Lemma 8.16. Let C be a complex of non-torsion CF~ type, such that all Ui act the same on 
homology, and U d H if (C) = for some d > 0, where U denotes the common Ui action. Suppose we 
have rk {H*(C 5+1 )) = rk {H*{C 8 )) for some 5>1. Then H 5 ^ 2S {C) H*(C). 

Proof. Explicitly, the homology H*(C) is a direct sum (Bj(F[[U]]/U k i), so that rk (H*(C)) = 
^2kj. The long exact sequence on homology associated to (jT6|h iterated £ times, implies that 
rk(fl*(C 5 )) = 2^X)min(fe i ,<5). If rk (F*(C 5+1 )) = rk(F*(C 5 )), we must have 5 > k 3 for all j, 
which means that UfH*(C) = 0. The claim now follows from Lemma 18. 151 (a). □ 

Let us apply this discussion to the complex C~(^H,K) from (fol]h Suppose we understand the 
chain groups and differentials and we want to compute its homology. First, we decompose the 
complex into terms of the form C~(H,A,u), according to Spin c structures u. Then, we apply the 
horizontal truncation from Section [8^31 and get quasi-isomorphic complexes C~(H, A,u)(b). If u is 
torsion, the complex C~(H,A,u)(b) is finite dimensional in each given degree, so we can compute 
its homology. Alternatively, we could replace it by a quasi-isomorphic, finite dimensional complex 
C~(H, A, u)(b) s , see Lemma [8. 1 H where d can be estimated as in Remark 18.121 If u is non-torsion, 
the complex C~(7i, A, u)(6) is of non-torsion CF~ type, and its homology is annihilated by a power 
of the UiS, see Theorem 17.71 and Lemma 18.141 We then start computing the homology of the 
complexes C~(7i, A, u)(b) s , and let 5 increase by one until we find that the complexes for 5 and 
5 + 1 have the same total rank. By Lemma[8T6l we have H*{C-{U, A, u)) = H^ 2S (C~(n, A, u)). 
The latter homology group can be computed from finite dimensional complexes. 

8.5. A combined truncation. Pick 5 > and consider the vertically truncated complex C s = 
C~(H, A) 5 . We could apply the horizontal truncation procedure from Section [8T31 to obtain a quasi- 
isomorphic, finite dimensional complex C~(7-L, A) 5 (6). In this section we describe a different way 
of doing horizontal truncation. This new procedure cannot be applied directly to C~{T~i, A); it is 
essential to do the vertical truncation by 5 first. The new horizontal truncation is an intermediate 
step towards constructing the folded truncation in Section 18.61 
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We use the notation introduced at the beginning of Section[5J i.e. we denote by Cs ,S the factors of 
C 5 , and by I^cfg the maps that form the differential. The property that distinguishes the vertically 
truncated complex C s from C is the following: 

Lemma 8.17. Fix 5 > 0. Then, there is a constant b 5 > such that, for any i = 1, . . . ,£, the map 
[' ' is a quasi-isomorphism provided that either 

6 ,S 

• e = Tj (i.e. Ei = 1 and £j = for j ^ i), e' = 0, and Sj > b s , or 

• £ = e' = n and Si < —b s ; 

and, further, we have T> £ ^ ^ = provided that either 

• Ei = e\ = 1 and Si > b s , or 

• Ei = \,e\ = ; and Si < —b s . 

Proof For the first part of the statement, it suffices to make sure that b s > b, where b is the 
constant from Lemma 18.81 For the second statement (about the triviality of the respective maps), 
observe that, for example, Ei = e\ = 1 means that i € I~(L,N), and we are asked to show that 
<]?i/f M (s) is zero. This is true because by (f5T?j) . one of the factors of ®^M( S \ is the map %^M( s y This 
"inclusion" is the zero map because it contains a large power of Ui see (156H . and that power is set 
to zero in the vertical truncation. The case £j = l,e£ = is similar. □ 

Let us fix some £ = ((j, . . . , Q) £K f such that the values Ci are very close to zero, and linearly 
independent over Q. We let -Ffe(A) C E be the hyper-parallelepiped with vertices 

C + i(±Ai±A 2 ±---±A<), 

for all possible choices of signs. This is a fundamental domain for M. e /H(L,A), where H(L,A) is 
the lattice generated by the vectors Aj, as in Section [7.31 Let P(A) be the collection of points in 
the lattice H(L) that also lie in i^(A). Because of our choice of there are no lattice points on 
the boundary of ffe(A). Therefore, 

(78) P(A) = M(L)/H(L,A). 

In terms of the standard basis of H\ (Y — L), we write 

Aj = (cji, . . . , Cii), 

where en = Aj is the framing coefficient on the component Lj, and Cij is the linking number between 
Li and Lj for i ^ j. 

Pick nii 3> 0, for i = 1, . . . , £, and let A be obtained from A by increasing the framing coefficients 
by mi] that is, 

Aj = (qi, . . . , cm), 

with 

~ _ \cii+mi ifi= j, 
3 \cij ifi/j- 
For each e € E^, consider the hyper-parallelepiped P(A, A, e)ig C M £ with vertices 



1 1 

C + ^ ^{o-ih + (1 - (Tj)eiAi) , 



2 

i=l 



over all possible choices of signs <7j € {±1}- Set 

P(A,A,e) = P(A,A,e) R nM(L). 
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Figure 23. The complex C S ((A)) for a two-component link. We show here 
the combined truncation corresponding to surgery on a framed link with, say, Ai = 
(100, 200), A 2 = (200, 100), mi = m 2 = 600 and b s = 50. The four parallelograms 
in the picture are P(A, A, e) for I = 2, e € {0, l} 2 , and A, A fixed. In each region 
we mark the values of e such that the corresponding P(A, A, e) contains the region. 
This tells us which terms Cs form the truncated complex C ((A)). The framing A 
is sufficiently large compared to b s , as explained in the proof of Proposition 18.191 



For e = (0, ...,0), we recover the old P(A), while for e = (1,...,1), the hyper-parallelepiped 
P(A, A, e) is a rectangular hyperbox of size (mi, . . . , me). 
Set 

(79) C««A» = Cf. 

e&E e sg p(A i A, £ ) 

See Figure [53] for an example. 

Remark 8.18. The hyper-parallelepipeds P(A, A, e) behave nicely with respect to the maps ip M : 
H(L) — > H(L — M) as defined in Section [4.51 Indeed, consider the link 

m= y u 
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with the orientation induced from L. Then i\) M takes P(A, A, e) exactly to the hyper-parallelepiped 
P(A\l-m)i an d it does so in an m(M)-to-one fashion, where 

m(M) = rrii. 

{i\LiCM} 

Therefore, we can re- write (1791) as 



(80) C 5 ((A))=0 (B m(M) {Vl-' 5 (H L - M ,s)). 

MCL seP{ l\ L _ M) 

Proposition 8.19. Fix 5 > 0. // we pick the values m; sufficiently large, the direct sum C S ((A)}, 
equipped with the restriction of the differential T>~' S , forms a chain complex quasi-isomorphic to 

(c 5 ,v-> 5 ). 

Proof. Let Pr be a hyper-parallelepiped in M. e , with vertices V a , for a = (ci, . . . , erg) G {—1, 1} ■ 
We assume that CTiVf > for all a and i; that is, each vertex lies in the hyper-quadrant in that 
corresponds to a. For each 

u = € {-1,0, l} e , 

we define a subset Pk[w] C M as follows. First, define a completion of w to be a vector cr € {—1, 1} 
such that CTj = tUj whenever |L<jjj = 1. In other words, a completion of a; is a vector in which we 
replace the zero entries in a with +1 or —1. Let P^ be the sub-parallelepiped of Pr with vertices 
V a , where a runs over all possible completions of uj. Further, given a vector with only nonnegative 
entries t = (ti, . . . , tg) € [0, oo) , we define t * u to be the pointwise product 

t * uj = (tiOJi, . . . , tiUJi) G K . 

Set: 

P R [a;]= |J (/f + t*w). 

te[o,oo)* 

Note that Pr[(0, . . . , 0)] = Pr. We have a decomposition: 

R e = |J PrM. 

we{-i,o,i} f 

See Figure [24l for the case 1 = 2. 

Suppose there are no points in the lattice M(L) on the boundary of any Pr[w]. Then, letting 
P[oj] = PrM n H(L), we get a decomposition as a disjoint union 

M(L) = ]J PM. 
tje{-i,o,i}* 

We can apply this to any of the hyper-parallelepipeds P(A, A, e) and obtain a decomposition of 
H(L) for each e. 

For uj G {— 1,0, 1}^, consider the direct sum 

c 5 «a)>m=0 n c s' 5 , 

eeE £ s€F(A,A,£)[w] 

so that 

(81) C 5 = C 5 ((A))M. 

oje{-i,o,i} e 

We choose the values m; sufficiently large such that whenever V is a vertex of some P(A, A, e) 
with GiVi > 0, we in fact have o~iVi > b s . (Here b s is the constant in Lemma f8. 171 ) 
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\A'2 



ftt(-l,l)] 



ft[(o,i)] 



ft[(l,0)] 



fla[(-l,0)] 



•si 



fkl(-l,-l)] 



fla[(0,-l)] 



Figure 24. A decomposition of the plane into nine regions. We show here 
an example of the subsets Pr[w] C R 2 , for u> G {—1,0, l} 2 . 



Starting from here, the idea is to use Lemma [8. 171 to show that the terms C s ((A)) [u] in the direct 
sum (18ip produce acyclic complexes for oj ^ (0, ... 0). We eliminate them one by one, beginning 
with the ones with \oj\ = ^ oji = £, then those with = i — 1, all the way to \co\ = 1, after which 
we are left only with C s ({A))[(0, ... ,0)] = C S ((A)). 

We start with uj such that \uj\ = £, i.e. all values uj\ are 1 or —1. Let w = {w\, . . . , wg) be the 
vector consisting of the values Wi = (1 — Wj)/2 for all i. Each P(A, A,e)[u;] is a translate of the 
hyper-quadrant corresponding to uj. The translation amount depends on e. More precisely, if V is 
the unique vertex of P(A, A, 0)[uj], then the vertex of P(A, A, e)[ui] is V + (w * e) ■ A. 

The second part of Lemma 18.171 implies that the maps D e ^^ are trivial unless e' = w * e. It 
follows from here that C s ((A)) [w] is a direct summand of C s as a chain complex, i.e. it is preserved 
by the differential. Moreover, since by definition D £ £ q^ S maps C| ,S into Cg + ^f^, we deduce that the 
differential on C s ((A))[ui] preserves the quantity 

s — (w * e) • A. 

Hence, the complex C s ((A))[u] splits into a direct sum of terms corresponding to values of 
s — (m*e) - A. Each such term is an ^-dimensional hypercube that has on its edges maps of the form 

Z?^f s ' <5 with e = Tj. By the first part of Lemma 18.171 all these edge maps are quasi- isomorphisms. 

Therefore, the respective hypercube complexes are acyclic, and so is C s '((A))[u)]. 

We then proceed inductively on I— |u>|. At each stage, we have a complex C s ((A)) [< \ui\] obtained 
from C s by cancelling the terms with higher \ui\. Each C <s ((A))[o;], for the given \oj\, splits as a direct 
sum of subcomplexes and quotient complexes of C S ((A))[< \gj\). They are acyclic by an application 
of Lemma 18,171 The claim follows. □ 
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8.6. A folded truncation. In this section we describe the variant of truncation which will be 
useful to us in Section [TOl We keep the notation from the previous subsection, with C s = C~{H, A) 5 
and A as before. The folded truncation C^jA} that we are about to describe will be isomorphic to 
C S ((A)) as an 7£-module, but its differential will contain some additional maps. 

For e = e{M) E ¥,£ and s G H(L), we introduce the notation [s] e to denote the translate of s that 
lies in the hyper-parallelepiped P(A, A,e), where we allow translations by multiples of Aj — e^Aj 
for any i = 1, . . . ,£. In other words, we consider the tesselation of by translates of P(A,A,e), 
and "fold" all the hyper-parallelepipeds in this tesselation onto the fundamental domain P(A, A, e) 
using translation. For simplicity, we write for the complex Cj^ . 

Observe that if s E H(L) is sufficiently close to a face of P(A, A, e) (say, at a distance of no more 
than the sum of the absolute values of the entries of A) and the values mi were chosen sufficiently 
large, then so is [s] e . Further, in this case in C| = 2l _ (% i_M , ip M (s)) all entries in ip M (s) are either 
sufficiently large or sufficiently small so that they can be replaced with ±oo, so C| is naturally 
isomorphic to 2l~(%®), using the data in the complete system T~L. The same is true of CL, so we 
have an identification between C| and Cf g y 

With this in mind, we define 

e£E £ s6 p(A,A,e) 

with the differential D~{A} consisting of all maps 

(82) V%{A} = d>Jf M(s) : Cf -> C^. A] 

for e° = e(M), e = e(N),e' G E £ such that e° + e G E £ and e' < e. 

Of course, it may happen that the value s is in the hyper-parallelepiped P(A, A, e°) , but s + e' • A 
is not in P(A, A, e° +e). In such cases, note that s must be close enough to a face of P(A, A, e° +e); 
hence, the target of the map T^ e £ o s , which is a priori Cg + ^/ e A , is identified with Cf^^y as explained 

above. The maps T^lo s of this form are called crossover maps. 

We let C^jA} be the vertical truncation (by 5) of C{A}. Then C^jA} differs from the truncation 
C S ((A)) only in that its differential contains the crossover maps. 

Example 8.20. If K is a knot with framing coefficient A G Z, recall from Equation (|74p from 
Section 18.31 that we have a horizontal truncation 

C(b)= © c s °© © c\cc. 

-b<s<b -b+A<s<b 

If we also do vertical truncation by 5, the resulting complex C <5 (6) is the same as the combined 
truncation C 5 ((A)) from Section [831 with A = 26. When A = 1, the truncation C 5 (b) = C 5 ((2b)) 
is shown in Figure [251 In principle, in the folded truncation C s {2b} we have to add the crossover 
maps and ^ K shown by dashed lines in Figure [221 (hi °u r notation, for example, is 

T> £ e ' e s {A} with e° = 0, e = l,e' = and s = —b, so that [s + e' ■ A] e o +e = [s] e o +e = 6.) However, 

observe that if b is chosen sufficiently large compared to b s , then the maps and <&^ K vanish, 
according to Lemma 18. 171 Thus, in this case the folded truncation is the same as the combined 
truncation. (In fact, the same is true for any A, that is, for any integer surgery on a knot.) 

Example 8.21. When L is a link of two or more components, there exist crossover maps that 
remain nontrivial even when vertically truncating by 5. Examples are shown in Figure [26j For 
concreteness, consider the dashed arrow <J>+ i2 starting at the leftmost red triangle in the figure, 
and ending at the rightmost green triangle. In our notation, this is the crossover map T> 6 ^ {A} for 
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Figure 25. The folded truncation for surgery on a knot K. in this example 
A = 1 and b = 8. Each black dot represents a complex Cf, each vertical arrow 
represents a map & f K , and each diagonal arrow represents a map ■ The dashed 
arrows are crossover maps that appear in C{2b}. They are set to zero in C s {2b} 
because they originate outside the region between the two dotted lines — compare 
Lemma 18.171 

e° = (0,0), e = (0,1), e' = (0,0), with s in the leftmost red triangle, and [s] e o +e in the rightmost 
green triangle. 

For future use, let us also write the definition of C^jA} in a slightly different way. For e = 
e(M) G , let 2? £ be the (finite) polynomial ring over F in variables Tj for those i such that £i = 1 
(that is, Li C M), with relations T™ 1 = 1. If M = L h U • • • U L ip and k = (k u . . . , k p ) G Z p , we 
formally write 

r k IK- 

3=1 

Fix a reference value s° = (s^, . . . , s®) £ M(L) with all of its entries less than b s in absolute value. 
In view of Remark 18.181 we have an identification 

P(A,A,e) — P(A| L _ M ) x ST e 

b =(*i,..., * £ ) — > (v m (s), n ^ s_s? )- 

t*|e*=l} 

Therefore, we can write 

(83) c <5 {A}=0 K-> 5 (n L - M ,s)® ST e {M), 

with the differential made of terms 

(84) V £ e (f{A} = T {AM ^ .^ {s) , 

where e° = e(M), e = e(N), and the orientation N on is given by i € I-(L, N) <^=^ = 1. 
Our main goal is to show: 

Proposition 8.22. Fix S > 0. 7f we picfe t/ie values mi sufficiently large, then the complexes C s 
and C S {A} are quasi-isomorphic. 

The proof of Proposition 18.221 will proceed along the following lines. Recall from Proposition 18.191 
that C s is quasi-isomorphic to the truncated complex C <5 ((A)). Thus, it suffices to show that C (5 ((A)) 
and C S {A} are quasi-isomorphic. The basic idea is that all nontrivial crossover maps go into an 
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FIGURE 26. The folded truncation for surgery on a two-component link. 

We show here the same parallelograms as in Figure [23l corresponding to surgery 
on a link with Ai = (200,100) and A2 = (100,200). Examples of crossover maps 
are given by dashed lines. They go from the quotient complex Cq u1 .{A} (indicated 
by the red regions) to the subcomplex Cj n {A} (indicated by the green regions). In 
addition to the four crossover maps shown by dashed lines, there are four others: 
two of the form and two of the form <&~ L2 (not shown here in order to avoid 

overcrowding the picture). In each green or red region we mark the values e such 
that Cs' S is part of the respective quotient complex or subcomplex. Further, near 
each green region we mark (in green square brackets) the edge of the parallelogram 
that blocks the points in that region: [1, +], [1, — ], [2, +], or [2, — ] — see the proof of 
Proposition 18.221 for an explanation. The subcomplex Cj n {A} is acyclic because its 
differential contains quasi-isomorphisms (indicated by the green arrows) that cancel 
its terms in pairs. Similarly, Cq u1 {A} is acyclic because of the quasi-isomorphisms 
indicated by the red arrows. 

acyclic subcomplex of C 5 {A}; therefore, deleting them will not not change the quasi-isomorphism 
type of the complex. 

In order to make this argument precise, we first introduce the auxiliary complex we need, and 
show that it is acyclic. 
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Note that many of the crossover maps in C 5 {A} are automatically zero, by an application of 
Lemma 18.171 In particular, when L is a knot, all crossover maps vanish — compare Example 18.201 
and Figure [25j On the other hand, in Figure [26l some crossover maps have to vanish and others 
do not: for example, near the top right corner of Figure [26l in principle we should have crossover 
maps of the form and <J> -1,2 ; but these are zero, so we did not show them in the figure. 

Roughly, the auxiliary complex Cj 5 n {A} (to be defined below) will be the target of all crossover 
maps that are not being automatically set to zero by applying Lemma 18.171 In Figure [26l this 
complex is indicated by the green regions. (When L is a knot, the auxiliary complex is zero.) 

Precisely, we define an incoming crossover point to be a pair (e°,s) with e° G E^ and s = 
(si, . . . , se) G -P(A, A, e°) satisfying the following property: There exist e, e' G E^ such that 

• e° — e G E^ and e' < e; 

• s'= (si,...,aj) :=s-e'-A0P(A,A,e°-e); 

• there is no i = 1, . . . ,£, with e\ = 1, e\ = and s[ < —b s ; 

• there is no i = 1, . . . ,£, with £, = 1,^ = 1 and s[ + Ylj^i lk(^i, Lj)(l — ej) > b s . 

In other words, we ask for (e , s) to specify the target of a (not a priori trivial) crossover map 

V% e ' , :C!,°- £ -+C?. 

e u — e',s s' s 

We denote by In(A, A) the set of all incoming crossover points. (In Figure EH the set In(A, A) is 
exactly the union of the green regions.) Define the incoming crossover subcomplex of C*{A} to be 

Cf„{A} = C?«. 

(e,s)eIn(A,A) 

Lemma 8.23. The subcomplex C^ n {A} is acyclic. 

Proof. Recall that the crossover maps must end near the faces of the hyper-parallelepipeds under 
consideration. Near each face Lemma 18.171 indicates the presence of a particular kind of quasi- 
isomorphism among the edge maps $>^ Li . We claim that these quasi- isomorphisms are part of 
the differential for Cj 5 n {A}, and cause its terms to cancel out in pairs. (In Figure l26l the quasi- 
isomorphisms that produce the cancellation are indicated by the green arrows.) 

To make this precise, let (e°,s) be an incoming crossover point. The condition s — e' ■ A ^ 
P(A, A, e° — e) means that s — e' • A fails to satisfy at least one of the 2£ inequalities describing 
the hyper-parallelepiped P(A, A, This inequality comes from one of the 2£ codimension one 

faces of the hyper-parallelepiped, and we say that (e°,s) is an incoming crossover point blocked by 
that face. One way to distinguish one of the 2£ codimension one faces is to say which of the 21 
coordinate half-axes of it intersects. In general, if P is a hyper-parallelepiped like the ones in 
our construction, the face of P that intersects the positive Sj axis will be called the [i, +] face, and 
the face that intersects the negative Sj axis will be called [i, —] face. 

Suppose an inequality that fails for s — e' ■ A is the one defining the [1, +] face of P(A, A, e° — e). 
Since s does satisfy the inequality defining the [1, +] face of P(A, A, e°), it must be that s lies close 
to those faces — where by "close" we mean a distance comparable to the entries of A and much 
smaller than b s or the m/s. (An example is when s is in the rightmost vertical green triangle in 
Figure [26} and e° = (0, 1) or (1, 1); there, £ = (0, 1) and e' = (0,0), so is the crossover map.) 

Suppose further that = 0, and let i° G E^ be obtained from e° by changing the entry from 
to 1. Changing e° into i° does not change the [1, +] face of P(A, A, e°) at all. The same is true for 
the [1,+] face of P(A, A, e° — e). Therefore, (s,e°) is an incoming crossover point blocked by the 
[1, +] face if and only if (s, e°) is. Moreover, since we are near the [1, +] face, the value s\ is bigger 
than b s , so Lemma 18.171 says that 

: C f' s — > Cf> 5 
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is a quasi-isomorphism. (This is shown as one of the green arrows in Figure [26l) Consider the 

subcomplex of Cf n {A} consisting of Cl ' S for all (e°,s) € Ln(A, A) blocked by the [1,+] face. This 
subcomplex is acyclic, because it consists of two hypercubes of chain complexes (corresponding to 

= and = 1, respectively), connected by a chain map which has quasi- isomorphisms Qf Ll 
along the edges. We can kill off this acyclic subcomplex and obtain a new complex quasi-isomorphic 
to C^ n {A}, which does not involve any (s,e°) blocked by the [1,+] face. Similarly, from this new 
complex we can kill off the terms blocked by the [2, +] face, then the terms blocked by the [3, +] 
face, and so on, all without changing the quasi-isomorphism type. 

An analogous elimination procedure works for the terms blocked by faces of the type [i, — ]. 
Indeed, suppose an inequality that fails for s— e'-A is the one defining the [1, — ] face of P(A, A, e°—e). 
Since s does satisfy the corresponding inequality for P(A, A, e°), it must be that s lies close to those 
faces. (An example of this situation is when s is in one of the two leftmost vertical green triangles 
in Figure 1261 and e° = (0, 1) or (1, 1); there, e = e' = (0, 1), so $7,, 1 is the crossover map.) Suppose 
further that e\ = 0, and let i° € E^ be obtained from e° by changing the entry from to 1. 
This time, changing e° into e° results in translating the [1, — ] face of P(A, A, e°) by the vector Ai. 
The same happens to the [1, — ] face of P(A, A,e° — e). Therefore, (e°,s + Ai) is also an incoming 
crossover point blocked by the [1, — ] face. Further, since si <C — b s , Lemma 18. 171 savs that 

. r e°,S r i°,S 

• <-s > L s+A 1 

is a quasi-isomorphism. Consequently, the terms in Cj n {A} that are blocked by the [1, — ] face cancel 
each other out in pairs (using ^jT^ 1 ). By a similar argument, we can kill off the remaining terms 
blocked by the [2, — ] face, and so forth. We conclude that the whole of Cj {A} is acyclic. □ 

It is worthwhile to note that we can similarly define an outgoing crossover point to be a pair 
(e°, s) with e° € E^ and s = (si, . . . , S{) G P(A, A, e°) satisfying the following property: There exist 
e, e' € Ef such that 

• e° + e £~Ee and e' < e; 

• s + e' • A P(A, A,e° + e); 

• there is no i = 1, . . . , £, with £j = 1, e\ = 1 and Si > b s ; 

• there is no i = 1, . . . ,£, with S{ = l,ej = and Si + lk(-Z^i, Lj){l — £®) < —b s . 

We denote by Out(A, A) the set of all outgoing crossover points. (In Figure [26l the set Out(A, A) 
is the union of the red regions.) Define the outgoing crossover quotient complex of C 5 {A} to be 

^OutlA} = ® ^s ,<5 ' 

(e,s)GOut(A,A) 

with the differential induced from Cq u1; {A}. Roughly, CQ ut {A} is the domain of all crossover maps 
that are not being automatically set to zero by applying Lemma [8.171 One can show that C^ ut {A} 
is acyclic by an argument similar to the one used for Cj n {A}. However, we will not need to use the 
complex Co ut {A} in the proof below. 

Proof of Proposition \8.22l Let 

C S {{A}} = © Cf 

£GE £ , sGP(A,A,e) 
( E ,s)£In(A,A) 

be the quotient complex of C^jA} obtained from by quotienting out the subcomplex Cj n {A}. Since 
Cf n {A} are acyclic, it follows that C 5 {A} and C S {{A}} are quasi-isomorphic. 
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Equally well, we can think of Cf n {A} as a subcomplex of the truncation C s ((A)) (the one without 
crossover maps). Thus, C 5 {{A}} is a quotient of C S ((A)), and quasi-isomorphic to it. We deduce 
that C S ((A)} and C 5 {A} are quasi-isomorphic. The conclusion then follows from Proposition 18.191 

□ 
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9. A GENERAL SURGERY EXACT SEQUENCE 

Theorem 17.71 is a generalization of the corresponding result for knots, Theorem 1.1 in [23]. The 
key component of the proof of that result is the existence of a long exact sequence: 

( 85 ) . . . ^HF-(y n (^))-^HF-(y m+n (^))^ ® m HF~(Y) — > 

see \23\ Theorem 3.1], stated there with HF + instead of HF~. (see also [141 Theorem 6.2], for 
a generalization to rationally null-homologous knots inside three-manifolds). Here n,m E Z are 
surgery coefficients of the knot K C Y with m > 0, and Y an integral homology sphere. The fact 
that we work with the completed version HF~, see Section [2j allows the triangle to exist for HF 
just as for HF + . 

As a first step towards the proof of Theorem 17. 7\ in this section we will discuss a broader 
generalization of (|85|) . in which K is an arbitrary knot in a closed, oriented three-manifold Y. 
In Sections 19.11 and 19.21 we establish a few useful facts about cobordism maps in Heegaard Floer 
homology. We then proceed to state the general exact sequence. Its proof in Section 19.31 is a 
straightforward adaptation of Theorem 3.1 of [23] . as long as one does not keep track of gradings and 
decompositions into Spin c structures. We deal with these two last issues at length in Sections 19. 5} 
19.61 and 19. 7[ for the exact sequence with vertically truncated complexes. 

9.1. Four-dimensional cobordisms. We spell out here a way of describing homology classes, 
cohomology classes, and Spin c structures on four-dimensional cobordisms (given by two-handle 
additions) in terms of surgery. This will be useful to us when discussing the surgery long exact 
sequence later in this section, as well as when discussing surgery maps in Section [TTJ 

Let (L, A) be a framed ^-component link inside an integral homology three-sphere Y. Recall 
that the space of Spin structures on Y A (L) is identified with the quotient M(L)/H(L,A) (see 
Section E3J. Also, H^Y^L)) ^ H 2 (Y A {L)) is identified with Z e /H(L,A) and H 2 (Y A (L)) ^ 
H^Y^L)) with H(L, A) 1 - (see Section E3J). 

Let V C L be an ^'-component sublink, with the orientation induced from L. Denote by 

H{L,A\ V ) C H^Y-L) = 1} 

the sublattice generated by the framings Aj, for Lj C V . 

Let W\(L',L) be the cobordism from Y\\ (L') to Y\(L) given by surgery on L — L' (framed 
with the restriction of A). Further, let W\(L) = Wa(0,L), so that 

W A (L) = W AlLf (L')UW A (L',L). 
Lemma 9.1. (a) There is a natural identification 

(86) H 2 (W A (L',L)) ^i?(L,A| L /) ± = {veZV-A i = 0,Vi with U C L'}, 
under which the intersection product 

H 2 (W A (L', L)) <g> H 2 (W A (L', L)) -> Z 

is given by v <g> v' — > v*Av'. 

(b) There is a natural identification 

(87) H 2 (W A (L', L)) = Z £ /H(L, A\ L >), 
under which the natural projection 

tt L ' L ' : Z e /H(L,A\ V ) — > Z e /H{L,A) 
corresponds to restriction to H 2 (Y A (L)), while restriction to the coordinates corresponding to L' 

Z e /H(L,A\ L/ ) -4 if /H{L',h\u) 
corresponds to restriction to H 2 {Y A \ L ,(L')). 
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(c) Under the identifications (|86p and (|87p . the evaluation map 

H 2 (W A (L', L)) ® F 2 (^ A (L', L)) -»• Z 

corresponds to the usual scalar multiplication of vectors in Z . ^Uso, i/ie composition of Poincare 
duality with the natural map in the long exact sequence of a pair: 

H 2 (W A (L',L))^H 2 (W A (L',L),dW A (L',L))^H 2 (W A (L',L)) 
corresponds to the multiplication v — > Av. 

Proof. eW start by proving the claims in the case when LI = 0, i.e. W A (L',L) = W A (L). Choose 
Seifert surfaces Fi CY for each link component Lj. (Of course, these surfaces may intersect each 
other.) Let Fi be the surface obtained by capping off Fi in W A (L), using the core of the respective 
two-handle. Note that the homology class [Fi] is independent of our choice of Fi. Further, since Y 
is an integral homology sphere, the classes [Fi],i = 1, . . . ,£, form a basis of H2(W^(L)), so we have 
the desired identification 

(88) H 2 (W A {L)) Z e . 

Note that the intersection form on H2(W A (L)) in this basis is the framing matrix A. 
We also have another identification: 

(89) H 2 (W A (L)) ^ Z e , 

obtained by sending a cohomology class c to ((c, [F\ ]),... , (c, [Fi])). The claims in (c) are then easy 
to check for W A (L). 

Let us now consider the general case of V C L. For part (a), observe that 

H 3 (W A (L),W A (L' ,L)) ^ H 3 (W Ml ,(L'),Y Ml ,(L')) = 0, 

because W A \ Ll {L') consists of two-handle additions only. Hence, the long exact sequence in homol- 
ogy for the pair (W A (L),W A (L f , L)) reads 

-> H 2 (W A (L',L)) -> H 2 (W A {L)) A fl2(W A (£),WA(£',£)) = ^(Wa^C^))- 

Using (j88|) and (j89|) we can view / as a map from to Z^'. From part (c) for W A (L) we get that 
/ is given in matrix form by the restriction of A to the components of V . The identification (|86p 
follows. 

For part (b), use the identifications ([89]) for W A (L) and W A \ L/ (L'), as well as the commutative 
diagram 

► H 2 (W A {L),W A (L',L)) > H 2 {W A (L)) ► H 2 (W A (L',L)) > 

o , h 2 (w AIl ,(l'),y AIlI (l>)) > h 2 (w MlI (l>)) > h 2 (y MlI (l')) ► 

Part (c) follows from the respective statements for W A (L). □ 
We also have a description of the space of Spin c structures on the cobordism W A (L',L): 
Lemma 9.2. There is a natural identification: 

(90) Spin c (WA(L', L)) HI(L)/H(L, A\ L ,) 
under which the natural projection 

tt L ' L ' :M(L)/H(L,A\ L ,) — > M(L)/H(L, A) 
corresponds to restricting the Spin c structures to Y A (L), while the map 

iP L ~ L ' : M(L)/H(L, A|i0 ->• M(L')/H(L', A\ l >) 
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corresponds to restricting them to Y A \ (L 1 ). Further, the first Chern class map 
Cl : Spin c (W A (L>,L)) -> H 2 (W A (L',L)) Z l /H(L,A\ L ,) 

is given by 

(91) ci([s]) = [2s-(Ai + --- + A i )]. 

Proof. The space of Spin c structures on W A (L) is identified with the space of relative Spin c struc- 
tures on (Y,L), and hence with H(L) via the formula ([91 p (see Remark 14. 5p . Similarly, we have an 
identification Spin c (WX| , (L')) = M(L'). Moreover, there is a commutative diagram 

► Spm c (W A (L),W A {L' , L)) > Spm c (W A (L)) > Spin c (W A (L / , L)) ► 



> Spm c (W AlL ,(L'),Y AlLl (L')) > Spm c (W A y{L r )) > Spin°(Y A | L; (L 1 )) > 

where the two horizontal rows are short exact sequences. The conclusion easily follows. □ 

9.2. Gradings, cobordism maps, and twisted coefficients. We now discuss the general grad- 
ing properties for Heegaard Floer complexes with twisted coefficients and cobordism maps between 
them. Let Z be a closed, oriented 3-manifold with a Spin structure u and a Z[H 1 (Y; Z)]-module 
M. A pointed, admissible Heegaard diagram for Y (with a complete set of paths for the generators, 
as in [T8J Definition 3.12]) gives rise to a twisted Heegaard Floer complex CF~(Z, u;M), see [T71 
Section 8.1]. (Here we use the completed version, and delete the usual underline from notation for 
simplicity.) This complex admits a relative Z/t)(u, M)Z-grading, where 

(92) 5(u,M)= gcd (ci(u),e>- 

{teH 2 (Y A (L);Z)\PD(t)-m=m.,\/meM} 

This is true because the ambiguity in the grading difference between two generators is the 
Maslov index of periodic domains for which the corresponding classes in i/^YjZ) act trivially on 
M; compare [T71 Section 8.1]. 

Next, we set up cobordism maps with twisted coefficients, following |17[ Section 8.2], but in 
slightly more generality. 

Consider a pointed, admissible triple Heegaard diagram (£, a, f3, 7, w) which represents a cobor- 
dism X = X a ^ a with boundaries Y Qj/ g,Y^ j7 and Y an . Suppose we are given an ¥[H l (Y a ^; Z)]- 
module M aj p and an F[i7 1 (Y^ i7 ; Z)]-module Mp~. Given a Spin structure t on X, we denote 
by Spin°(X;t) the space of relative Spin structures on X representing t. Note that Spin c (X;t) 
has a natural action of H 1 (Y a ^; Z) x iJ 1 (Yg )7 ; Z) x H (Y a ^; Z). The Spin structure t induces a 
F[ J H" 1 (y a>7 ;Z)]-module 

r,, ^ 1t (m a ,p,mp^,t) G M a3 x M &ri x Spin c (X;t) 

{M a p ® Aig 7 j = — — — , 

(m Qi/3 , mp n , t) ~ (/i ai( g • m Qj/3 , ft,^ • m^, (/i a)/3 x fyg |7 x 0) • t) 

where /i Qij g and hp n are arbitrary elements of if 1 (y c , i( g;Z) and if^Yg^Z), respectively. 
Suppose we are also given a ¥[H l (Y a ^; Z)] -module M Qj7 and a module homomorphism 

C : {M a p ® M^ )7 }* — > M a>7 . 

For simplicity, let us write M for the triple (M a> p, Mp~, M Qi7 ). We then have a cobordism map 
with twisted coefficients: 

fa,p, T ,t,M,< : CF ~( Y *M\Y a y,M a3 )®CF-(Y^,t\ Ypn ;Mp >y ) CF-(Y a , 7 ,t[y „;M a , 7 ), 

given by 

/^/3, 7 ;t,Af,c( m °,/3 x ® "W) = 1] (#M<£» ■ U n ^Q(m a ,p <g> m^ 7 )z, 

zeT a nT 7 {^67r 2 (x,y,z)|t w ('0)=t} 
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with the usual notations in Heegaard Foer theory, compare \17\ Equation (10)]. 
Set 

(93) d(t, M) = gcd(9(t|y^, M a>j8 ), M Pn ),D{t\ Yan , M a , 7 )) . 
Note that the Floer complexes 

CF-(y^,t|y Q ^M^),CF-(y^ 7 ,t|y^;M^ 7 ),CF-(F Qi7 ,t|y Qi7 ;M Qi7 ) 
all admit relative Z/fl(t, M)Z-gradings. 

Lemma 9.3. (a) The map fa^-ytM( P r sserves the relative Z/t)(t, M)Z- grading s. 

(b) Let t' be another Spin c structure on X with the same restrictions to dX as t, and let £' : 
{M a fi (g) Mp^Y' — > M aa be a module homomorphism. Set t' — t = u G H 2 (X, dX; Z). Then, for 
every pair of homogeneous elements x G CF~ (Y a> p, t|y Q g ; M a ^) and y S CF _ (Yg i7 , t\y ; Mp n ), 
we have 

( 94 ) g r ^/3, 7; t',M,C'( x ® y) " g r /^ l7 ;t 1 M,c( x ® y) = (ci(t) ~ u + u ~ «) [X] (mod D(t, M)). 

Proof, (a) The ambiguity in the grading shift comes from doubly periodic domains with trivial 
module actions. The contribution of these domains to the Maslov index is given by their pairing 
with ci(t). 

(b) This follows from the formula for the Maslov index of a triply periodic domain in \2b\ Section 
5]. □ 

Of course, Equation (|92l) and Lemma [9731 apply equally way to truncated Floer complexes CF - ' 5 
instead of CF~, and to triple Heegaard diagrams with several basepoints. 

Remark 9.4. A particular example of cobordism map is the untwisted one corresponding to a two- 
handle addition, as in [21]. In this case Yg 7 is a connected sum of S 1 x S 2, s, and we consider 
only triangles with one vertex at a representative for the top-degree homology generator y = 0^ a ". 
Supposing further that ci(t) has torsion restrictions to Y a ^ and Y a>7 , the respective Floer homology 
groups have absolute Q-gradings compatible with their relative Z-gradings. Let W be the cobordism 
from Y Qj( g and Y a ^ obtained from X by filling in the other boundary component with three-handles. 
It is shown in [21] that the cobordism map shifts absolute grading by 

(95) Cl (t) 2 -2 X (^)-3g(I^ 

where x an d o denote Euler characteristic and signature, respectively. If we further suppose 
that ci(t') has torsion restrictions to Y a p and Y a ^, we can then view Equation (|94p as a simple 
consequence of the formula (|95|) . with 0(t, M) = 0. 

9.3. A long exact sequence. In this section we sketch the construction of the surgery long exact 
sequence from \23\ Section 3] and [141 Section 6.1]. It is stated there for rationally null- homologous 
knots, but the construction can be generalized to works for arbitrary knots inside three-manifolds. 
In the more general setting, one of the Floer complexes may appear with genuinely twisted coeffi- 
cients; see Proposition 19.51 below, as well as its graded refinements: Propositions 19.11] 19.151 19.171 
19.241 19.281 and 19.291 (A slightly different generalized surgery sequence with twisted coefficients was 
proved by Fink [3].) 

We work in the setting of Section 19.11 with (L, A) being a framed ^-component link inside an 
integral homology three-sphere Y. Let A be the framing on L obtained from A by adding m\ > 
to the surgery coefficient Ai of the first component L\\ that is, the corresponding framing vectors 
are Ai = Ai + m\Ti, where here n is a meridian for L±, and A, = Aj for i ^ 1. Also, we 
let L' = L — L\ and denote by A' the restriction of the framing A to L', with framing vectors 
A2, . . . , A' £ . We can view K = L\ as a knot inside the three-manifold Y\/(L'), and Y^(L) as the 
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result of surgery along that knot. (Note that, given any knot K inside a three-manifold M, we can 
find L = Lx U L' C Y = S 3 such that M = S\,(L') and K corresponds to L x .) 

Suppose we have a multi-pointed Heegaard diagram (£, a,/3, w, z\) for K C Y^i(L'), with possi- 
bly several free basepoints, but a single basepoint pair (w±, Z\) on K. Let g be the genus of £ and 
k the total number of w basepoints, as in Section [4. 1[ Moreover, we assume that wi and z\ can be 
connected by a path which crosses P g+ k-i exactly once, and which is disjoint from all the other a 
and /? curves. 

As in |23|, proof of Theorem 3.1], we let 7 9+ ^_i be a simple, closed curve in £ disjoint from 
Pi, . . . , P g+ k-2 which specifies the Ai-framing of Li C Y. We complete this to a (g + k — l)-tuple 
7 of attaching curves on £ by taking curves 71, . . . ,j g +k-2 which approximate Pi, . . . , Pg+k-2 in 
the sense of Definition 16.11 We define another collection S similarly, only now 5 g +k-i specifies the 
framing Ai + mi on L\. Thus, (E,q,7,w) and (£, a, S,w) are Heegaard diagrams for Y\(L) and 
Y A (L), respectively. 

The Heegaard triple (£, a, 7, S, w) represents a four-manifold Xi with three boundary compo- 
nents, 

y A (L), L(?n 1 ,l)#(#f +fc - 2 (S 1 xS 2 )), and y A (L). 

There is a canonical torsion Spin c structure on the manifold L{mi, i)#(# g+k ~ 2 (S l x S 2 )), see 
\23\ Definition 3.2]. We arrange that the Floer homology HF~(T 7 , T$, w) in that Spin c structure, 
in the maximal degree with nonzero homology, is represented by a unique intersection point, which 
we call canonical. We define a map 

/f : CF~(T a ,T 7 ,w) — > CF-(T Q ,T 5 ,w) 

by counting holomorphic triangles with one vertex in the canonical intersection point. 

Let us add g + k — 2 three-handles to X\ to kill off the S 1 x S 2 summands in the middle boundary 
component, then remove a neighborhood of a path between the first two boundary components. 
We thus obtain a cobordism Wi from Y\(L)#L(mi, 1) to Y^(L). It is easy to see that 

/r(x) = /^(x®e^), 

where is the map on Floer complexes induced by the cobordism Wi (as in [21]), and 0™ is 
the top degree generator for the Floer homology of L(mi, 1) (in its canonical Spin c structure u can ). 

Next, we look at the Heegaard triple (£, a, S, (3, w). This represents a cobordism X2 with three 
boundary components, 

Y K {L),#* k -\S 1 x S 2 ), and Y K ,{U). 

By filling in the middle component with three-handles, we obtain a cobordism W2 from Yjjju) 
to Ya'(L'). This is simply the reverse of the cobordism — W A (L , L) in the notation of Section [97T1 
Here, by reverse of a cobordism we mean a reversal in direction, i.e., turning the cobordism around 
so that we view it as a cobordism from the final to the initial manifold. The minus sign denotes 
the additional reversal of orientation. 

To X2 we associate a cobordism map with twisted coefficients as in Section 19.21 (Compared to 
the notation there, we now have X2 instead of X, 8 instead of (3, and (3 instead of 7.) We let M a ^ 
and Mg t p be the modules F, with trivial action by the respective cohomology groups. Consider the 
ring 

STi = F[Z/miZ] = F[Ti]/(r i m ~ 1 - 1). 
We make ^ into a FlH 1 (Y A >(L' ))}-module M a $ by letting h G H X (Y K ,{L')) act by multiplication 
by t^'ILi]) m j n corresponding Floer complex CF~ (Y\i(L r ); 3?i) each isolated holomorphic strip 

gets counted in the differential with a coefficient T™ W1 ^ ™ 21 ^ , where (ft is the homotopy class of 
the strip. 
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Given t £ Spin c (Vl / 2), we abuse notation slightly, letting t also denote the restriction of t from 
W2 to X2. We consider the module homomorphism 

C : {M a)& ® Ms,?}* — > M atfi 

given by composing the projection 

t Spin c (X 2 ;t) 
{M a> g®Mg^ — > " ^i (#fl+fc -2 (5 i x 52)) 

with the map 

rqfi A Spin c (X 2 ;t) .^(iSKW 

1 j ifi(y A (L))xffi(#9+*-2(5 1 x5 2 )) 1; 

where ip G Spin c (X2;t) is viewed as a homotopy class of triangles, compare [171 Section 8.2.1]. 
Note that the map (|96p is well-defined, because every doubly-periodic domain (j) for Y\(£) or 
#fl+*- 2 (5 1 x 5 2 ) has n^fa) = n 21 (</>)• 
We define 

/ 2 - : CF-(T Q ,T 5 ,w) — > CF-(T Q ,T^,w;^i) 

by 

/-(x)= £ ^(x®^), 

tGSpin c (H/ 2 ) 

where 6JfJg is the respective canonical generator. In other words, the map f 2 ~ counts holomorphic 
triangles in a class tp with a coefficient T™ wi<y ^ n *iW _ p Qr f u ^ ure reference, since we will be 
interested in the grading properties of /^~, we note that 

(97) 5(t,^i) =gcd(5(t|y i(i) ),5(t|y A#(i/) ,51)), 

where we denoted Z)(t, 5i) = 0(t,M) for simplicity. Equation (|97|) follows from (|93p together with 
the triviality of the modules M a j and Mg$. 

Finally, we consider the cobordism X3 corresponding to the Heegaard triple (S, cx,f3,y). The 
associated filled-in cobordism W3 from Y^/(L') to Ya(L) is simply Wa(L', L), i.e., surgery on the 
framed knot (Li, Ai). We set up a cobordism map with twisted coefficients 

/ 3 - : CF-(T a ,T^w;^l) — > CF-(T Q , T 7 , w) 

by using the module 3T\ for Y\/(L'), and trivial modules for the other two boundary components 
of X 3 . 

We denote by F 1 , F 2 , F 3 the maps induced by fi,f 2 , f% on homology. 

Proposition 9.5. For any framed link (L,A) inside an integral homology sphere, there is a long 
exact sequence 

. . . — > HF-(Y A (L)) ^ HF"(Y A (L)) ^ HF~ (Y A ,(L'y, 3T X ) ^ ■ ■ ■ 
In fact, the complex CF~(Y\(L)) = CF~(T Q , T 7 , w) is quasi-isomorphic to the mapping cone of 
/a"- 

The proof of Proposition I9.5I is given in |14|, Section 6.1] for the case when L\ is rationally 
null-homologous inside Y\/(L') (and for HF + instead of HF~), but it applies equally well to our 
situation, so we omit it. 

We would like to have a refined statement of Proposition 19. 5[ in which we keep track of the 
decomposition of CF~ (Y\(L)) into Spin c structures, as well as the respective relative gradings 
on it. However, keeping track of gradings is possible only if we work with vertically truncated 
complexes CF~' S (as in Section 18^4]) instead of CF~. We write ff (resp. Hf) for the vertical 
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truncation of j i (resp. Hf). The proof of Proposition 19.51 in fact gives the following more precise 
version: 

Proposition 9.6. Fix 5 > 0. For any framed link (L,A) inside an integral homology sphere, the 
complex CF- 1<5 (T a) T 7 , w) = CF~' S (Y A (L)) is quasi- isomorphic to the mapping cone 

(98) CF-' a (Y A (L)) ^ CF-' 5 (Y A/ (L'); ft). 

In fact, following [23] and [H], there are two natural quasi-isomorphisms that can be used to 
prove Proposition 19.51 First, we have the quasi-isomorphism 

(99) CF~> S (Y A (L)) ^ Cone(CF-> s (Y A (L)) ^> CF~> 6 \Y A ,(L'); ft)) 

given by a triangle-counting map ff to the first term in the mapping cone and a quadrilateral- 
counting map Hf (a null-homotopy of /| ° fi ) to the second factor. Second, we have a quasi- 
isomorphism in the opposite direction 

(100) Cone{CF~> 5 (Y A (L)) ^ CF^ S {Y AI {L'); fty)) ^ CF^ S {Y A {L)), 

given by a triangle-counting map /| from the second term of the mapping cone, and a quadrilateral- 
counting map (a null-homotopy of /| o /| ) from the first term. 

9.4. Refinements of Proposition 19.61 We will discuss below several refinements of Proposi- 
tion 19.61 on a case-by-case basis, depending on A. By choosing mi judiciously (in particular, 
sufficiently large compared to 5), we describe cases where the quasi-isomorphism (|99p or (jlOOp has 
good Spin structure decompositions and good grading-preserving properties. 
More precisely, we consider the following two cases: 

• Case I: A is non-degenerate; 

• Case II: A is degenerate, and furthermore Ai G Span(A2, . . . ,A(). 

(We do not consider the case where A is degenerate, but Ai g" Span(A2, ■ ■ ■ , Ai). That case turns 
out not to be needed for our present applications.) 

Case I is further subdivided as follows. Let h > be the smallest integer such that the vector 

a= (oi,...,a £ ) = /iA" 1 (l,0,...,0) 

has all integer coordinates. We choose mi 3> such that the vector miTi = (mi,0, • • • , 0) is 
in H(L,A) = Span(Ai, . . . , A^)0 Hence, the value d = m\/h is an integer, too. Choosing mi 
sufficiently large is the same as choosing d sufficiently large. In the case when a\ ^ 0, we impose an 
additional constraint on our choices of sufficiently large m\\ namely, we ask for mi to be a multiple 
of a\h, i.e., for d to be a multiple of a\. 

It is easy to check that a\ = if and only if A' is degenerate, and when A' is nondegenerate, the 
sign of a\ is the same as the sign of the restriction of A (viewed as a symmetric bilinear form) to 
the one-dimensional space Spanq(A2, ■ ■ ■ , Ai) 1 - C Q . (Here, the orthogonal complement is taken 
with respect to the standard inner product.) 

We thus distinguish three subcases, according to the sign of a\: 

Subcase I (a): a\ > 0. In this subcase, the graded refinement of Proposition 19.61 is given in 
Proposition 19.111 below. The model example to keep in mind is that of positive surgery on a knot 
K C Y, e.g. Y = S 3 , n is a positive integer, A = (n), A = (n + mi), A' = 0, a\ = 1, h = n. 

Subcase I (b): a\ < 0. In this subcase, the refinement is given in Proposition 19.151 below. The 
model example to keep in mind is that of negative surgery on a knot K C Y, e.g. Y = S 3 , n is a 
positive integer, A = (— n), A = (— n + mi), A' = 0, a± = — 1, h = n. 



By "span" we will mean the span of integral vectors over Z, unless we explicitly refer to the "Q-span." 
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Figure 27. The cobordism W\. By adding an unlinked, unknotted component 
Le + i with framing m to the original link L we obtain a surgery presentation for 
Y\(L)#L(mi, 1). The cobordism W\ is then given adding a two-handle along the 
unknot component L1+2 with framing 0, which has linking number one with both 
L\ and Z^+i- 



Subcase I (c): a\ = 0. In this subcase, the refinement is given in Proposition 19.171 below. The 
model example here fractional surgery on a knot in S 3 , as follows. Let K C Y = S 3 be a knot, 
which we can promote to a two-component link L = L\U K, where here L\ is a meridian for K. 
In this case, write 



In this model example, Y A (L) = S 3 , Y K (L) = Sf /n (K), and Y A ,(L') = S$(K). Note now that 
Y A i(L') appears with twisted coefficients. Thus, Proposition 19.171 can be viewed as a generalization 
of the fractional surgery theorem [17} Theorem 9.14]. 

In Case II, there are two refinements, given in Propositions 19.241 and 19.281 corresponding to 
the two possible quasi-isomorphisms from Equation (j99|) and (llOOj) respectively. Another case, 
where the Floer complex for Y A (L) has twisted coefficients, is given in Proposition 19.291 The model 
example for Case II is that of zero-surgery on a knot in an integral homology three-sphere: A = (0), 
A = (mi), A' = 0. In this example, Proposition 19.241 should be compared with the integer surgeries 
exact sequence [T71 Theorem 9.19]. 

In all these cases, to understand the Spin c decompositions, we find it useful to study further the 
cobordism W\ from Y\(L) to Y A (L), in the manner of Section [9.1i 

The cobordism W\ consists of a single two-handle addition. A Kirby calculus picture for it is 
shown in Figure [271 If we denote by L + the (I + 2)-component link L U L^ + \ U L^ + 2 from the figure, 
and by A + its given framing (also shown in the figure), we can express our cobordism as 




W 1 = W A+ (L+ -L e+2 ,L+), 

in the notation used in Section 19.11 In matrix form, the framing A + for L + is 

/ 1 \ 

A 



(101) 
















mi 1 



V 1 



1 0/ 
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We denote the rows of A + by A+, i = 1, ...,£ + 2. 

Definition 9.7. Two Spin c structures u on Y\(L) and u on Yj^(L) are called linked if there exists 
a Spin c structure on W\ which restricts to u^u can on Yx(L)#L(mi, 1), and to u on Y^(L). 

Note that we can use Lemma 19.21 to describe Spin c structures and restriction maps concretely. 
We have: 

Lemma 9.8. Two Spin c structures u G Spin c (Y A (L)) 2i M(L)/H(L, A) and u G Spin c (Y A (L)) 
W(L)/H(L, A) are linked if and only if there exists s G H(L) and j G Z such that u = s + H(L,A) 
and u = s + jm\T\ + H(L, A). 

Proof. Suppose we have a Spin c structure 

t G Spin^Wx) M(L+)/5pan(A+ . . . , A+ A+ +1 ), 

and let s + = (sf , . . . , s^ , s^ +1 , s^ +2 ) G H(L + ) be a representative of t. Using Lemma 19.2} the 
condition that the restriction of t to Y\(L)^=L(mi, 1) is u#u can translates into 

u = s + H(L, A), where s = (sf - 1/2, s+, . . . , sf) G H(L) 

and 

^L-z* + i( B +) = o G Spin c (L(mi,l)) ^ Z/mi 

i.e. 

s £+i = 9*711 + I/ 2 

for some g£Z. 

On the other hand, the restriction of t to Y^{L) is 

s+ + H(L + ,A + ) G (H(L+)/tf(L + ,A + )). 

Note that we have two different expressions for Spin c (Y A (L)) as a quotient, one coming from the 
cobordism W\ and one from W A (L). They are related by the isomorphism 

M(L + )/H(L + ,A + ) — ► W(L)/H(L,A) 
s+ + H(L + ,A + ) — > s + H(L,A), 

where 

s = (si, . . . , si) = (sf - sj +1 + misj +2 , sj, . . . , s|). 
The conclusion follows by taking j = s^ +2 — q. □ 

9.5. Refinements of Proposition [9.6), Case I: A is non-degenerate. Subcase I (a): a\ > 0. 

(The model example to keep in mind is that of positive surgery on a knot K C Y, for which the 
grading issues have been studied in [231 Sections 4.5-4.6].) 

In this situation Y\(L), Y\(L), and Y\i{L') are all rational homology spheres, and therefore the 
corresponding Floer chain complexes all admit absolute Q-gradings (and relative Z-gradings) in 
each Spin c structure, cf. [21] . 

In fact, we can rephrase this subcase as being about positive surgery on the knot L\ inside the 
rational homology sphere Y\>(L'). As such, it was fully treated in [TJ1 Section 6.3] (see also [23~1 
Sections 4.5-4.6]). However, we present a slightly different proof here, which will be easier to adapt 
to the other cases below, and which gives us the opportunity to establish some notation. 

We aim to understand the quasi-isomorphism (ff, Hf) from (|99|) . We start by studying the map 
ff, which corresponds to the cobordism W\ from Figure |2"T1 

Lemma 9.9. If a\ > 0, then the cobordism W\ is negative definite. In fact, a generator Si of 
H 2 (Wr,Z) ^ Z satisfies £i ■ Ei = -mi(aid+ 1). 
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Proof. Using the matrix form (jlOip for A + and the identification (|86p . we get that the generator 
of H2(W\] r L) is given in coordinates by 

(102) Si = (aid, . . . , aid, 1, —mi). 

The conclusion then follows from Lemma 19.11 (a) . □ 



Using Lemma \9.8\ we can specify the relation between the Spin c structures on W\ and its two 
boundary components. Precisely, since m-iTi = (mi,0, . . . , 0) G H(L,A), we deduce that Spin c 
structures u G Spin c (y A (£)) = M(L)/H(L,A) and u G Spin c (y A (L)) 9* M(L)/H(L,A) are linked if 
and only if 

tt(u) = u, 

where 

vr : (w(L)/H(L,A)j -4 (w(L)/H(L,A)\ 

is the natural projection. Note that the projection makes sense because H (L, A) = Span(Ai + 
miTi, A2, . . . , A^) is a subset of H(L, A). 

This observation implies that the map ff is a direct sum of the maps 

fl u : CF- 5 (y A (L),u) -4 CF-' 5 (y A (L),u), 

{uGSpin<=(y A (L))|7r(u)=u} 

for u G Spin c (y A (L)). Further, the map /f u is itself a sum of maps /f u . t , one for each Spin c 
structure t G Spin c (IUi) with ip Le + 2 (t) = u#u c 
Let us now turn our attention to the map 



.can 



mi — 1 



/ 2 a : CF~> 5 (Y A (L)) -4 CF-' 5 (y A ,(L'); 5J) - T{ ■ CF~> 5 (Y A ,(L>)), 

i=0 

whose mapping cone appears in (1991) . This is simply a twisted coefficient map associated to the 
cobordism W2, the reverse of —W^(L',L) in the notation of Section f9.il 

Lemma 9.10. The cobordism W2 is negative definite. Its second homology is generated by a class 
£2 with S2 • S2 = — aih(aid + 1). 

Proof. It is easier to think about the cobordism W^(L',L), for which we can apply Lemma 19.11 
Indeed, by part (a) of that Lemma, the generator of the second homology is the vector a, with 
a*Aa = aih(aid + 1). The change in sign in the final answer is due to the fact that in W2, the 
orientation is reversed. □ 

Using Lemma 19.21 we can relate Spin c structures on the two boundaries of W2 ■ By also keeping 
track of the powers of Ti, we obtain that /| is a sum of maps 

(103) /£ a;t : CF~> S (Y A (L),u) I? • CF~> S (Y A ,(L>), ^ (t)), 

for t G Spin c (IU 2 ) = M(L)/H(L, A\ L >) restricting to u G Spin c (Y" A (L)). Here, T* denotes rf (t_to) , 
where to is a fixed Spin structure on W2- Note that the expression a • (t — to) is well-defined 
because a • v = for all v G H(L, A\u). (In fact, as can be seen from the proof of Lemma 19. 101 
multiplication with a represents evaluation on the homology generator.) 

Taking the sum of all maps /fs-t over au t (with u fixed), we obtain a map 

fl- u : CF-> s (Y A (L),u) -4 T\ ■ CF~> S (Y A ,(L>), ^ (t)). 

{t £ Spin c ( W 2 ) I it L ■ L ' (t ) =u) 
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By a slight abuse of notation, for u G Sp'm c (Y\(L)) , we set 

/l,u = XT -^2,u- 

{ugSpinc(y A (L))|7r(u)=u} 

Note that each term T 1 -CF _ ' <5 (y A ,(L / ),u / ), for i = 0, . . . ,mi-l and u' G Spin c (Y A /(L')), appears 
in the target of exactly one of the maps /|u- Indeed, two Spin c structures t,t' on W2 have the 
same term in the target if and only if t — t' G Z /H(L,A\l') has a representative of the form 
(dh/ai, 0, . . . , 0). Since we have chosen d to be a multiple of ai, and (h, 0, . . . , 0) is in the span of 
Ai, . . . , A^, we get that t and t' have the same reduction modulo H(L,A), i.e. they correspond to 
the same u. We conclude that the map /| is the direct sum of all /| u , for u G Spin c (Y A (£))- 

The last map that appears in (|99p is the null-homotopy Hf . This also splits as a direct sum of 
maps Hf u over u G Spin c (YA(£))> where Hf u denotes the corresponding null-homotopy of /| u °/i u - 
Moreover, each Hf u is a sum of maps Hf u . t , over Spin c structures on W1UW2 restricting to u#u can 
on the boundary component Y\{L)ffL{m\, 1). 

The quasi-isomorphism (|99p can then be viewed as a direct sum itself. Precisely, the summand 
CF~' S (Y\( L), u) is quasi-isomorphic to the mapping cone of 
(104) 

CF~> s (Y K (L),u)^k Tf.CF-> s (Y A ,(L'U L i(t)) 

{ueSpin c (y A (L))|7r(u)=u} {teSpin c (H/ 2 ) \tv(tt l > l ' (t))=u} 

via the map (/f u , ilfj. 

Note that the direct summands appearing in (|104p are absolutely Q-graded and relatively Z- 
graded (in a compatible way). 
We seek to prove: 

Proposition 9.11. Fix 5 > 0. Suppose that A is nondegenerate, a\ > 0, and mi (a multiple 
of a\h) is sufficiently large. Then for every u G Spin c (YA(.L)), there is a relative Z-grading on 
Cone(/| u ) such that the quasi-isomorphism 

(/i,u> H i,u) ■ CF-' 5 (Y A (L),u) ^ Cone(fl u ) 
respects the relative TL-gradings on the two sides. 

For this, we need a few lemmas, for which we make use of the absolute Z-gradings on our 
complexes: 

Lemma 9.12. Let L CY and A be as above, and fix 5 > 0. Then, there are constants C\ and C2 
( depending only on L, A and 5 ) such that for all sufficiently large mi ( chosen as specified above, 
i.e. a multiple of a\h) and for all u G Spin (Y A (L)) = M(L)/H(L, A), we have 

(105) maxgrCF-*(Ys(L),u) - mingrCF-' <5 (y A (L),u) < C 1} 

|(2s-A 1 ).a| 2 



(106) 



maxgrCF ' (Y A (L),u) — min 



<C 2 



{seH(L)|[s]=u} 4aih(aid+ 1) 

Proof. This is an analogue of Corollary 2.4 from [23], and has a similar proof, so we only sketch the 
argument. (See also \14:\ Lemma 4.6 and the proof of Proposition 4.2].) The first inequality follows 
from the large surgeries theorem ([HI Theorem 4.1]), which gives a relatively graded identification 
of CF~' S (Y A (L), u) with a generalized Floer complex of L\ inside Y\/(L'). This latter complex is 
independent of m\. 

For the second inequality, note that if t G Spin c (Pv2) — M(L)/ H(L, A\l>), then, using Lemma f9.10l 
and the formula S2 = a for the homology generator in standard coordinates, we get 

<ci(t),[E 3 ]) = (2s-Ai).a, 
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and 

where s £ H(L) is any representative of t. Consider the map induced on (truncated) Floer ho- 
mologies by the cobordism W2 in the Spin structure t for which ci(t) 2 is maximized along all 
t that restrict to u. The large surgeries theorem |14l Theorem 4.1] also identifies this map with 
a standard inclusion map between generalized Floer complexes. Since the target graded group 
CF~' S (Y\i(L'),i/j Ll (t)) is independent of mi, inequality (1106|) follows from the formula (195|) for 
absolute grading shifts. □ 

Lemma 9.13. Fix L,A,6 as above, and a constant C3 £ R. Then, there is a constant b with the 
following property. For all sufficiently large m\ (divisible by a\h), for any fixed u £ Spin c (Y^(L)) = 
M(L)/H(L,A), there are at most two Spin c structures t on Wi whose restriction to YfJ^L) is u, and 
with the property that 

(108) maxgrCF-' <5 (y A (L),u) > C 3 - 

these are the Spin c structures t = tj? with 

(ci(t*),[E2]) = (2s±Ai).a, 
where s £ H(L) is any representative of u which satisfies 

(109) - h( ai d+l)/2 < s • a < /i(M + l)/2. 
All other Spin c structures t restricting to u satisfy the inequality 

ci(t) 2 < -4nn . 

Moreover, if there is no representative s of u satisfying |s • a| < 6, f/ien t/iere is a unique Spin c 
structure t (restricting to u) that satisfies (|108p . namely the one for which |(ci(t), [S2] ) | is minimal. 

Proof. Since Ai • a = h{a\d + 1) and A» • a = for i > 1, each ii € M.(L)/H(L,A) has indeed a 
representative s satisfying (|109p . and the value of s • a is independent of that representative. 

We use formula (|107p for ci(t) 2 , as well as the inequalities (|105p and (|106p to verify the statements 
of the lemma. For more details in a special case, see [231 Lemma 4.4]. □ 

Lemma 9.14. Fix a constant Cq. For all sufficiently large mi (divisible by ct\h), the following 
statement holds. Each Spin c structure u over Y]^(L) has at most one extension t to W\ whose 
restriction to Y\(L)#L(mx,l) is 7r(u)^u can and for which 

(110) C <ci(t) 2 + mi. 
Further, if such a Spin c structure t = t£ exists, then 

(Hi) c l( te) 2 - 4 ^' a ) 2 



h(aid+ 1) 



where s € H(L) is the representative of [s] = u £ M(L)/H(L, A) /or which the absolute value |s • a| 
is minimal. 

Proof. (Compare [231 Lemma 4.7] and [141 Lemma 6.7].) Since both boundaries of W\ are rational 
homology spheres, for any t £ Spin c (Wi) we can write c\{t) = a ■ PD(Si), for some a £ Q. Here, 
Si is the homology generator from Lemma 19.91 Using the computation Si • Si = —m\ (a\d + 1) 
from that lemma, inequality (jllOp becomes 

1 ^ V mi (aid + 1) 
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(Recall that d = mi/h.) Restriction to the boundaries determines t up to addition of PD(Si), i.e. 
u determines a up to the addition of an even integer. Since the right hand side of (|112p becomes 
very small when d gets large, in each equivalence class mod 2Z there is at most one a satisfying 
(fTT2l . Inequality (fTTOl) follows. 

To establish (jllip . we investigate in more detail the possible values of (ci(t), [Si]), over all t 
which have fixed restrictions u and 7r(u)^u can to the boundaries. Given such a Spin c structure 

t e Spin c (^i) 9* M(L + )/Span(A+, A+ A+ +1 ), 

let s + = (s^, . . . , Sg, 8g +v Sg, 2 ) € M(L + ) be a representative of t. Recall from the proof of 
Lemma 19.81 that 



(113) s++i = m i + 2' 

and the restriction of t to Y^(L) is u = [s] G M(L)/H(L, A), where 

(114) s = (s 1 , . . . , s e ) = (sf - sj +1 + mis+ +2 , s%, . . . , s/). 

Using (|113j) . (I114p . and the formula (I102p for the homology generator Si, we get 
(ci(t),£i) = (2s + - A+ +2 ) • (aid, ... ,a e d, 1, -mi) 
= 2cfe-a + 2mi(aid+l)(l-s£ f2 ) 

= 2d(s + Ai(l-s+ +2 ))- a - 

Since the equivalence class u = [s] 6 M(L)/H(L, A) is unchanged by the addition of a multiple of 
Ai, by re-labelling t we conclude that the possible values of (ci(t), Si) (when u is fixed) are exactly 
given by 

(ci(t),Si) =2tfe-a, 
where s € H(L) is a representative of t. Hence, 

2s • a ^ 
n{a\d + 1) 

and 

4d(s • a) 2 



ci(tV 



/i(aid + 1)' 

Thus, |a| is small if and only if |s • a| is small, and (jllip follows. □ 

Proof of Proposition [9.111 We start by equipping the domain of the map /| u with a relative Z- 
grading such that ff u respects the gradings. We do this as follows. Lemma f9. 121 supplies a constant 
Co with the property that for all t G Spin c (Wi) with ip Le+2 (t) = u#u can , the map /i u . t is zero 
unless Inequality (jllOp is satisfied. Now, Lemma T9. 141 shows that for each u € Spin c (Y^(L)) such 
that 7r(u) = u, there is at most one extension t = of u to W\ satisfying (jllOp . Now we choose a 
relative grading on the domain of /| u so that each map /i jU; t2 is grading preserving. 

We grade the range of /| u so that this map (thought of as differential of the mapping cone) 
drops grading by one. To do this, we need to check that, for any given term 

T[ ■ CF~ ,<5 (Y A /(L / ),u / ) 

in the target of / 2 u , the compositions /| u t 2 ° /i u-ti which hit that summand induce the same shift 
in grading. Lemmas 19.131 and 19.141 imply that, if we fix the target, there are at most two pairs 
(ti,t2) for which the corresponding compositions are nonzero. In fact, in many cases there is at 
most one such pair. If two pairs with nonzero compositions (with the same domain and target) 
exist, they are of the form 

(ti,t 2 ) = (ta.tjj - ) and (ti,t' 2 ) = (ta +Al ,tg +Al ), 
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where il G Spin c (Y^(L)) admits a representative s with |s • a| < b. 

Let s be the representative of u with |s • a| minimal. Using the formula (|95p . checking that 
/l,u;t 2 ° /i,u-ti an< i /| u-t' ° /fu't' shift degree by the same amount is equivalent to showing that 



i 

(115) Cl (t!) 2 + Cl (ti) 2 = ci(t 2 ) 2 + Cl (t 2 ) 2 

Indeed, using Lemma f9. 141 we get 



ci(ti) 2 -ci(t' 1 ) s 



4d|(s + Ai) -a| 2 4d|s-a |2 



+ h(a x d+l) 
4d(Ai -a)((2s + Ai) - a) 

h(a 1 d+ 1) 
4d(2s + Ai) - a 
a\d + 1 



Using Lemma 19.131 we get 



r+>\2_ x2 _ (2s + Ai)-a (2s + 2Ai-Ai)-a 
ci{t 2 ) Cl [t 2 ) - aih{aid+1) ai h{ ai d+l) 

4((Ai-Ai)-a) ■ ((2s + Ai)-a) 

a\h(a\d + 1) 
4d(2s + Ai) - a 
a±d + 1 

Equation (| 1 15|) is therefore satisfied, and we conclude that ff u preserves the relative grading. 
The other component of the quasi- isomorphism under consideration is the null-homotopy Hf u . 
To check that it is grading-preserving, note that it is a sum of terms Hf u . t over certain Spin c 
structures on W\ U W 2 ■ The inequalities (I105|) , (|106p , (I108P and (jllOp imply that the only nonzero 
terms correspond to Spin c structures of the form (ti^) = (t^t^); compare [23l Lemma 4.8]. 
The grading shifts are one less than to the corresponding shifts of the compositions /| u . t o ff u . t 
Hence, since ff u preserves the relative grading, so does Hf u . □ 

Subcase I (b): a\ < 0. The model example is that of negative surgery on a knot K C Y, which 
was discussed in [231 Section 4.7]. 

In this situation again Y\(L),Ya(L), and Y^i(L') are rational homology spheres, so we can use 
absolute gradings and computations of grading shifts. The computations in Lemmas 19.91 and 19.101 
still hold, with the important difference that now Si • Si = —mi (aid + 1) is positive, hence W± 
is positive definite. Since we need to work with maps induced by negative definite cobordisms, we 
consider instead the quasi-isomorphism in the other direction (i.e. Equation (llOOp rather than (|99|) ). 
and show that it preserves relative grading. To this end, instead of W\ we use the negative definite 
cobordism W3 = W\(L', L) from Y^{L') to Y^(L), which gives rise to the map /|. 

The quasi-isomorphism (llOOp is a direct sum of quasi-isomorphisms (-f^lu'/lu)' one f° r eac h 
u G Spin c (Y A (L)). 

Proposition 9.15. Fix 5 > 0. If A is nondegenerate, a\ < 0, and mi (a multiple of a\h) is 
sufficiently large, then for every u G Spin (1a (L)), the quasi-isomorphism 

(H 5 2,uJU ■ C<me(fi tU ) ^ CF-> 5 (Y A (L),u) 
respects the relative TL-gradings on the two sides. 

Sketch of the proof. The quasi-isomorphism under consideration is a sum of several maps, corre- 
sponding to Spin c structures on W2 U W3. Analogues of Lemmas 19.131 and 19.131 show that, if we 
fix the domain and the target of the maps, there at most two Spin c structures on W 2 U W3 which 
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give nonzero maps, and a computation similar to that for (|115p shows that those two maps shift 
the absolute gradings in the same way. Compare [231 Section 4.7] and [141 Section 6.4]. □ 

Subcase I (c): a\ = 0, i.e. A' is degenerate. (A model example to keep in mind is surgery 
on a link of two components L = L\ U L 2 C Y, where the linking number of L\ and L 2 is nonzero, 
and the framing coefficient of L 2 is zero.) 

In this situation Lemma 19.91 still holds, we have Si • Si = —mi, so the cobordism W\ is negative 
definite. Consequently, we choose to look at the quasi-isomorphism ([99]) . just like in Subcase I 
(a). The main difference from that subcase is that now Y\/(L') has 61 = 1, so the respective Floer 
complex (with twisted coefficients) does not have a relative Z-grading. 

Let us study the relationship between Spin structures on the boundaries of the cobordisms 
W\ and W<2, just as we did in Case I (a). For W\, it is still true that u G Spin c (>A(X)) and 
ii G Spin (Y A (L)) are linked if and only if vr(u) = u, where 

vr : (w(L)/H(L, A)j (w(L)/H(L,A.j) 

is the natural projection. Moreover, because now (mx,0, . . . ,0) = Ai — Ai is in the span of 
A2, . . . , A^, we have H(L,A) = H(L,A), and the projection tt is actually a bijection. Thus, the 
triangle map ff decomposes as a direct sum of maps 

fl u : CF-> 5 (Y A (L),u) CF-> 5 (Y K (L),n-\u)), 

for u G Spin°(>A(-k))- Just as before, the map f± u is itself a sum of maps ff u;t , over Spin c structures 
t G Spin c (Wi) with the given restriction to the boundary. 
With regard to the cobordism W 2 , we have 

Lemma 9.16. If A is nondegenerate and a\ = 0, then the natural restriction map 

Spin c (W 2 ) -> Spin c (cW 2 ) = Spin c (Y A (L)) x Spin c (Y A , (L')) 

is infective. 

Proof. It suffices to prove the analogous statement for second cohomology groups, which is easier 
because then the restriction map is a homomorphism and we can talk about its kernel. It is also 
easier to think of the cobordism W A (L', L), which is the reverse of W 2 with the opposite orientation, 
and apply Lemma |9. II to it. Suppose s G Z is such that 

[s] G H 2 (W A (L', L)) Z e /Span(A 2 , ■ ■ ■ ,A e ) 

has trivial projections to Z /H(L, A) and to 'Z i ~ 1 /H(L', A'). We need to show that [s] = 0. 

By assumption, there exist 62, . . . , hi such that s — 62 A2 — • • • — b^An has only the first coordinate 
nonzero. Hence [s] has a representative s' = (s^, 0, . . . , 0). Also by hypothesis, s' must be in 
H(L, A) = H (L, A) = Span(Ai, . . . , A^). But since (h, 0, . . . , 0) is in the span of A 2 , . . . , A^, and A 
is nondegenerate, we must have that s' is also in the span of A2, . . . , A^. Therefore, [s] = [s'] =0. □ 

Recall that A • (0, 02, . . . , ag) = (h, 0, . . . , 0), so since A is nondegenerate, the kernel H(L', A') 1 - 
of A' (which is identified with H l (Y A i(L')), cf. Section [73]) must be a copy of Z, generated by a' = 
(02, . . . , ai). If A' x = Ai|^/ is the vector of linking numbers between L\ and the other components, 
we have A\ ■ a' = h, i.e., the generator a' of H 1 (Y\/(L')) evaluates to h on [L\\. We define an 
F[// 1 (y A /(L / ))]-module 

Vi = nvi\/{v? ~ 1), 

where c G ^{Y^^L')) acts on Vi by multiplication by vj c '^ Ll ^^ h . 

If we equate T± = Vi, it is easy to check that for every u' G Spin c (YA'(^0) we have an isomorphism 

h-l 

CF-> s (Y A ,(L'),u>; ft) - 0^ • CF-' S (Y AI (L / ),n , ;V 1 ). 

i=0 
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Lemma 19.161 implies that /| is a direct sum of maps 

fLw ■ CF-^Y^L)^- 1 ^)) 2? ■ CF~> s (Y A ,(L'),u'; Vi) 

each either zero, or corresponding to the unique Spin structure on W2 that extends 7r~ 1 (u) G 
Spin c (Y^(L)) and u' € Spm c (Y\/(L')). Here, u denotes a Spin c structure on Y\(L), and T" is 

shorthand for T^ u a , where Uo is a fixed Spin c structure on Y^{L). (Observe that the dot 
product with a is well-defined modulo mi.) We let /| u be the sum of /| uu /, over all possible u' 
(fixing u). 

For u' = [(a 3 , . . . , s e )] G Spin c (y A ,(L')) M(L')/H(L' , A'), using ® we get 
t)(u', ^1) = D(u', Vi) = gcd V 2 Si Vi. 

{ve-H'(L'A') ± |A / 1 -v=0(mod»m)} i=2 

Note that A' x • v = 0(mod?ni), or equivalently (A^/Zi) • v = O(modd), is the condition on v G 
H(L', A) 1 - = H 1 (Ya>(L')) to act trivially on the module 2?\ (or, equivalently, on Vi). 

Recall that H(L',A') is a copy of Z, generated by a' = (0,2, ■ ■ ■ ,ai). For v G Z, we have 
A'j • (fa) = v/t, which is divisible by mi = dh if and only if v is divisible by d. Hence, 



5(u / ,V 1 ) = d- 



i=2 



Note that this is always divisible by 2c?, because the expression inside the absolute value is even 
(see Remark [7. 9p . Therefore, in particular, the Floer complexes CF~' S (Y^i(L'), u'; Vi) have relative 
Z/2dZ-gradings. 

Further, for any t G Spin c (W2) whose restriction to Y\i(L') is u', Equation (|97|) says that 
0(t, Vi) = 9(t, =^i) = 0(u', =^i). Thus, according to Lemma [9731 (a), every map /| uu / preserves the 
relative Z/2c?Z-gradings. 

We equip the mapping cone of /| u with the relative Z/2dZ- grading which gets decreased by one 
under /| u . Note that the target of /| u is a direct sum of terms corresponding to possible u', which 
a priori have unrelated relative Z/2<iZ-gradings. As part of the mapping cone, however, their direct 
sum becomes relatively Z/2dZ-graded. 

The second ingredient in (|99p . the null-homotopy Hf, is then a direct sum of maps Hf u , which 
represent null-homotopies of /| u ff u . 

Proposition 9.17. Fix 5 > 0. If A is nondegenerate and ai = 0, then for every mi = dh 
sufficiently large, and for every u G Spin c (YA(L)), the quasi-isomorphism 

(ft u ,Hf >u ) : CF-> 5 (y A (L),u) ^ Cone(fi >u ) 

respects the relative Z /2dZ- grading s on the two sides. 

Instead of Lemma 19.141 we now have the following: 

Lemma 9.18. Fix a constant Co. For all sufficiently large mi = dh, the following statement 
holds. Each Spin c structure u over Y^{L) has at most two extensions t to W\ whose restrictions to 
Y\(L)#L(mi,l) are 7r(u)#u can and for which 

(116) C <ci(t) 2 + mi. 
Further, if two such Spin structures t,t' exist, then 

(117) Cl (t) 2 = Cl (t') 2 . 
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Proof. Just as in the proof of Lemma 19.141 we find that if t satisfies (|116p and ci(t) = a ■ PD(Si), 
then 



Also, a = 2(s • a)//i for some representative s £ M(L) of t, so a must live in the discrete subset 
^•ZcQ. Hence, if we choose m\ > —Coh/(2h + 1), the only way inequality (|118p is satisfied is if 

\a\ < 1. 

If we fix the restriction of t to dW\, the value of a is determined up to the addition of even 
integers. Typically there is at most one t with \a\ < 1. The only time there are two such Spin c 
structures t and t', the respective values of a are ±1, and we have 

ci(t) 2 = ci(t') 2 = -mi, 

as claimed. □ 



Proof of Proposition 9.11 , Using Lemma 19.181 and formula (I95p . we find that each ff u is the sum 



of at most two nonzero maps corresponding to Spin c structures on W\, and if there are two such 
maps, they shift absolute grading by the same amount. Thus, ff u preserves the relative Z-gradings 
on the two sides (and hence their Z /2<iZ reductions) . From our discussion of W 2 we also know that 
each /| u preserves relative grading. The Spin c structures that give nontrivial contributions to Hf 
are subject to similar constraints, and shift grading by one degree less than the respective maps 

/f,u°/(u- D 

9.6. Refinements of Proposition [9T6], Case II: Ai 6 SpanQ(A 2 , ■ ■ ■ , Ap). When the framing 
matrix A is degenerate, we will discuss refinements only in the case when Ai is in the Q-span of 
A2, . . . , Ag. (A model example for this is zero surgery on a knot in the integral homology sphere 
Y.) Note that in the present case, bi(Y A (L)) = bi(Y A ,(L)) = bi(Y A (L)) - 1. 

In this situation we are free to choose whether to consider the quasi-isomorphism in (|99p , or the 
one in (llOOp . We will focus on the quasi-isomorphism (|99p . which involves the cobordisms W\ and 
W 2 . We denote by h the smallest positive integer such that 

hA\ £ Span{A 2 , . . . , A^). 

Lemma 9.19. If Aj is in the Q-span of A2, • • • , Ag, then the vector n = (1, 0, . . . , 0) is not in the 
Q-span of Ax, . . . , Ag. 

Proof. Let us view the framing matrix A as a self-adjoint linear operator on Q^ (with the standard 
inner product). Since Ai is in the Q-span of A2, . . . , Ai, there exists a vector v = (v±, i>2, ■ ■ ■ , vg) in 
the kernel of A, withe v\ ^ 0. The kernel is orthogonal to the image of A, so since v • t\ = vi 7^ 0, 
the image cannot contain T\. □ 

Lemma 9.20. The vector jr\ is in Span(Ai, A2, ■ ■ ■ , A^) if and only if j is divisible by m\h. 

Proof. Writing 

jn = vi(Ai + mm) + v 2 A 2 H h vtAi, 

we have that (j — v\mi)T\ = v\A\ + • • • + vgAg. This can only happen if j = v\m\ (by Lemma [9.19P 
and v± is divisible by h (by the definition of h). □ 

Lemma 9.21. Suppose A\ is in the Q-span of A 2 , ■ ■ ■ , Ai, and let A± = Ai\l> be the vector of 
linking numbers between L\ and the other components. Then jA^ G Span(A' 2 , ■ ■ ■ ,A'«) if and only 
if j is a multiple of h. 
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Proof. If i is a multiple of h, we already know that iA\ G Span(A2, ■ ■ ■ , Ag). For the converse, 
suppose jA'i = v i^2 f° r some v i € Z, i = 2, . . . , I. Then jA\ — ^ UjAj is a multiple of t\. From 
Lemma 19.191 we see that it must be zero, so j is a multiple of h. □ 

Lemma 9.22. If Ai is in £/ie Q-span 0/A2, . . . , A^, i/ie natural restriction map 

Spin c (Wi) -> Spin c (dWi) ^ Spin c (y A (L)#L(mi, 1)) x Spin°(y A (L)) 

is infective. 

Proof. We prove the similar statement for second cohomology groups, by looking at the kernel of 
the correspondinghomomorphism. Suppose s = (s\, . . . , S£ + 2) G Z i+2 is such that 

[s] G H 2 {Wi) Z £+2 /Span(A+, . . . , A+ +1 ) 

has trivial projection to the boundary. We need to show that [s] = 0. 

By hypothesis, the vector (si, . . . , si) is in the image of A, and S£ +1 is a multiple of mi. By adding 
suitable multiples of Af , . . . , A£_ i> we can assume that s = (0, . . . , 0, st+2) without changing the 
equivalence class [s]. Also by hypothesis, there exist integers bi,i = 1, . . . , i + 2 such that 

s = b x A\ ■■■ + b e+2 A+ +2 . 

Restricting attention to the first I coordinates of s we get that (6^+2, 0, ... ,0) is in the span of 

as 



Ai, . . . , Ag_. From Lemma 19.191 we see that bi + 2 = 0. Hence s is in the span on A^ , . . . , A^, 



i+i' 

desired. □ 

Let us define an equivalence relation on Spin c structures on Y\(L) as follows. For Ui,U2 G 
Spin c (YA.(L)) — M(L)/H(L, A), we say Ui is equivalent to U2 if and only if there exist si, S2 G H(L) 
with 

[si] = Ui, [s 2 ] = u 2 , and s 1 - s 2 = jmm, 

for some jgZ. 

We call a Spin c structure u on Y A (L) small if our complex CF~' S (Y A (L)) = CF~ ,<5 (T a , Tp, w) 
has at least one generator in that Spin c structure. Clearly there are only finitely many small 
Spin c structures. Further, for mi S> 0, using Lemma 19.191 we see that every equivalence class of 
Spin c structures on Y A (L) contains at most one small structure. Let us pick one representative (in 
Spin c (YX(L))) from each equivalence class, in such a way that all small structures are picked. We 
call the chosen Spin structures special. By construction, for every special u we have 

(119) CF-> 5 (y A (L),u) = CF-< 5 (y A (L),u). 

Ul~U 

Building up on Definition 19.71 we write u ~ ii if u G Spin c (Y\(L)) and ii G Spin c (Y A (L)) are 
linked. Further, we say that two Spin structures ii on Y A (L) and u' on Y\i(L') are linked (and write 
ii ~ u') if there exists a Spin structure on W2 interpolating between the two. We also say that 
u G Spin°(YA(L)) is linkedto u' G Spm c (Y A i(L')) (and write u ~ u') if there exists ii G Spin c (Y^(L)) 
such that u ~ ii and ii ~ u'. 

The following lemma describes how the Spin structures on the three manifolds Y\(L),Y A and 
Y\i are linked to each other. 

Lemma 9.23. Suppose that A\ is in the Q-span of A2, . . . , Ag, and mi > is sufficiently large. 
Then: 

(a) Every u G Spin (1a (L)) is linked to exactly h Spin structures on Y^(L), and every u G 
Spin (Y^(L)) is linked to exactly one special Spin structure on Y\(L). 

(b) Every u G Spin°(Y^(L)) is linked to exactly h Spin structures on Y\/(L'), and every u' G 
Spin°(lA'(-^ / )) i s linked to exactly mih Spin structures on Y^(L). 

(c) Every u G Spin c (Y\(L)) is linked to exactly h Spin structures on Y\/(L'), and every u' G 
Spin°(YA'(^ / )) i s linked to exactly mi special Spin structures on Y\(L). 
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Figure 28. Linking of Spin c structures. Each dot in the first rectangle cor- 
responds to a special Spin c structure on Y\(L), and is linked to the three dots 
(representing Spin structures on Y^(L)) in the corresponding square of the second 
rectangle. Furthermore, all the dots in the same column of the second rectangle 
are linked to the three dots (representing Spin structures on Y\'(L')) in the corre- 
sponding column of the third rectangle. 



Before proving the lemma, it is useful to illustrate its content in a particular example, shown 
graphically in Figure [28] We consider a framed link L = L\ U L2 with framing matrix 



A 



1 3 

3 9 



so that h = 3 and H(L) = (Z + ^) 2 . The set of Spin structures on Y\(L) is identified with 
H(L)/((1, 3)). The ones that differ by (mi,0) are called equivalent. Thus, there are only 3mi 
special Spin structures (one from each equivalence class). The set of special Spin structures on 
Y\(L) is the left rectangle in the picture (where mi = 7), with each structure being represented by 
a black dot. Going down one square in the rectangle (in a cyclical fashion) corresponds to adding 
the vector (1, 0). Going left corresponds to adding the vector (0, 1), and is also done in a cyclical 
fashion, except when we go from the third to the first column we also move one step up, according 
to the relation (0,3) = (-1,0). 

The second rectangle in Figure [28] represents the space of all 9mi Spin structures on Y^(L), 



where 



A 



mi + 1 3 
3 9 



The dots in the same square differ from each other by multiples of (mi, 0). Going down one square in 
the rectangle still means adding (1, 0), and going left means adding (0, 1). When we go horizontally 
in a cycle we move up one square as well, according to the relation (0, 3) = (—mi — 1,0). 

Finally, the rectangle on the right of Figure 1281 represents the set of Spin structures on Y\i(L'), 
which is simply identified with Z/9. The dots in the same square differ from each other by multiples 
of 3. 

The linking of Spin structures between the three rectangles is as shown in Figure [28] and 
corresponds to the description in Lemma 19.231 
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Proof of Lemma \9.23{ . (a) Consider two Spin c structures U\,U2 on Y A (L). By Lemma [9THI Ui and 
U2 are linked to a single u € Spin c (Y A (L)) if and only if the difference 

ui - u 2 G H 2 (Y A (L)) * Z £ /H(L, A) 

can be represented (in if) by a multiple of m\T\ = A\ — Ai. The smallest such multiple that lies 
in the span of Ai, . . . , A^ (i.e. represents a trivial cohomology class) is h(A\ — Ai). 

In the other direction, consider two Spin c structures ui, U2 on Y A (L). Applying Lemma [9. 81 again, 
we see that Ui and U2 can be linked to a single u S Spin c (Y A (L)) if and only if the difference 

ui - u 2 e H 2 (Y A (L)) Z e /H(L,A) 

can be represented (in 7/) by a multiple of min, i.e. ui and U2 are equivalent. There is a unique 
special structure in each equivalence class, by construction. 

(b) Apply Lemma [9.11 (b) to W\(L',L), which is —W2 turned upside down. Two structures 
u' l5 u 2 € Spin c (y A ,(L')) ^ W(L')/H(L', A') are linked to a single one on Y A (L) if and only if 

u[ - u' 2 € H 2 (Y A ,(L')) <= Z'^/HiL', A') 

can be represented (in Z^ _1 ) by a multiple of Ai|x/ = A^. From Lemma 19.211 we see that jA[ is 
zero in cohomology if and only if the respective factor j is divisible by h. 

In the other direction, two Spin c structures Ui,U2 on Y A {L) are linked to a single one on Y\i(L') 
if and only if iii — U2 can be represented (in Z^) by a multiple of t\. By Lemma 19.201 the first such 
multiple that lies in H(L,A) is m\hT\. 

(c) Use the descriptions of linking in (a) and (b) . We get that two Spin c structures , u' 2 on 
Y\i(L') are linked to a single one on Y\(L) if and only if u[ — u' 2 can be represented by a multiple 
of A' l5 and two Spin c structures Ui,U2 on Y\(L) are linked to a single one on Y^i(L') if and only if 
Ui — U2 can be represented by a multiple of t\. □ 

From ()119|) and Lemma 19.231 (a) we see that the cobordism map ff splits into the direct sum of 
the maps 

ff >u : CF-< 5 (1a(L),u) — > 0CF- 5 (y A (L),u), 

over special Spin c structures u. 

Turning our attention to the map /|, note that the action of H 1 (Y\>(L')) = H(L f , A 1 ) 1 - on the 
module ^ = F[Ti]/(T 1 mi - 1) is trivial. Indeed, if v' € Z^ 1 satisfies v' • A- = for alH = 2, . . . , £, 
we must also have v' • A' x = (because Ai is in the Q-span of A2, . . . , A^). 

Hence, for every u' £ Spin c (Y A /(L')), we have a decomposition 

mi — 1 

CF-> 5 (Y A ,(LV;^)^ T?-CF- 5 (Y A ,CL'),u'). 

i=0 

Moreover, using the description of linking in Lemma 19.231 (b) (see also Figure [29]) . we get that 
/| splits as a direct sum of maps 

flu ■■ 0CF-< 5 (Y A (L),u) — ► ©2? ■ CF- 5 (Y A ,(L'),u'), 

u~u u'~U 

over special Spin c structures u on Y A (L). Here, T" denotes T^ u u °- )v ) where Uo is a fixed Spin c 
structure on Y\(L), and v is an arbitrary vector in ^2(^2) — -H" (L, A^/)- 1 -. 

Using Lemma 19.231 again, we also obtain a similar decomposition of H 2 into maps H 2u , one for 
each special Spin c structure u on Y\(L). Each CF~ ^(L) , u) is quasi-isomorphic to the mapping 
cone of the respective /| u , via the pair (fi u ,Hf u ). 
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Y A (L) Y A (L) Y A ,(L>) 




H(L)/((l,3),(mi,0)> H(L)/((mi + l,3),(3,9)) Z/9 x Z/mi 

Figure 29. Linking of Spin c structures, keeping track of the powers of 

T\. The map /| decomposes as a sum according to powers of T±. Each dot in 
the rectangle on the right represents a pair (u',i), where u' G Spin (1a/ (L')) and 
i € Z/ mi is an exponent of 2\. Going down one square in the rectangle corresponds 
to multiplication by T\. This way, a dot in the second rectangle is linked (that is, 
gives a contribution to /|) only with the three dots in the corresponding square of 
the third rectangle. Therefore, the pair of maps (ff, /| ) decomposes as a direct sum 
according to dots in the first rectangle (i.e., special Spin c structures u on Y\(L)). 



Proposition 9.24. Fix 5 > and suppose that Ai is in the Q-span 0/A2, • • • , A^. Then, for every 
mi 3* 0, and for every special Spin structure u on Spin c (lA(L)) suc/i t/iai mi is divisible by 0(ll), 
i/ie mapping cone Cone(f2 U ) admits a relative Z/0(u)Z- grading, and the quasi-isomorphism 

(ft u ,Hf >u ) : CF- 5 (y A (^),u) ^> Con e (/ 2 5 )U ) 

respects the relative Z/0(u)Z- grading 's on the two sides. 

Before proceeding with the proof, we establish a few lemmas. First, note that for u G Spin c (YA_(L)) = 
U(L)/H(L,A), Equation ([MI) gives 

(120) D(u) = gcd 2v • s, 

{veZ £ |Av=0} 

for [s] = u. 

Lemma 9.25. Suppose u G Spin c (YA_(^)) and u G Spin c (yA(-^)) linked. Then, D(u) divides 

Proof. If [s] = u, then according to the proof of Lemma 19.231 (a) we have [s + jmiri] = ii for some 
j G Z. We have 

c)(u) = gcd 2(v ■ s + jv\mi). 

{v=(v 1 ,...,v e )eZ e \Av=0} 

From Lemma 19.191 we see that Av = m\V\Ti + Av = implies v± = and Av = 0. Hence, 
2(v • s + jvxm\) = 2v • s is one of the elements for which we take the greatest common divisor in 
(jT2TJl) . Hence, D(u) divides 0(u). □ 

Lemma 9.26. Suppose u G Spin c (lA(L)) and u' G Spin (1a/ (L')) are linked. Then, divides 
D(u'). 
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Proof. If u = [s] with s = (si, . . . , Sj>) and we let s' = (s 2 , • • • , sg), then according to the proof of 
Lemma 19.231 (c), we have u' = [s' + jA'J for some j G Z. We have 

a(u') = gcd 2v' • (s' + jA[). 

Note that A'v' = implies A[ • v' = 0, so the expression in the gcd is 2v' • s'. Moreover, if we let 
v G if be the vector with first coordinate zero and the others given by v', then Av = (u, 0, . . . , 0) 
for some ueZ. Lemma 19.191 implies that u = 0, so v gets counted in (|120p . and the conclusion 
follows. □ 



Proof of Proposition \9.2^\ Let u be a special Spin c structure on Y\(L) with m-i divisible by O(u). 
Lemma 19.31 (a), together with Lemmas 19.221 and 19.251 imply that we can equip 



0CF- 5 (y A (L),u) 



with a relative Z/c)(u)Z-grading such that ff u is grading-preserving. Furthermore, Lemma 19.261 
shows that each direct summand T" • CF~ ,S (Y^i(L'), u') in the target of /| u is relatively Z/c)(u)Z- 
graded. 

We would like to give the mapping cone of /| u a relative Z/c)(u)Z-grading such that ff u is 
grading-preserving. To be able to do this, we need to check that for any two Spin c structures 
t,t + u on W\ U W 2 which restrict to u on Y\(L), and to the same Spin c structure on Y^/(L'), the 
contributions to the composition /| u o coming from t and t + u shift the relative Z/J)(u)Z- 
gradings by the same amount. Using Lemma 19.31 (b), this is equivalent to showing that 

(121) (ci(t) - u + u - u, [Wi U W 2 }) = 0(modZ>(u)). 

Here u G H 2 (Wi U W 2 , d{Wi U W 2 ); Z) is Poincare dual to some class in H 2 (Wi U W 2 ; Z). 

The cobordism W\ U W 2 admits the following description in terms of surgery. Consider the link 
L + from Figure [271 an d add an zero-framed, unknotted component which forms a Hopf link 

(in particular, has linking number one) with Z^+i, and is unlinked with the other components of 
L + . Call the resulting framed link (L ++ , A ++ ). Then, in the notation of Section f9.lt we have 



Wi U W 2 = W A ++ (Li U • • • U L e+ i, L H 



In matrix form, we have 



A++ 












1 


\ 




A 































. 


. 


mi 


1 


1 


1 


. 


. 


1 











. 


. 


1 








Using Lemma 19. II (a), we see that 

PD(n) = [(v u ...,v e ,j,0,- mi j)] e# 2 (WiUW 2 ) 

for some j G Z and v = (v\, . . . , vg) G H (L, A) -1 . We get 

(u^u,[WiUW 2 ]) = -mu' 2 , 

which is divisible by d(u) (because we assumed mi was so). Also, if u = [s] with s = (s±, . 
H(L), then we must have 

t = [(si + 1/2, s 2 , . . . , at, mi + 1, s e+2 , s e+3 )] G U(L++)/H (L++, A++), 
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which gives 

(ci(t) - u, [Wx U W 2 \) = 2s • v + 2mii(l - s £+3 ). 

This is divisible by Z>(u) because of (|120|) and by our choice of mi. 

Therefore, ()12ip holds, and can be made grading-preserving. The homotopy is also 
automatically grading-preserving. □ 

Corollary 9.27. Suppose Ai is m i/ie Q-span of A 2 , ■ ■ ■ , Ag, and fix 5 > 0. T/ien /or every 
mi ^ suitably chosen, and for every small Spin c structure u on Spin (Y\ (L)), the mapping cone 
Cone(/| u ) admits a relative Z/t)(u)Z- grading, and the quasi-isomorphism (fi u ,Hf u ) is grading- 
preserving. 

Proof. Since there are only finitely many small Spin c structures u, we can choose mi to be a multiple 
of d(u) for all u small. We then apply Proposition 19.241 □ 

Proposition 19.241 and Corollary 19.271 give a (partial) grading-preserving decomposition of the 
quasi-isomorphism (/j 5 , Hf) from (|99p . Similar arguments can be applied to the quasi-isomorphism 
(Hf , fl) from ([TOOL Indeed, one can check that an analogue of Lemma [9 . 22 1 holds for the cobordism 
W3; i.e., the restriction map 

Spin c (W 3 ) -> Spm c (dW 3 ) Spin c (y A ,(L')) X Spin c (y A (L)#L(m 1 , 1)) 

is injective. Further, the maps /| and H2 split into direct sums of maps /| u and H^, according 
to special Spin c structures u on Y\(L). A study of grading differences similar to that in the proof 
of Proposition 19.241 yields the following: 

Proposition 9.28. Fix 5 > and suppose that Ai is in the Q-span 0/A2, • • • , A^. Then, for every 
mi S> 0, and for every special Spin c structure u on Spin c (YA(L)) such that mi is divisible by t>(u), 
the quasi-isomorphism 

(HiuJlu) ■ Cone(fl u ) ^ CF- 5 (y A (L), u) 
respects the relative r LjH{\x)'L-gradings on the two sides. 

To conclude this subsection we state a twisted coefficients generalization of Propositions 19.241 
and 19.281 We work in the following setting. Recall that (£, a, (3, w), (£, a, 7, w) and (£,ct,d~,w) 
are the Heegaard diagrams for Y\(L),Y^(L), and Y A /(L'), respectively. Also, for i < g + k — 1, the 
curves 7, and 5i approximate one another. For i = 1, . . . , g + k — 1, let us place points Pi,qi on 
each side of the curve such that they can be joined by an arc that intersects /3i,7i and 5{ once 
each, and does not intersect any of the alpha curves. (These are the analogues of wi and zi.) Let 
ni, . . . , n g+ k-2 be nonnegative integers. Consider the ring 

(122) y = ¥[Si, S g+k _ 2 ]/(S^ - 1, ... , s n g «+-? - 1). 

We can then construct Floer complexes with twisted coefficients 

CF-> s (Y A (L);y), CF-> s (Y A (L);y), CF~> 5 (Y A ,(L'); & ® 5J) 

and cobordism maps ff.y, f 2 -yi fi-y relating them, by counting all pseudo-holomorphic strips and 
triangles using the coefficients 

n P1 (<j>)-n qi (</>) Q n P g+k -2 W- n i 9+ k-2 W 

°1 °g+k-2 ' 

where <j) denotes the respective relative homology class. (This is all in addition to the power of Ti 
coming from the twisting by 3?\.) 

A straightforward generalization of Proposition lijljl shows that CF~ ,<5 (Y\(L); 5?) is quasi-isomorphic 
to the mapping cone of f 2 .y Note that twisting by can have a non-trivial effect on the Floer ho- 
mology of Y\(L) only when bi(Y^(L)) > 0. Supposing further that Ai is in the Q-span of A2, ■ ■ ■ , A^ 
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(as we did in this section), we have twisted coefficients analogues // u .y , Hf u -y of the maps ff u and 
the homotopies Hf u , respectively. 

Proposition 9.29. Fix 5 > and suppose that Ai is in the Q-span 0/A2, ••-,A^. Then, for 
every m\ 3> ; and for every special Spin c structure u on Spin c (Y A (L)) such that m\ is divisible 
by d(u,y), the mapping cone CWe(/| u .^) admits a relative Z/D(u, S^)!*- grading, and the quasi- 
isomorphisms 

(./ /-//I',,:, ) = CF~> S (Y A (L) , u; y) ^ Cone{f w ) 

and 

(^,u;,y,/l,u;,y) = Cone{f w ) A CF- 5 (y A (L),u;^) 
respect the relative Z/D(u, 5^)7L-gradings on the two sides. 

The proof of Proposition 19.291 is similar to those of Propositions 19.241 and 19.281 

9.7. Cobordism maps. Propositions 19.111 19.151 19.171 and 19.241 all describe quasi-isomorphisms 
between chain complexes of the form CF~' S (Y A (L), u) and mapping cones Cone(f2 U ). Our goal 
in this section is to describe commutative diagrams which relate the inclusion of the target of /2, u 
into Cone(/| u ), with a cobordism map from the Floer complex (possibly with twisted coefficients) 
of Y\i(L') to the Floer complex of Y\(L). These diagrams will prove useful in our description of 
cobordism maps in terms of surgery, in Section 111.11 

We state several results, on a case-by-case basis, corresponding to the case analysis described 
above. We will always denote by /|. t the map (with twisted coefficients) induced by the cobordism 
W3 with a Spin structure t. We start with Case I. In Subcase I (a), we have: 

Proposition 9.30. Fix 5 > and i 6 Z. Suppose A is nondegenerate, a\ > 0, and m\ is a 

sufficiently large multiple of a\h. Suppose so S M(L) is such that [sq] = to € Spin c (W2) is the base 
Spin c structure used to define the expression T* in f|103[) . If s € H(L) is such that a • (s — Sq) = 
i, let us denote u = [s] G Spin c (Y A (L)) ^ U(L)/H(L, A), u' = [V> Ll (s)] G Spin c (Y A /(L')) ^ 
M(L')/H(L', A'), and 

U = [s] G Spin c (W 3 ) M(L)/Span(A 2 , . . .,A £ ). 

Then, there is a diagram 

CF- 5 (Y A ,(L'),u') CF-> s (Y A (L),u) 

T{.CF-'\Y A ,(L'),u') > Cone(fl u \ 

commuting up to chain homotopy. Here, the bottom horizontal arrow is the inclusion into the 
mapping cone. 

Proof. The existence of such a diagram is a consequence of the proof of the fact that (fi u ,Hf u ) 
is a quasi-isomorphism, see the homological algebra Lemma 4.4 in |20j . compare also |23l Proof of 
Theorem 4.2]. A priori, the top horizontal arrow is a sum of all maps /|. t , over all t G Spin c (W3) 
such that t and tj have the same restrictions to dW%, and a - (t — [so]) = i(modmi). However, any 
such t differs from tj by a multiple of d ■ PD(S3), where S3 = s is the generator of #2(^3)- Since i 
and 5 are fixed, if mi (and hence d = m\/h) is chosen sufficiently large, all tj + dj ■ PD(S3) produce 
trivial cobordism maps for j £ Z, j / 0. □ 

We have a similar result in Subcase I (b): 
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Proposition 9.31. Fix 5 > and i G Z. Suppose A is nondegenerate, a\ < 0, and mi is a 
sufficiently large multiple of a\h. Suppose so,s € H(L) (roi/i a • (s — So) = i), u, u' and tj 6e as m 
Proposition I 3*01 Then, there is a commutative diagram 

T{ ■ CF- 5 (y A -(L'),u') ► Cone(fl u ), 

( H 2,u>fi,u) 

CF^ 5 (Y A ,(L'),u>) CF- 5 (Y A (L),u), 
where the top horizontal arrow is the inclusion into the mapping cone. 

Proof. This is simpler than Proposition 19.111 (and the diagram commutes on the nose, rather than 
only up to chain homotopy), because the relevant quasi- isomorphism (|1UU|) already involves /3 U . 
The fact that the only contribution to /3 u comes from tj (for 5, i fixed and mi large) is a consequence 
of the proof of Proposition 19. 151 □ 

In Subcase I (c), we have 

Proposition 9.32. Fix 5 > 0. Suppose A is nondegenerate, a\ = 0, and mi is a sufficiently large 
multiple of h. Suppose 

t G Spin c (W 3 ) = U(L)/Span(A 2 , ... ,A e ) 
has restrictions u' to Y\/(L') and u to Y\(L). Then, there is a diagram 

CF- 5 (Y A ,CL'),u';Vi) CF-' S (Y A (L),u) 

Tf-CF-' d (y A ,(LO,u';Vi) ► Con e (/| u ), 

commuting up to chain homotopy, with the bottom horizontal arrow being inclusion into the mapping 
cone. 

Proof. The existence of the commutative diagram follows from the same reasoning as in Proposi- 
tion 19.301 with the top arrow being the sum of cobordism maps over all possible Spin c structures 
on W3 with the given restrictions to the boundary. However, we claim that t is the unique such 
Spin structure. For this, it suffices to prove that the restriction 

(123) H 2 (W 3 ) — > H 2 (dW 3 ) * H 2 (Y A (L)) © H 2 (Y A/ (L')) 

is injective. Suppose [v] G H 2 (W 3 ) = if / 'Span{A.2, ■ ■ ■ ,Kg) is in the kernel. Because [v] becomes 
trivial when projected to its last I — 1 components, without loss of generality we can assume 
v = (j, 0, ... ,0) for some j G Z. We also know that v G H(L,A), so j must be a multiple of 
h. Since (h, 0, ... ,0) is in the span of A2, . . . , A(_ (because a\ = 0), we must have [v] = 0. This 
completes the proof. □ 

Proposition 19.321 involves the map /|. t , which uses twisted coefficients. From here one can also 
similarly identify the usual (untwisted) map corresponding to the cobordism W3 = W A (L',L). In- 
deed, the untwisted complex CF~ ,S (Y A > (L'),u') can be viewed as a subcomplex of CF~> S (Y A ,(L'), u'; Vi) 
via the inclusion 

(124) l : CF~' 5 (Y a >(L'),u') ^ CF~ ,S (Y A i(L'),u'; Vi), 

x ^ x(l + Vi + --- + T/ 1 d ~ 1 ). 

The composition /|. t o t is the untwisted chain map representing the cobordism W3. By pre- 
composing with 1 in the diagram from Proposition I9.32[ we get the following corollary: 
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Proposition 9.33. Under the hypotheses of Proposition [9. 3SX we have a diagram 

CF-< 5 (y A ,(L'),u') Jk% CF-' 5 (y A (L),u) 

"I I (/?,»'■»'«) 

T?-CF-' S (Y A ,(L'),u') ► C<me(fi tU ), 

commuting up to chain homotopy, with the bottom horizontal map being the composition of i and 
the inclusion into the mapping cone. 

Finally, we have the following result in Case II: 

Proposition 9.34. Fix 5 > 0. Suppose Ai is in the Q-span of A2, ... , A^, and mi is suitably 
chosen sufficiently large. Suppose 

t € Spin c (W 3 ) M{L)/Span(A 2 , ... , At) 

has restrictions u' to Y A >(L') and u to Y A (L), such that u is special. Then: 

(a) There is a diagram 

CF~> s (Y A ,(L'),u') CF-' 5 (y A (L),u) 

=| j (/?,«.-**?,») 

l».CF- s (Y A ,(L'),u') > ConetflJ, 

commuting up to chain homotopy, with the bottom horizontal arrow being inclusion into the mapping 
cone. 

(b) There is a diagram 

T?-CF-' S (Y A ,(L'),u') > Cone(fl u ), 

CF- 5 (Y A ,(L'),u') -A+ CF-' 5 (y A (L),u), 
commuting up to chain homotopy, with the top horizontal arrow being inclusion into the mapping 
cone. 

Proof. For both (a) and (b), just as in the proof of Proposition 19.321 it suffices to prove that 
the restriction map (|123p is injective. As before, if [v] is in the kernel, we can assume that v = 
(j, 0, . . . , 0) for some j £ Z. Lemma 19.191 then shows that v € H(L, A) only if j = 0. □ 

Let us also state the twisted coefficients generalization of Proposition 19.341 which has a similar 
proof: 

Proposition 9.35. Let 5, A, t,u, u' be as in Proposition \9.3J\ and 5^ a twisted coefficients ring as 
in (fT22|) . Then: 

(a) There is a diagram 

CF~> s (Y A ,(L>),u';y) -' :, "-'> CF-'\Y A (L),u-y) 

T?-CF-' 5 (Y A ,(L'),u';y) ► Cone(f 5 w ), 

commuting up to chain homotopy, with the bottom horizontal arrow being inclusion into the mapping 
cone. 
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(b) There is a diagram 

T?-CF-' S (Y A ,(L'),u';^) 



f 5 

J3;t 



St 



Cone(fl u . y ), 
> CF-' 5 (y A (L),u;^), 



CF-< A (Y A ,(L'),u';y) 

commuting up to chain homotopy, with the top horizontal arrow being inclusion into the mapping 
cone. 



128 



CIPRIAN MANOLESCU AND PETER OZSVATH 



10. Proof of the surgery theorem 

The goal of this section is to prove Theorem 17.71 We first do so for the case of the basic systems 
from Definition 16.291 The proof in that case will be modeled on the proof of the formula for the 
Heegaard Floer homology of integral surgeries on knots, see [23]. We will need to combine the 
arguments in [23] with the homological algebra from [20] , At the end we will explain how the 
statement of Theorem 17.71 for basic systems implies the statement for general complete systems of 
hyperboxes. 

10.1. Large surgeries on links. Let L C Y be a link in an integral homology three-sphere as in 
Section [71 We let A 3> be a sufficiently large framing on L, meaning that the framing coefficients 
Aj on each component are sufficiently large, as for the framing denoted A in Sections 18.51 We let 
Aj G Hi(Y — L) be the induced framings on each component Li, as usual. Recall that H(L,A) 
denotes the lattice in H\{Y — L) = 1/ generated by all Aj. 

We use the notation from Section 19.11 In particular, surgery on the framed link L produces a 
cobordism W^(L) between Y and the surgered manifold Y^(L). Since A is chosen sufficiently large, 
the manifold Y^(L) is a rational homology three-sphere. Let W'^(L) be the cobordism between 
Yj^(L) and Y, obtained by turning around the cobordism —W^{L). 

As in the proof of Lemma 19. 11 choose a Seifert surface F{ C Y for each link component Li, and 
let Fi be the surface obtained by capping off Fi in W-AL). By a slight abuse of notation, we also 
denote by the corresponding surface in W'^(L). The homology classes [Fj\,i = 1, . . . ,£, form a 
basis of H2{W~[L)). As in (|89p. we identify H 2 (W'^(L)) with Hi by sending a cohomology class c 

to«c, [F 1 ]),...,(c, [F t ])). 

Given a Spin c structure u over Y^(L), we can extend it to a Spin structure t over W'^(L). We 
can then find s G M(L) such that 

ci(t) =2s-(Ai + --- + A^)mod2#(L,A). 

The correspondence u i— > s determined by the above formula induces an isomorphism 

Spin c (y A (L)) -^H(L)/#(L,A). 

Let -P(A) be the intersection of the lattice H(L) with the hyper-parallelepiped with vertices 

C + i(±Ai±A 2 ±---±A / ), 

as in Section [8.51 This is a fundamental domain for M(L)/H(L, A), see Equation (|78p . Hence, there 
is a bijection 

Spin c (Y A (L)) - P(A), 

see Section [7.31 From now on we will denote a Spin c structure on Y?(L) by the corresponding value 
s G -P(A) C H(L). For s G -P(A), we denote by j s the Spin c structure over W'^(L) satisfying 

(125) ci(y 8 ) = 2s-(Ai + --- + A / ), 

compare Equation ([9"T]) . 

Let us choose a basic system Ti for L C Y, as in Section [6.71 Recall that the initial Heegaard di- 
agram T~L L = (£, a, f3, w, z) in the system contains I beta curves f3\, . . . , jig such that the basepoints 
Wi, Zi lie one on each side of /3j. Let 1Z = F[[£/i, . . . , Ue]]. 

Theorem 10.1. For A sufficiently large, there exist quasi-isomorphisms of relatively "L-graded 
complexes of IZ-modules 

v&r s :CF-(y A (L),s)^2t-CH L ,s), 

for all s G -P(A). 
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Proof. For each i = !,...,£, we construct a curve Si by twisting the longitude of Li Ai times 
along Pi, in a symmetric way as in |16|. Figure 5] (but with the twisting done in the opposite 
direction). Thus, Si specifies the framing A, of the component Li, i = 1, . . . , I. We complete this to 
a full set of attaching circles 5 by taking curves Sg+i, . . . , Si+ g -\ that approximate (i.e. are small 
Hamiltonian translates of) fie+i, ■■■> Pe+g-i- The result is a triple Heegaard diagram (E, a, S, (3, w) 
for the cobordism W'^(L), such that we have the three-manifolds Y a> p = Y, Y a> s = Y^(L),Ys t p = 
#3" 1 (5 1 x S 2 ). 

For s € H(L), we can define a chain map $~ g : CF~(y A (L),s) — >■ 2T("H L ,s) by the formula 

(126) * As( x)= y: e #^(0)-nc/f n( ^ (0) ^ w) -y, 

yeT Q nT^ 0e7r 2 (x,e,y), /x(</>)=0 i=l 
Kiij (0)-n z .(</>)=A 4 (y)-Si,Vi 

where O € CF~(Y^) is the top degree generator in homology. 

The proof that is a quasi-isomorphism for A > and s G -P(A) then proceeds along the 
same lines as \16\ proof of Theorem 4.4]; see also \23\ Theorem 2.3], [141 Theorem 4.1]. Roughly, 
the argument is as follows. There are £ winding regions on the surface £, that is, neighborhoods 
of the curves (i = 1, . . . ,£) in which the twisting of the corresponding curves Si takes place. If 
a generator x € T a n T$ is said to be supported in the winding regions if it contains points in all 
the £ winding regions. If this is the case, the i th component of the Spin c structure s € P (A) of 
x equals the depth of the respective point of x inside the i th winding region, up to the addition 
of a constant; see [16} Equation (14)]. A Spin c structure s is said to be supported in the winding 
regions if all the generators x € s are supported in the winding regions. For such s, the map 
is actually an isomorphism of chain complexes, because it is approximated (with respect to area 
nitrations) by a "nearest point" map which is a bijection. 

Note that we have some freedom in choosing the winding region. Indeed, by replacing each 
Si (i = 1, . . . ,£) with an isotopic curve S[ so that the number of twists to the left of is changed (i.e. 
translating the twists to the right or left of the curve we obtain another strongly equivalent triple 
Heegaard diagram (£, a, (3, S', w, z). If differs from Si by k{ twists, the set of Spin c structures 
supported in the new winding regions is a translate of the old set by {k\, . . . , kg). We have 

(Xi ~ Ci) ■ (\2 - C 2 ) ■ ■ ■ (Xe - C e ) 

possibilities for the position of the attaching set S, where C±, . . . ,Cg are constants (independent of 
the framing coefficients). For each of these S, the number of Spin c structures not supported in the 
respective winding regions is of the order of 

i=l Ai 

for some constants C[. 

Let us choose 2 e different sets of curves S £ , e € {0, such that Sf and Sf differ by Aj/2 
twists whenever ^ (and are the same curve if e, = £•). If Ai, ... , A, are sufficiently large, 
we see that each Spin c structure s on Y^(L) is supported in one of the winding regions for some 
S e . The fact that the new map ^? £ ^~ (using S £ instead of S) is an isomorphism implies that the 

original map (which differs from by composition with chain homotopy equivalences) is a 
quasi-isomorphism. □ 
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Let L° be L with some arbitrary orientation o, and let jg be the Spin structure on W'AL) 
satisfying 

(127) c 1 (^) = c 1 (h) + 2A £>£t , 

where £o = ^2 ieI (£ t°) * anc ^ ^~ ( ' ) * s ^ ne se ^ °^ m dices describing components of Z oriented 
differently in L° , see Section 17.11 

We denote by the map on Heegaard Floer complexes induced by a particular cobordism W 
and Spin c structure p, see 



Theorem 10.2. Fix L° C Y as above. For any A ^ and s 6 -P(A), i/iere is a commutative 
diagram: 



(128) 



CF-(y A (L) )S ) - CF-(y) 



2T(^ L ,s) -^s-). 2l-(H L ,p L °(s)), 

/or a// s 6 P(A). 

The proof of Theorem 110.21 is similar to that of [231 Theorem 2.3]. In the diagram (|128p . we 
implicitly identified 2l~(% L ,p £ ° (s)) with 2T(r £o (H L ), i\A° (s)), see Equation ([36]) . Also, it is worth 
mentioning that in the proof of Theorem ll0.2l the map F^, {L) is defined using the triple Heegaard 

A 

diagram (£, ol, 8,j3, w°), where 

w° = {iDili G / + (L,L°)}U{z;|i G /_(L,L )}. 

(This is the set of basepoints that would be denoted w L ' L ° in the notation of Section [6.71 ) 
There is a more refined version of Theorem 110.21 as follows. Note that the cobordism W~^(L) 
consists of t two-handle additions, which can be composed in any order. Different ways of composing 
are related by chain homotopies, forming a hypercube of chain complexes. In the refined version 
that we state below (Theorem I10.3[) we replace the top arrow in (|128j) with this hypercube; this is 
isomorphic to another hypercube, replacing the bottom arrow in (|128p . 

Let S = (Si,... , S g+ £-i) be a set of attaching curves as in the proof of Theorem 110. H Given 
e = (ei,. . . ,ei) eE< = {0, 1} , we define a new (g + t — l)-tuple of attaching circles rf by 




For each e € E|, we denote by L°' £ C L° the oriented sublink consisting of those components 
L{ such that £j = 0, all taken with the orientation induced from o. We let L e be the underlying 
sublink. Note that the Heegaard diagram (S, a, ij £ , w°) represents the three-manifold Y^ £ (L e ). 

Further, for every e < e', the Heegaard diagram (£, rj £ , rj £ , w°) represents a connected sum of 
some copies of S 1 x S 2 . We can arrange so that the Floer homology SF(T^e,T e '), in the maximal 
degree with nontrivial homology (and in the torsion Spin c structure), is represented by a unique 
intersection point, which we denote by S oa J/. Set: 



(129) e 

For £<£', let 



£,£' 



I Qfg if ||e' - e|| = 1 
I otherwise. 

W'~AL £ ,L*')QW'~AL) 
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be the cobordism from Y^ Le {L £ ) to / (L £ ) obtained by reversing the surgery on L £ ~ £ . When 

y is a Spin c structure on W'^(L), we keep the same notation r for its restriction to W~^(L £ , L £ '). 
Consider the polygon map 

F(e,e',w°) : CF-(T Q ,T„ e ,w°) -> CF~(T Q , T rf , , w°), 

F(e,e',w°)(x) = ^ /(x ® G e o |£ i ® • • • ® e^-i,^), 
e= e o < ... <eP=e / 

in the notation of Section T4.4| used here for polygon maps between ordinary Floer chain complexes, 
as in |20t Section 4.2]. When e = e', this is simply the differential d. When ||e' — e|| = 1, the map 
F(e,e' ,w°) is a triangle map representing the cobordism W'^(L £ , L £ ) and, as such, it decomposes 
as a sum of maps according to the Spin c structures on that cobordism. For general e < e' , the map 
F(e,e' ,w°) is a higher order chain homotopy relating the different ways of splitting W'^(L £ , L £ ) 
into two-handle additions. It still decomposes as a sum of maps 

F(e,e',w°,y) 

according to the Spin c structures j: on the cobordism W'^(L £ , L £ '). 

Theorem 10.3. Fix A 0, s € P (A) and an orientation o on L as above. Then, the hypercube 
with chain groups 

C £ = CF-(T a ,T f ,w»,^ V (s)) = CF-(y A|iE (L E ),/' E (s)) 

and maps 

D £ £ '~ £ = F(e,e',w°,f s ) 
is quasi-isomorphic to the hypercube with chain groups 

C £ = %-{U\p Z °-\s))=%~{r z ^{>H L )^ L0 '\s)) 

and maps 

{d if e = e', 

X| 0i£(s) */ - £ || = 1, L^' = L^MLl 
otherwise. 

Proof. The maps 



: CF -( Y a\JL £ U^(s)) ^a-(r f0 , e (^),^°' e (s)) 

given by Equation (|126p can be generalized to give maps (increasing e) which count higher polygons, 
and where the U powers are counted just as in (|126p . These form a chain map between the two 
hypercubes. 

By definition, a quasi-isomorphism of hypercubes means that the corresponding e-preserving 

maps are quasi-isomorphisms for all e. Indeed, the maps \EC F are quasi-isomorphisms by 

Ml^4' l ' (s) 

a simple extension of Theorem 110.11 □ 

We can change the two hypercubes in Theorem 110.31 by chain homotopy equivalences, and arrive 
at the following: 

Proposition 10.4. Fix A>0 and s € P(A) and an orientation o as above. Then, the hypercube 
r Jtf? s ° with chain groups 

C £ = CF-(T«, V,w, V £o '») = CF-(y A|i£ (L £ ),^°' £ (s)) 
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and maps 

is quasi-isomorphic to the hypercube T-L° s having chain groups 
and maps 

n e'-s = foL'^'-z _ n L°< s '- s _ T L°' e '- £ 

£ V^s) ^(p£°^- £ o^ ' e )(s) V°' £ (s)' 



m i/ie notation of Section 7.2 



Proof. Let us compare the first hypercube in Theorem 110.31 with the first hypercube in Proposi- 
tion ll0.4l Note that the Heegaard diagrams (£, a, ij £ , w°) and (£, a, 77 s , w) both represent the same 
three-manifold Y^^(L £ ). Hence, the respective chain complexes are chain homotopy equivalent. 
In fact, we can describe the chain homotopy equivalence along the lines of Section [6.71 First, note 
that (£, a, rj £ , w°) is isotopic to (£, a, t] e , w), where the collection r) 6 differs from rf by replacing 
every curve that approximates j3i with one that approximates (3'/. Here f5'( is as in Section [6.71 and 
similarly we recall that we also have an intermediate curve f3[. One can relate CF~(T Q , T « e , w) 
to CF~(T Q , T^, w) and then to CF~(T a ,T^,w) via chain homotopy equivalences given by tri- 
angle maps with one vertex in the respective canonical generator. It is straightforward to lift these 
to chain homotopy equivalences between the respective hypercubes. Moreover, we can restrict 
everything to a Spin structure i/j L "' e (s), which is left unchanged throughout. 

Now let us compare the second hypercube in Theorem 1 1 . 3 1 wit h the second hypercube in Propo- 
sition 110.41 The former is reminiscent of a canonical hypercube as in Definition 13.221 but it has 
inclusions rather than identity maps along its edges. Nevertheless, we can construct a chain map 
very similar to the canonical inclusion from Section [3.91 as follows. 

For e £ E,£ and i £ {0, 1, . . . ,£}, we let e[< i] resp. e[> i] be the multi-indices obtained from e 
by changing all entries indexed by j > i (resp. j < i) into zeros, see Section 13.91 We define an 
intermediate hypercube H[i] to have chain groups 

cw = Qt-(n L - Lel - i] ,^ £oA - ] o/ 0,£ )(s)) 

and maps 

D[g- £ : ^-{n L - L " [ -\^ i0A - ] o/°' E )(s)) -+%-(H L - Le>l -\& £ °' e ' [ - ] o/' £ ')(s)) 
given by 



D\i] 



£ —e 
e 



Z l ° M '~ e) if e[< i\ = e'[< i] and ||e'[> i] - e[> i}\\ = 1, 

otherwise. 



We omitted here the subscripts in the maps D and X, as they are uniquely determined by the 
domains of those maps. 

Note that H[0] is the second hypercube in Theorem 1 10. 3( while H[i] is the second hypercube in 
Proposition 110.41 

For i = 1, . . . , £, we define chain maps 

F[i] : H[i - 1] -> H[i) 

to consist of 

F\i\l'- £ :2l-(^ L - ie[ - ( " 1)1 ,(^° ,E[ - (< " 1)1 op £ °' £ )(s)) ^^{n L - LE ' [ -\{^' [ - l] o/°' E ')(s)), 
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F[t 



^✓Kfl-KP-i)] oI £..C^-.)K(«-i)] if £ . = x £[> i} = £/[> %l 

Id if s = e' and £j = 0, 

otherwise. 



Note that when e = e' the map -F[i]jf e is either the identity (when e% = 0) or an edge map of 

the form D L "i (when £j = 1); in either case, it is a chain homotopy equivalence. One can lift the 
respective chain homotopies to the level of the hypercubes. This shows that each F[i] is a chain 
homotopy equivalence of hypercubes. The composition F[£] o • • • o then represents a chain 
homotopy equivalence between H[0] and H[£]. 

The claim now follows from Theorem 1 1U. 31 □ 

10.2. Iterating the exact triangle. Our goal in this section is to present a generalization of the 
exact triangle (|85p in the form of a description of HF~(1a(L)) for arbitrary surgery on a link L 
in an integral homology sphere Y. This will be based on iterating the more general exact triangle 
from Proposition 19.51 

Let A > be a new framing for L, as in Section 110.11 We denote by Aj and Aj the framing 
coefficients on the component Li, coming from A resp. A. For each % = 1, . . . ,£, set 

mi = Aj — Aj S> 0. 

We keep all the notation from Section 110.11 In particular, we have chosen a basic system "H for 
L CY, and we have collections of curves rf for each e S = {0, 1} . 

We now define collections rf for all e £ {0,1, oo}^, such that when e € {0,1}^ the respective 
collection coincides with the one already defined. Let ji be a simple closed curve in S disjoint from 
the basepoints and the beta curves, which specifies the framing Aj of the component Li, i = 1, . . . , £. 
(In other words, this is the analogue of <5j when we use A instead of A.) We complete this to a 
full set of attaching circles 7 by taking curves 7^+1, . . . ,7^ +9 _i that approximate (i.e. are small 
Hamiltonian translates of) ...,($£ _i- The Heegaard diagram (X, a, 7, w) then represents the 
three-manifold Y\(L). 

Given e = (ex, . . . ,ei) S {0, 1, 00}^, we define the (g + £ — l)-tuple of attaching circles rf by 



4 



Si if Ei = 0, 
Pi if ei = 1, 
7i if £i = 00. 



For every e < e' , the Heegaard diagram (£, rj £ , rf , w) represents a connected sum of some copies 
of S 1 x S 2 and lens spaces. As such, there is a canonical torsion Spin c structure on this manifold, 
see [23j Definition 3.2] and Section [9^31 We arrange so that the Floer homology HF~(T^,T £ /,w) 
in that Spin structure, in the maximal degree with nonzero homology, is represented by a unique 
intersection point. We denote that point by O ^ 1 }. We then define O e , e ' just as in (11291) . 

Consider the ring 

ST = ¥[Tx, T e ]/(T^ - 1, ... , - 1). 

Construct the chain complex with twisted coefficients CF _ (T Q! ,T«,w; 3?), which as a module is 
CF~(T a , Tg, w) (g>F , and comes equipped with the differential 



x«j (<f>)- n H (<t>) jj n ™ t (<t>) 



(130) a-x= E #M(0)-(J[T? 

yeT Q nT^{^ e7 r 2 (x,y)|M0)=l} »=i 

Since Y is an integral homology sphere, all the periodic domains on the diagram (£, a,(3,w) are 
multiples of S. As a consequence, there exists an isomorphism of chain complexes 

CF~(T a ,T^,w; 5-) * CF-(T Q ,T^,w) ® F ST = Q) mim2 '" rne CF~ (T a , Tp, w), 
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compare [231 Equation (7)]. 

More generally, for e € {0, l,oo} , we let ^ £ be the polynomial ring in variables T{ for those 
% such that £j = 1, and with relations T™ -8 = 1. We consider the chain complex with twisted 
coefficients 

<^ = CF-(T Q ,TV,w;^ e ), 

constructed as above, but in which we only keep track of the multiplicities n w . — n Zi (using T) for 
those i with ei = 1. Let 

m £ = mi. 

We then have an identification of chain complexes 

^ £ = CF-(T Q ,HV,w;^ e ) CF-(T aj T^,w) (8> F = m£ CF~(T a , T^e , w). 
For multi-indices e < e' define linear maps 

9?-° : CF-(T Q ,T^,w;^ e ) -»■ CF-(T Q ,T^, w; ^ e '), 

^ £ £ '- £ (x) = J2 ^v 1 ® • • • ® e ^- 1 ,^)' 

p { e =e°<-<eP=e'} 

where / is the polygon map as in Section 14.41 which keeps track of the difference in multiplicities 
at Wi and Zi according to Tj, just as in (|130[) above. (Compare Section RT3| [231 Section 3] and [201 
Equation (9)].) 

The direct sum ® eg | i ^y c & £ forms a chain complex with differential 9 = ~ £ • The proof 

that Qi 2 = is similar to that of [20l Proposition 4.4]. 

Let us consider the subcomplex corresponding to e 6 E^ = {0, 1} £ C {0, 1, oo}^. The restriction 
of the differential (which we still denote by S>) turns this subcomplex into a hypercube of chain 
complexes, which we denote by J>f. 

Proposition 10.5. The complex CF~(Y A (L)) = CF~(T a , T^, w) = <*f(°°>"-,°°) 

is quasi-isomorphic 

to the total complex of the hypercube Jt? = i^€ £ , ^ £ ) ee E^ • 

Proof. Iterate the quasi-isomorphism from Proposition 19.51 along the same lines as in the proof of 
[201 Theorem 4.1]. □ 

Remark 10.6. For now, we just regard Proposition 110.51 as a statement about ungraded complexes. 
The same goes for all the quasi-isomorphisms discussed below, until we deal to the question of 
relative gradings in Section [10.51 

We can give an alternate description of the hypercube J4? as follows. For e£E<, note that 
<rf £ * CF-(T a ,T f ,w) ¥ ST e = CF~(y A|i£ (Z/)) F 

where L £ C L is the sublink consisting of those components Lj such that e$ = 0. Since A>0, the 
manifold e (T £ ) is a rational homology three-sphere. 

Consider now e, e' € E^ with e < e' . Suppose If' = L £ U L,- lx U • • • U Lj p for p = \\e' — e\\. If we 
set all the variables T equal to 1, the map & £ ~ £ would simply be (several copies of) the polygon 
map T(e,e',w) from Section flO.ll When we keep the variables T as they are, they keep track of 
the Spin structures on the cobordism W~^(L £ , L £ ), which is a two-handle attachment relating the 

manifolds Y^ lf (L £ ) and , (T £ ). Indeed, by the argument used for [23l Equation (8)], there is 
an identification 

(131) Spin c (W' K (L £ , L £ ' )) ^ZP, k -+ (k u . . . , k p ) 
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such that 

(132) ® £ '~ £ = ^T k .F(e, £ ',w,k), 



k6» 



where we formally wrote 



v 

(133) 7 k \l T ! 

i=i 

10.3. Modifying the hypercube. Fix an integer 5 > 0. As in [23], it is helpful to replace the 
Floer complexes CF~ by the corresponding complexes CF~ ,<5 , see Section EU Proposition 1 10 . 51 has 
the following immediate consequence (which could also be obtained by iterating Proposition 19.61) : 

Proposition 10.7. The complex CF~' S (Y\(L)) = CF~ ,<5 (Tq,, T«, w) is quasi-isomorphic to the 
total complex of the hypercube 

je 5 = (^ = CP-- tf (T a ,T^,w; 3? £ ),@ £ > 5 ) eme . 
Here is the vertical truncation of Equation (|132p : 

(134) @l'- £ ' s =Y J T k - F(e, e', w, k) 5 . 

Let L £ ' = L £ II M, with M = L e '~ £ = U • • • U Li. Note that among the Spin c structures on 
the cobordism W'^(L £ , L £ ') there are some special ones, namely those of the form = $%.\ w , , Le Lc '\ 
see Section [10.11 for all possible orientations o of L and Spin structures s on Yx(L). Note that 
y°, viewed as a Spin c structure on W'^(L £ , L £ '), only depends on the restriction of o to M. Indeed, 
from Equation (|127p we deduce 



c l(.fs\w'-(L£,Le')) - c l(.ts\w'-(L*,Le')) + 2 (Mm)l mo- 



To simplify notation, for M € fi(M) we denote by the restriction to W~^(L £ , L 6 ') of any Spin c 

structure j° such that the restriction M° of o to M is M. Then, with respect to the identification 
W- (L e , L 6 ') ^ IF from (fl3TD . we have 



A' 



(135) jf =Ts + (Mm) £M - 

The advantage of using truncated maps comes from the following: 

Lemma 10.8. Fix 5 > 0. Then, for sufficiently large A ( compared to 5 ), and for any e, e' € 
with e < e' , we have 

F(e,e',w,k) 5 = 

whenever the Spin c structure k on W~{L £ 1 L £ ') is not of the form for any s € Spin c (Y^(L)) = 
P(A) and M £ Q(L £ ~ £ ). Moreover, there is a constant b s > such that 

F(e,e',w,f s ) 5 = 

whenever s = (si, . . . , s^) € -P(A) C admits some i € {1, . . . , 1} with the property that either: 

• Si> b 5 and i G I-(L, M), or 

• Si < -b 5 andi € I + (L,M). 
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Proof. Since both Y^ e (L e ) and ,(£ e ') are rational homology three-spheres, the respective 

Floer complexes c rf £,s and 'rf £ '' S admit absolute Q-gradings, see [21]. Because these complexes are 
vertically truncated, their absolute gradings lie in a finite range. Each map F(e, e', w, k) 5 shifts the 
grading by a definite amount. The vanishing of the claimed maps happens because the respective 
shifts take the range for the initial complex to outside the grading range for the final complex. We 
leave the verification of the details to the interested reader. In the case p = 1, this was done in [23j 
Lemma 4.4 and Section 4.3]. □ 

Observe that the restriction of the Spin structure to the cobordism W~^(L £ , L 6 ') only depends 
on the value ip L (s) 6 P(A|ie). (As we recall from Remark 18.181 the hyper-parallelepipeds -P(A) 
behave well with respect to restriction to sublinks.) Thus, we can write for p^ whenever 
s = V iE (s) GP(A| Le ). 

By Equation (|134p and Lemma 110.81 for A>0we have 

^-' = E E ^ 7 .F( e , £ ',w,rf) 5 . 

Men(Le'-e) seP(A| L£ ) 

By adjusting the identifications (|13ip if necessary, and taking Equation (|135p into account, we 
can simply write: 

= ]T E T^iS-Jz* ■F{e,e',w,tf) s . 

Med(L e '- e ) seP(A| L£ ) 

We have T^'~ Ai = 1 for all i, by the definition of the Tj variables. Hence, 

To summarize, the total complex ^ of the hypercube Jf s is 

(136) ^ = CF-'^T^T^^^)®^ 

e£Ei se p(A| i£ ) 

with the differential on each summand being 

(137) ^ 5 = E E T {A1 ^'-^l,m .F(e,e',w,yf ) 8 . 

On the other hand, in Section 18.61 we constructed a folded truncated complex C~' S (H, A){A} 
quasi-isomorphic to C~ ,s (7i, A). By rephrasing its description from ()83|) . (|84p . we have 

(138) C-' 5 (^,A){A} = %-' 5 {H L ~ L \s)® 3- £ 

e&t seP(A\ L e) 

with the differential 

(139) V-' 5 = Y^ E T (7 V- e) ^ ■ $f '" e ' <5 . 



Men(L £ '- 



Looking at ()137|) . we observe that the maps F(e, e' , w, ) 5 also appear in the vertical truncations 
(by 5) of the hypercubes J4? s ° considered in the statement of Proposition 110.41 Similarly, looking at 

_______ ^ e '_ e c 

(|139|) . we observe that the maps <5 S ' appear in the vertical truncation of the other hypercube 
W considered in the statement of Proposition 110.41 We seek to apply the result of Proposition 110.41 
to obtain a quasi-isomorphism between the hypercubes J^f s and H s . Before doing so, however, we 
need a basic result from homological algebra: 
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Lemma 10.9. Let A,B,A',B' be hypercubes of chain complexes (of the same dimension d, with 
differentials denoted by d), and 

F 1 ,F 2 :A^B, F[,F^:A'^B' 

be chain maps. Suppose that, for i = 1,2, the corresponding (d + 1)- dimensional hypercubes for 

F~ F- 

the maps Fi and F[ (that is, the mapping cones A — h B and A' — ^ B' ) can be related by a 
quasi-isomorphism consisting of maps ^i, hi) as in the diagram 




Assume that <l>i and are quasi-isomorphisms. Further, suppose that the maps <3?i and & 2 are 

jp -^-J^ F* ~J~ F ' 

chain homotopic, and so are ^\ and ^ 2 . Then the mapping cones A B and A' -i— A B' 

viewed as (d+ 1)- dimensional hypercubes, are quasi-isomorphic as well. 

Proof. By hypothesis, we have 

F[$i - ^iFi = dhx + hxd, F^ 2 - ^2^2 = 9h 2 + h 2 d, 
and there are homotopies (ft : A — > A' , tp : B — » B' such that 

^ 1 - $ 2 = d(j) + 4>d, *i - * 2 = dip + ipd. 

It follows that 

{Fi + - + F 2 ) = 8g + gd, 

where 

g = h 1 + h 2 + F 2 (j) + ^F 2 . 

pi _|__p 2 F^ + F2 

Thus, ^i, <?) form a chain map between the mapping cones A B and A' B'. 

This map is a quasi-isomorphism because <3?i and ^1 are so, compare Definition 13.201 □ 

Proposition 10.10. Given a basic system Ti for a link L in an integral homology sphere Y , there 
is an isomorphism: 

H*(C~' 5 (H,A),V-< S ) * HF- 5 (Y A (L)). 

Proof. Let us denote by J^ 0,S ,7il' S the vertical truncations by 5 of the hypercubes J4? s ° ,T-L° S con- 
sidered in Proposition 110.41 The result of that proposition implies (after vertical truncation) that, 
for any orientation 0, the hypercubes J%° ,S and "Hl' S are related by a quasi-isomorphism. Further, 
if we change the orientation 0, it is easy to see that the respective quasi-isomorphisms are chain 
homotopic. 

The hypercube U s = (C~' 5 (^, A){A}, V~' S ) described in (fl38]) . (fl39l) . is basically obtained from 
the hypercubes ]~J S Til' 6 for all possible choices of orientations £ Q(L), by gluing those hypercubes 
along their common parts (corresponding to sub links). More precisely, this gluing process is an 
iteration of the one that made an appearance in Lemma 110.91 given two mapping cone hypercubes 
A — W B and A — ^> B, we replace them by A Fl+F2 y Q [See Figure [30] for an illustration of the 
gluing procedure in the case £ = 2.) Observe also that the hypercube J$? 5 described in ()136|) . ()137|) 
is obtained by from the hypercubes FJ S J^ 0,S by gluing them using the same process. 

Applying Lemma 110.91 repeatedly, we can construct a quasi-isomorphism between (to S ,S} s ) and 
(C~> S (H, A){A},£>- 5 ). The former complex is quasi-isomorphic to CF ,S (Y\(L)) by Proposi- 
tion [TOTTl and the latter to C~' 8 (H, A) by Proposition [87221 □ 
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FIGURE 30. Gluing hypercubes in the proof of Proposition [T0.10L Given a 
two-component link L = L\ U L2, each of the four squares in the top row represent 
one of the hypercubes f^s (with the factors %° s as defined in Proposition I10.4H 
for the four possible orientations of L. Combining these hypercubes (by adding up 
the respective differentials, as shown) yields the hypercube T~L at the bottom, which 
is the one appearing in the statement of the Surgery Theorem 17.71 The dashed lines 
represent chain homotopies such as $ ilUi2 ) $( _il ) ui2 ) etc. 

10.4. Spin c structures. Recall from Section [73] that the complexes C~{%,K) and CF~ (Y\(L)) 
both break into direct sums of complexes C~(H, A, u) and CF~(Y\(L),u) according to the set 
Spin c (YA(£)) = M(L)/H(L, A). Of course, the same is true for their vertical truncations by S. We 
would like to prove that the isomorphism in Proposition 110. 1 0l preserves these decompositions. 

As a warm-up exercise toward this goal, let us investigate to what extent we can make the 
total complex ^ of the hypercube break into a direct sum according to Spin structures 
u G M(L)/H(L,A). 

We claim that this splitting can be realized when the lattice H(L, A) is nondegenerate, i.e. the 
vectors Aj are linearly independent over Q or, equivalently, Y\(L) is a rational homology three- 
sphere. Indeed, from (I132p we see that the complex ^ breaks into a direct sum according to equiv- 
alence classes of Spin c structures on Y^(L), where two structures in Spin c (Y^(L)) = M(L)/H(L, A) 
are equivalent if they differ by an element in the Z-span of the vectors mjTj = Aj — Aj, i = 1, . . . , £. 
In other words, the decomposition is according to M(L)/H(L, A, A), where H(L,A, A) C 1} is the 
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lattice generated by all A, and Aj. Since A is nondegenerate, we can arrange so that H{L, A, A) = 
H(L, A) by simply choosing rrii ^> with rriiTi 6 H (L, A), for all i. With this choice of A, our claim 
about the splitting of < ^" 5 holds true. 

When H (L, A) is degenerate, we need to refine this approach, and settle for a splitting of a 
complex quasi-isomorphic to ^ , rather than one of tf 5 itself. Indeed, since the vectors Aj do not 
span (Qr, we cannot always find m; £Z such that rriiTi £ H(L,A). Nevertheless, let us first choose 
some arbitrary w! i S> 0, such that the resulting framing A' satisfies the conditions in Lemma ll0.81 
Next, suppose the vectors Aj span a subspace V C of dimension t — p, with p > 0. Choose 
p coordinate vectors Tj such that their span is complementary to V. Without loss of generality, 
assume those coordinate vectors are n, i = 1, . . . ,p. Choose m 8 » m[ arbitrarily for i = 1, . . . ,p, 
and let H(L, A) + C 7L l be the lattice spanned by Aj's together with m\T\, . . . , m p T p . Now choose 
rrii m! i for i = p + 1, . . . , £ such that rriiTi £ H(L, A) + . The result is a framing A ^ A'. 

Lemma 110.81 says that the complex ^ (constructed with respect to the framing A) is similar 
in structure to the complex C s = C~' S (Ti,A), compare Lemma 18.171 Hence, we can apply the 
combined truncation procedure from Section [8.61 to ^ , using the smaller framing A'. The result is 
a complex ^ S ((A')) quasi-isomorphic to ^ . 

The advantage of the complex ^ 5 ((A')} is that it splits as a direct sum according to H(L)/ H(L, A). 
Indeed, we know it splits according to M(L)/H(L, A, A) just like ^ . Moreover, it is supported 
roughly on the hyper-parallelepiped P(A'), which is very small compared to P{A). The key obser- 
vation is that, with our choice of the values rrii, if two elements in P(A') differ by an element in 
H(L,A, A), they differ by an element in H(L,A). This is true because H{L, A, A) is contained in 
the union of parallel subspaces 

(140) |J (V + t 1 rn 1 Tx + ---+t p m p Tp). 

t 1 ,...,t v & 

Set A(P(A')) = {s - s'|s,s' G P(A')}. If A(P(A')) is sufficiently small compared to the values 
rrii, the only one of the parallel subspaces in the union (|140p that intersects it nontrivially is V 
itself. This implies our claim about the decomposition of ^ 7<5 ((A')) according to M(L)/H(L, A). 

Observe that similar remarks are applicable to the folded truncated complex C~' 5 (%, A) {A}. 
When H(L,A) is nondegenerate, it splits according to Spin c structures on Y^(L), provided the 
values rrii are chosen suitably. When H (L, A) is degenerate, we can replace it by a quasi-isomorphic 
complex 

C-' 5 (H,A){A}{(A'))=C-' S (n,A){(A')), 
which again has the desired splitting. 

10.5. Relative gradings. As explained in Sections 17.31 and 17.4^ for every u £ Spin (1a (L)), both 
complexes 

C-> s (n, A,u) and CF~ > s (Y A (L) , u) 

admit relative Z/t)(u)Z gradings, where D(u) € Z depends on u. Our goal is to prove the following 
strengthening of Proposition 110.101 

Proposition 10.11. Let H he a basic complete system for an oriented link L inside an integral 
homology sphere Y . We then have Z/3(u)Z- grading preserving isomorphisms 

(141) H*(C-> 5 (H,A,u),V-' S ) ^HF- 5 (y A (L),u), 
and 

(142) Ht 8 '{C-(U,A,u)) * HF- w (F A (L),u), 
for allS' >5>0 and u £ Spin c (y A (L)). 
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Proof. Recall that the quasi-isomorphism in Proposition 110.71 can be obtained by iterating Propo- 
sition 19.61 Indeed, let A be the framing on L obtained from A by adding m\ to the coefficient of 
the first component, as in Section T9.31 Also, we let V = L — L\ and denote by A' the restriction of 
the framing A to L' , Consider the ring ft x = F[T 1 ]/(T™~ 1 - 1). The iteration process in the proof 
of Proposition dUT] starts by applying Proposition ES to get that CF~' 5 (Y A (L)) = C^ 00 ' 00 '-' 00 )' 5 
(in the notation of Section I10.2[) is quasi-isomorphic to the mapping cone complex 

(143) CF-' 5 (Y A (L)) ^ CF-> S (Y A ,(L'); ft x ), 

where the left hand side is the Floer complex c(o>°°i— ,°°),<^ ^ e r jght hand side is the Floer complex 
£(i,oo,...,oo),<5 w ^h twisted coefficients, and the map /| is the triangle-counting map f |q'oc °oo) f rom 
(HMD- 

The next step in the iteration process will be to show that each of the two sides in (|143p is itself 
quasi-isomorphic to a mapping cone (for Floer complexes corresponding to multi-indices in which 
another one of the oo components is replaced by and 1). These quasi-isomorphisms extend to 
give a quasi-isomorphism between CF~ (Y\(L)) and a two-dimensional hypercube of complexes. 
We continue this until we get a quasi-isomorphism between CF~ (Y\(L)) and the total complex of 
the hypercube Jif s . 

Note that we have some freedom in this iteration: we could change the ordering of the components 
and start with L2 instead of L%, for example. We will choose the ordering as follows. For every 
i = 1, . . . ,£, denote by A^ the restriction of A to 

U U L i+1 U-Ulfc 

and by A| , . . . ,A.f the respective framing vectors. We require that, for every i = 1, . . . ,£, either 

A® is nondegenerate, or else A® is in the Q-span of A^ 1; . . . , A® . Note that this can easily be 
arranged, by choosing which component we call L\ first, then which component we call L2, and so 
on. 

Another degree of freedom in the iteration comes from the direction of the quasi-isomorphisms. 
In order to apply the results of Section [9j at each step we have to choose a quasi-isomorphism as 
in (I99p or as in (llOOp . depending on the framing A. At the first step, when we relate CF - ' 5 (Y\(L)) 
to Cone(fi), we choose (|99p if A is nondegenerate and the restriction of A to Span(A2, . . . , A^ ) is 
zero or positive definite. (This corresponds to Cases I (a) and I (c) discussed in Section [9.51 ) We 
choose (|99p if A is nondegenerate and the restriction of A to Span(A2, . . ■ , Ap) 1 - is negative definite. 
When A is degenerate (so, by our choice of ordering, Ai is in the span of the other framing vectors), 
we are free to choose either ([99]) or (jlOOp , compare Case II in Section 19.61 

At the second step, we need to combine a quasi-isomorphism relating CF _ ' 5 (Y^(L)) to a mapping 
cone, and one relating CF~' S (Y\'(L'); ft) to a mapping cone. Of course, these quasi-isomorphisms 
should go in the same direction. We choose the direction according to the same recipe as at the first 
step. Precisely, if A is nondegenerate, we choose the direction based on the sign of the restriction 
of A to Span(Ai, A3, . . . , A^) -1 -. In particular, if A was nondegenerate to start with, then A is 
automatically nondegenerate and, for m\ sufficiently large, the relevant sign is negative if and only 
if the sign of the restriction of A to Span(Ti, A3, . . . , A^)^ is negative; or, equivalently, if the sign 
of the restriction of A' to Span(A^, . . . , Ap) 1 - is negative. If A is degenerate (for mi ^> 0), then A' 
is degenerate also, and we choose the direction of the quasi-isomorphisms arbitrarily. 

We continue to choose directions this way at the following steps. At step i, we look at the 
framing matrix 

A* = (Ai + mm, . . . , Aj_i + mj-iTj-i, A^ . . . , A^), 
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for mi, . . . , mj_i 2> 0. If it is degenerate, we choose the direction arbitrarily. If it is nondegenerate, 
we choose it according to the sign of the restriction of A 1 to the subspace 

Span(A 1 + miTi, . . . , Aj_i + rm-iTi-i, A i+1 , . . . , A^. 

With these choices of ordering and quasi-isomorphism directions, at every step in the iteration 
process we can apply one of the refinements of Proposition [9T6] discussed in Sections 19. 5H9. 61 namely, 
Proposition 19. 11] 19.151 19.171 19.241 or 19.281 We first choose mi S> in such a way that the respective 
proposition applies, then we choose mi S> 0, and so on. At the second step and later we may need 
to use the twisted coefficients variant, Proposition 19.291 We claim that in the end we obtain the 
desired isomorphisms (|14ip . one for each u £ Spin c (lA(L)). 

Indeed, at least in the case when A and all A ^ 's are nondegenerate, all the complexes appearing 
in the proof of Proposition 110. 101 decompose according to Spin c (>A(L)) = M(L)/H(L, A). It is 
straightforward to check that the decompositions correspond to each other under the respective 
quasi-isomorphisms, and these quasi-isomorphisms preserve the relative Z-gradings. Note that 
when iterating the exact sequences which give quasi-isomorphisms between mapping cones, at later 
steps in addition to the maps involved in Propositions 19.111 and 19.151 we also have certain higher 
homotopies. However, these decompose into Spin c structures and preserve the relative Z-gradings 
by the same arguments as those used in the discussion of the homotopy Hf u in Proposition 19.111 
for example. 

When A = A^ or one of the other A^'s is degenerate, there are two additional complications. 
First, in order to get a good decomposition into Spin c structures we have to replace the complex ff 6 
by a horizontally truncated, quasi- isomorphic one ^ 5 ((A')), as discussed in Section [10.41 (When 
applying Propositions 19. 24l or 19.281 this corresponds to focusing on a subset of all u € Spm c (Y\(L)) , 
and choosing the respective value mi so that 0(u) divides mi for all such u, compare Corollary l9.271 
The unused Spin structures u give rise to trivial complexes, so we can ignore them.) We then get 
a decomposition of ^((A')) according to Spin structures u. We have similar decompositions of 
C S {(A')), as well as of all the other complexes in the proof of Proposition ! 10.10} provided we truncate 
them with respect to A'. The respective truncations are quasi-isomorphic to the original complexes. 
Putting everything together, we obtain the desired isomorphisms (I141j) . for any u € Spin c (Y^(L)). 

The second complication has to do with the grading-preserving properties of the isomorphisms 
(|14ip . If D(u) = 0, then when we apply Proposition 19.171 at a step in the iteration process, the 
respective quasi-isomorphism preserves only the relative Z/2a!Z-reduction of the relative Z- grading. 
(Indeed, its target is only Z/2dZ-graded.) Thus, the resulting isomorphism (|14ip only preserves 
this Z/2<iZ-grading. However, we can get such an isomorphism for any d in a sequence {d n } with 
d n — > oo. Both sides of (|14ip are finite dimensional, relatively Z-graded vector spaces, so if they 
are related by a Z/2<i„Z- grading preserving isomorphism for all d n , they must in fact be isomorphic 
as relatively Z-graded vector spaces. This completes the proof of the claim about the existence of 
a grading-preserving isomorphism (|14ip . 

Finally, as 5 varies, the isomorphisms (|14ip commute with the natural maps between the respec- 
tive truncations, and we get the isomorphisms (|142p . □ 

Proof of Theorem \ 7. 7| for basic systems. Apply (I14ip and Lemma 18.111 (b) for u torsion, and (1142P 
and Lemma 18.151 (b) for u non-torsion. □ 

10.6. General complete systems. Now that we have established the truth of Theorem 17.71 for 
basic systems, we are left to do so for arbitrary complete systems. The main idea is to relate 
a complete system % to a basic one Tib using a sequence of the moves described in Section 16.81 
Indeed, Propositions [6?20] (a) and !6. 311 (a) imply that the complexes C~(T~L, A, u) &ndC~ (Hb, A, u) are 
stably quasi-isomorphic in the sense of Definition 16. 191 more precisely, there are sequences of stable 
quasi-isomorphisms between the corresponding building blocks '2l~('H L ' ,M , s) and 2l~ (7i^ ' M , s) of 
the two complexes, and it is not hard to see that these stable quasi-isomorphisms commute with 
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the restriction maps relating these building blocks. However, stable quasi-isomorphism does not 
automatically imply that the homology groups of the respective chain complexes are the same up 
to factors of -ff^S 1 ), which is what we would like to show. In order to do that, we need to better 
understand the Ui actions on the homology of our complexes (in particular, that these actions are 
the same for all i). We proceed to do so below; in the process we will need to make use of the more 
refined parts (b) of Propositions 16.201 and 16.311 
First, we need the following: 

Lemma 10.12. Let C* be a chain complex over a power series ring 1Z = ¥[[U±, . . . , U n ]], such that 
each Ui variable decreases grading by 2. Suppose C* is free as an IZ-module. Let 1Z = 7Z[[U]], and 
consider the mapping cone complex over 1Z 

C* = (C*+i[[£/]] ^\C*[[U]]), 

for some i. Then: 

(a) C% is quasi-isomorphic to C^®H >t:+ 28-i(S 2S ~ 1 ) overTZ, where is viewed as a IZ-module by 
setting the action ofU to be the same as that of Ui. (The superscript 5 denotes vertical truncation 
by 5, as usual.) 

(b) Let 5' > 5. There exist commutative diagrams such that, under the quasi-isomorphisms in 
(a) , the natural map C" 5 ' — > & for 5' > 5 corresponds to the map given on each direct summand by 

cf ® ^ +25 ,_ 1 (^ 25 '- 1 ) = cZ+w-i © c* 

jjS'-S 1 

cl®H* +25 _ l {& 5 - x )= ci +25 _ x e cl 

In particular, 

Ht s '(C) * Ht 5 '{C) © U 5 '- 5 ■ HtXw-iiC). 

Proof. If V is a homogeneous element of degree d in the ring 1Z, let us denote by J(f{V} the 
mapping cone complex 

n[d + i]^n, 

where [d + 1] denotes a shift in degree by d + 1 (so that the map given by multiplication by V has 
degree —1, and can be viewed as a differential). 

If Vi , . . . , Vi are several homogenous elements (possibly of different degrees) , we define the Koszul 
complex 

I 

je-{Vi,...,Vt} = ®jr{vi}, 
i=i 

where the tensor products are taken over 1Z. A basic property of Koszul complexes is that, if V is 
another homogeneous element so that V\ and V'Vi have the same degree, then there is a canonical 
isomorphism 

Jfr{V u V 2 , ...,Vi}^ X{V X + V'V 2 , V 2 ,..., V{\. 

With this in mind, note that, under the hypotheses of the lemma, we have quasi-isomorphisms 
of ^-complexes: 

tz 5 ~ j(r{u(,...,u*,u s }, 

TZ TZ/{U - Ui) ~ Jt{U-Ui}. 
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From here we get 

C^C[[U]]/(U-Ui) ~ C[[U]]®Jf{U-Ui}<*C, 

c 5 ~ c[[u]]®jer{u-Ui,u(,...,u*}, 
c 5 ~ c[[lt]]® jr{u-Ui,ut,...,u*,u s }. 

By the property of Koszul complexes mentioned above, we have 

JT{C7 - Ui, U(, ...,U s n , U 5 } ~ JtT{U - U h U[, Ul U s - U,f} ~ JT{C7 - C/i, [7* . . . , U s n , 0}, 

where is treated as homogeneous degree —25, and hence adding it to the Koszul complex is the 
same as tensoring with i?*_ ) _2<5-i(»S' 2<S_1 )- We conclude that 

c* ~ c* ® H^-iisP 8 - 1 ), 

as claimed in (a). 

For part (b), we start with the commutative diagram 



JfT{U s '} = (K[-28' + 1] ?e) Te/f/" 5 ' 



i 



jt{e/*} = (n[-25 + 1] — ^— n) — ^ n/u 

tensor it with and with appropriate Koszul complexes, and then follow the quasi- isomorphisms 
in the proof of part (a). □ 

Proof of Theorem \7. 7| Let Ti be a complete system of hyperboxes for a link L, such that the diagram 
Ti L corresponding to L has k basepoints of type w, m basepoints of type z, and p colors. Let % max 
be the same complete system, except we change the coloring so that it is maximal on T-L^ x ; thus, H 
is obtained from % max by a sequence of k — m+£—p elementary coloring changes. Let %b be a basic 
system for L, such that each link component Lj C L corresponds to the same variable Ui in both 
W max and Tib- According to Proposition 16.311 (b), the system % max can be obtained from Hb by a 
sequence of 3-manifold isotopies, index one/two stabilizations and destabilizations, index zero/three 
(free and link) stabilizations, global shifts, and elementary enlargements and contractions. Observe 
that this sequence must contain exactly k — m neo-chromatic, free index zero/three stabilizations, 
and exactly m — I paleo-chromatic, index zero/three link stabilizations. 

Suppose u is a torsion Spin structure on the surgered manifold Y\(L). Let us compare the 
complexes C~ ,s (Hb, A,u) to C~' 5 (^ max , A, u). Note that they are defined over different power series 
rings: the former is over TZb = F[[£7i, . . . , Ue\], whereas the latter is over a bigger ring 7£ max = 
F[[£7i, . . . , Ue+k-m]]- The new k — m variables appear out of the neo-chromatic free index zero/three 
stabilizations. Each such stabilization happens at a point p that is in the same component of the 
complement of the old alpha curves as some other old basepoint lOj. This way we can relate any 
of the new k — m variables to one of the original t ones. As a result, we can view C~' S ('Hb, A, u) 
as a complex over 7£ max , where each new Uj variable acts as the old variable related to it. In fact, 
whenever we discuss complexes over TZb, we will view them as complexes over 7£ max by using the 
same rule. 

We claim that 

(144) C-' 5 (H max , A,u) ~ C-' 5 (H b , A,u) (H^S 1 )) 9 ^ (H^g^S 26 - 1 ))®^ , 

where ~ denotes quasi-isomorphism of 7£ max -complexes. Indeed, the 3-manifold isotopies, index 
one/two stabilizations and destabilizations, global shifts, and elementary enlargements and contrac- 
tions all induce quasi-isomorphisms (in fact, chain homotopy equivalences) between the correspond- 
ing compressions of the respective hyperboxes of generalized Floer complexes; see Proposition 16.201 
(b). The k—m neo-chromatic index zero/three stabilizations give rise to similar quasi-isomorphisms, 
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combined with tensoring with factors of H^^S-iiS 26-1 )', see Lemma fl 0.121 (a) and, again, Propo- 
sition [6]20] (b). The m — £ paleo-chromatic index zero/three stabilizations induce tensoring with 
the factors of (S 1 ); compare move (hi) in Definition 16.191 and Proposition 16.201 (b). All these 
quasi-isomorphisms are compatible with each other under restriction, so by putting them together, 
we obtain the claimed quasi-isomorphism (|144p . 

In Section [10.51 we proved that C~ ,s (Hb, A, u) is quasi-isomorphic to a Heegaard Floer complex 
CF~' 5 (fti,u), where Ui is a Heegaard diagram for Y\(L). (The quasi-isomorphism is a priori over 
TZb, but we can view it as being over 7£ max by the rule mentioned before Equation (I144p .) Precisely, 
W.i is the diagram (S,q,7,w) from Section [10. 2} it is maximally colored and has £ basepoints. As 
such, it is strongly equivalent to a diagram %2 with the following property: %2 is obtained from a 
basic (i.e., single-pointed) Heegaard diagram for Y\(L) by a sequence of £ — 1 (neo-chromatic) 
free index zero/three stabilizations. Using Lemma llO. 121 (a) we get 

C~> 5 (H b , A,u) ~ CF-- j (%,u) <g> {H^s^iS 26 - 1 ))®^. 
Then, from (|144p . we deduce that 

(145) Cr>^ max , A,u) ~ CF- 5 (^ 3 ,u) ® {H^S 1 ))*^ ® (F^ M _ 1 (S M - 1 )) 8(fr ^- 1) . 
Here, the right hand side can be written 

CF~> s (Y A (L),u) ® (H^S 1 ))®^ ® (^ +25 „ 1 (^- 1 ))^ {fc " m+ '- 1) , 

and is viewed as an 7£ max -module in which all Ui variables act the same (as the variable U on 
the ordinary Heegaard Floer complex). Note that from this it follows that the quasi-isomorphism 
type of the complex C~ ,s (% max _, A, u) over F[[£7]], where U is one of the U{ variables in 7£ max , is 
independent of which i we choose. 

Next, we seek to compare the complexes C~' S ('H max , A,u) and C~' 5 {%, A, u). The latter is ob- 
tained from the former by setting some Ui variables equal to each other. We claim that: 

(146) C-> s (H,A,u) ® (2r^ M -i(S^ 1 ))° (fc ^- p) ~C-''(7W,A,u) ® 

For simplicity, let us study a single elementary coloring change, that is, we assume k — m+£—p = 
1. Suppose that % differs from % max by setting the variables Ui and Uj equal to each other. With 
the same notation as in the proof of Lemma [10.12[ since C~(% max , A,u) is a free 7£ max -module, we 
have quasi-isomorphisms 

C~' 5 (^ max ,A,u) ~ C-(H m x,A,u)®Jfr{Uf,...,U$ +k _ m }, 

C"' 5 (^,A,u) ~ C-(H max ,A,u)®Jtr{ui,...,ul +k _ m ,Ui -Uj}. 

It follows that C~' S (H, A, u) ® H+^S-iiS 23-1 ) is quasi-isomorphic to the mapping cone complex 

(147) C-' 5 (^ max , A, u) ^% C~' 5 (^ max , A, u). 

By our previous discussion leading to (1145P , the complex (I147P is quasi-isomorphic to the mapping 
cone complex 

(148) CF-^u) ^% CF-' 5 (^ 3 ,u), 

tensored with some factors of H^ + i(S 1 ) and H^^s-iiS 26 " 1 ). On the other hand, Ui and Uj act the 
same way on CF~' 5 (^ 3 ,u), so (fl48l) is just CF - ' 5 ^, u) ® H^S 1 ), and the claim (fT46l follows. 
The case of arbitrary k — m + £ — pis similar. 
From (I145j) and (1146P we deduce that 

C~> S (<H, A,u) (^ +25 „ 1 (5 25 - 1 )) 0(fc - m+ '- p) 
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is quasi-isomorphic to 

CF^(Y A (L),u) ® (^(S 1 ))^ ® (^ +2 ^ 1 (5 25 - 1 )) 0(fc - m+ ^ 1) , 

for all 5^0. Lemma 18.111 (c) now implies the Theorem, in the case where u is a torsion Spin c 
structure. 

If u is a nontorsion Spin c structure, the proof goes along similar lines, except we use vertical 
truncations of the form C" 5-i_<5 , and employ Lemma 110.121 (b) rather than just part (a). At the end 
we get an isomorphism of F [[U]] -modules 

A e a' b e b\ 

where 

A := fl*-*(C-(ft,A,u)), 

B := ^(CF-^CrAW.tt)®^!^ 1 )) 8 ^, 

A 1 is a direct sum of several copies of U S '~ S A and higher powers of U times A, and B' is a 
direct sum of several copies of U s ~ S B and higher powers of U times B (all with some degree 
shfits). Lemma 18.141 savs that there exists d > such that U d B = 0. This implies that U d kills 
B @ B' = A® A' , and in particular it kills A. If we choose 5' - 5 > d we get that A' = B r = 0, so 
A = B. For 5 > d, the non-torsion case of the Theorem now follows from Lemma 18.151 (a). □ 
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11. Beyond the surgery theorem 

We discuss here several extensions of Theorem 17.71 

11.1. Maps induced by surgery. We return to the setting of Section \7.3\ with L <ZY being a 
link in an integral homology three-sphere, and H a complete system of hyperboxes for L. Let V C L 
be a sublink, with the orientation induced from L. The hyperboxes 7i L "' M with M C L" C V form 
a complete system of hyperboxes for L' , which we denote by '■ 

Following the notation from Section [9.1| we let W A (L',L) be the cobordism from Y A \ (V) to 
Y A (L) given by surgery on L — L' (framed with the restriction of A). Recall that in Lemma 19.21 we 
established an identification: 

Spin c (WA(L',L)) W{L)/H{L, k\v) 
such that the natural projection 

7T L < L ' : (W(L)/H(L,A\ L ,)) — ► (W(L)/H(L, A)) 
corresponds to restricting the Spin c structures to Y A (L), and the map 

^ L ~ L ' : (1H(L)/H(L, A[i')) -> (H(I/)/#(£',A|l/)) 
corresponds to restricting them to Yj^ (Jj). 

Lemma 11.1. Fix an equivalence class t G W(L)/H(L, A|jy). T/ien t/ie map 

(149) i> L ~ L ' : {s e H(L) | [s] = t} — > {s' e H(L') | [s'] = ^ i_L '(t)} 

is always surjective, and it is injective if and only if every component Lj C L — L' is rationally 
null-homologous inside the surgered manifold Y A \ (L'). 

Proof. Using affine identifications between spaces of Spin c structures and second cohomology, sur- 
jectivity and injectivity of (|149h are equivalent to the same conditions for the restriction map: 

(150) Ker(H 2 (W A (L)) -> H 2 (W A (L' , L))) — ► Ker(H 2 (W A y(L')) -> tf 2 (Y AL ,(L')). 
Using long exact sequences for pairs, we can rewrite (I150p as 

Im(ff 2 (W A (L),W A (L',L)) ^ tf 2 (IU A (L))) — > Im^IU^, (L'), Y A | L , (£')) -> (£'))) • 

Surjectivity of the last map follows directly from the existence of a commutative diagram: 

ff 2 (W A (L),iy A (L',L)) > H 2 (W A {L)) 

h 2 (w AIlI (l'),y AIl ,(l')) > h 2 (w Ml ,(l')). 

Injectivity of ()150|) is equivalent to injectivity of the combined restriction map 

(151) H 2 (W A (L)) ^H 2 {W A (L',L))®H 2 (W A \ LI {L')). 

In turn, using the Mayer- Vietoris sequence in cohomology, injectivity of (|15ip is equivalent to 
surjectivity of the map 

(152) H 1 {W a {L\L))®H\W A \ lI {L'))^H\Y MlI {L')). 

Since H^{W\\ {L')) = and H 1 groups have no torsion, we can rephrase surjectivity of (j!52|) 
as injectivity of the dual map with rational coefficients: 

H^JL');®) — > HtiW^L^L);®). 

In turn, this is equivalent to the vanishing of the boundary map 

(153) H 2 (W a (L',L),Y AIlI (L');®) H^JL');®). 
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Figure 31. The inclusion of C - (ft| L /, A\ L > ,ip L " L ' {t)) into C~{n,A) L '^. The 
blue and red arrows are copies of the maps &~^, Ll and $~Z Ll , respectively. The 
inclusion i is given by sending each generator x € 21 to (• • • , x, x, x, • • • ) in the 
infinite direct product on the right hand side; and similarly for generators y £ 05. 
The image of l is denoted C~{T-L,A) L 



Since the domain of (| 1 5 3 1) is generated by the cores of the 2-handles attached along link compo- 
nents Lj C L — L', the conclusion follows. □ 

Observe that, for every equivalence class t € W(L)/H(L,A\l'), 

C-(H,Af*:= J] a-(« L - M 1 ^(s)) > 

{M\L-L'CMCL} {sgH(L)|[s]=t} 

is a subcomplex of C~{H, A, vr L ' L ' (t)) C C~{H,A). 

If the injectivity condition in Lemma 111. II holds, so that the map (|149p is a bijection, then the 
complex C~(H, A) L>,t is isomorphic to 

C-(H\ L ,,A\ L ,,4> L - L \t))= J] 2l-(^'- M '^ M '(s')). 

M'CZ/ { s '6H(L')|[s']=V i - i '(t)} 

Indeed, the isomorphism is induced by taking M to M' = M — (L — L') and s to s' = tfj L ~ L ' (s). 
In the general case, even if the map (|149p is not bijective, we still have an injective chain map 

l:C-(H\l>,Mv, ^ L ~ V (t)) -> C" (ft, A) 1 ''' 1 
given by summing up all the natural identifications 

SI" (H L '- M ',ip M '(s')) 2l-{H L ~ M ,i; M (s)) 

such that M' = M - (L - L'), [s] = t and s' = ip L - L '(s). 

We denote by C~ (H, A) 1 '* the image of the inclusion t. This is a subcomplex of C (H, A, tt l ' l ' (t)) 
isomorphic to C~(T-L\li, A|^/, (t)). When the injectivity condition in Lemma 111.11 holds. 

C~(H, A) L ''* coincides with the previously defined C~(7i, A) i '' t . 

Example 11.2. Suppose L = Li U L2 is a two-component link, with lk(Li,L2) 

(0, 0)-surgery on L, so that A = „ J . Let L' = Li. Pick s'gZ and set 



1. Consider 



t = [(£V + §)] GH(L)/F(L,AU,) (Z+i) 2 /(l,0). 

Then A|^/, tp L ~ L ' (t)) is the complex associated to 0-surgery on Lx, and consists of two 

generalized Floer complexes: 

%:=%-{U Ll ,s'), O5:=2T(ft ), 

related by the sum of the maps &^/ Ll and &~i Ll ■ On the other hand, C~ (H, A) L '* is the direct 
product of infinitely many copies of 21 and 05, related by maps $+, Ll and $~, Ll arranged in a zigzag, 
as in Figure I3T1 The inclusion 1 is similar to the one defined in (|124p from Section 19.71 except now 
the target has infinitely many factors. 
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Theorem 17. 71 implies that the homology of C~(T-L\l', Ml' ,ip L ~ L ' ft)), an d hence also the homology 
of C~(H,A) L are isomorphic to 



HF-(y A|i ,(i/),t|y A| i(L/) )®H*(T k -P). 



In [21] . the authors associated a map F^ t to any cobordism W between connected three- 
manifolds, and Spin c structure t on that cobordism. In the case when the cobordism W consists 
only of two-handles (i.e. is given by integral surgery on a link), the following theorem gives a way 
of looking at the map F^ t in terms of complete systems of hyperboxes: 

Theorem 11.3. Let L CY be a link in an integral homology three-sphere, L' C L, a sublink, H a 
complete system of hypercubes for L, and A a framing of L. Let k denote the number of basepoints 
oftypewinU and p the number of colors. Then, for any t € Spin c (W\(L' , L)) = H(L) / H(L, Ml'), 
the following diagram commutes: 



H*(C-(H,A) L '< t ) ► ^(C-(^,A,^ L ' L '(t))) 



HF;(Y A y(L'),t\y AlLi(LI) )®H*(T k -P) WA{L ' Mht ) HF,-(y A (L),t| yA|i(L) )^^(r fc -f). 



Here, the top horizontal map is induced from the inclusion of chain complexes, while the two vertical 
isomorphisms are the ones from Theorem \7. 7[ 

Proof. We first discuss the proof in the case when % is a basic system. The argument is similar to 
the one in [23] Theorem 4.2]; basically, one has to keep track of the surgery maps all throughout the 
arguments in Section [TUJ The key point is to find commutative diagrams that relate the inclusion 
maps of sub-hypercubes of J^" 5 to cobordism maps between the respective Floer complexes. This 
is done by applying the results of Section 19.71 (precisely, Propositions 19.301 19.31] 19.331 and I9.35P 
repeatedly, as we follow the iteration process in the proof of Proposition 110. Hi 

We emphasize that, even though in the proof of Proposition HO.lTI we have chosen a particular 
ordering of the components of L (such that if A is degenerate, Ai is in the span of the other 
framing vectors, etc.), regardless of the ordering we can apply the results of Section [9.71 to obtain 
an identification of the cobordism maps associated to W\(L',L) for any sublink L' C L. For the 
sake of concreteness, we explain how this works in the case of a link of two components L = L\ UL2. 

Suppose that the framing matrix A is degenerate, so we had to choose the ordering of the 
components such that Ai is a multiple of A2. (This is a constraint when Ai is the zero vector.) To 
pick a particular situation, let us assume that Ai is indeed zero (so, in particular, L\ and L2 have 
zero linking number), whereas the surgery coefficient of L2 is positive. In the iteration process that 
leads to Proposition 110.71 we have a diagram of maps: 
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CF-*(y Al (Li);^ 2 ) 



(154) 



J:', 



CF-- 5 (y A (L)) 



^ CF-''(y Al+m m(ii);^2) 



ft 



* CF-' d (y A+miT1 (L)) 



CF"' 5 (y A (L)) 



./I 



CF-' 5 (y ; ^) 



* CF-' 5 (y A2 (L 2 );^; 



-* CF-'"(y A2+m2T2 (L 2 );51) 



CF-' a (y Al+ mm(A);^2) CF-> d (y ; ^). 



We have denoted 55. = F[T 1 ]/(T™ 1 - 1), ^ = F[T 2 ]/(T 2 m2 - 1), and we have dropped the chain 
homotopies (corresponding to diagonals in the squares above) from notation for simplicity. Note 
that the bottom two rows in (11540 form the complex ^ 7(5 . 

In the proof of Proposition llO.lTl we first look at a quasi- isomorphism (ff, Hf) from CF~' S (Y A (L)) 
to the mapping cone Cone(f2), and then at a quasi-isomorphism from the latter to the mapping 
square Let u be a Spin c structure on Y\(L). An application of Proposition 19.241 shows that 
the first quasi-isomorphism above decomposes into a direct sum of several quasi-isomorphisms; 
one of them relates CF _,<5 (y A ,u) to a mapping cone Cone(/ 2u ), in a grading-preserving fashion. 
Then, a double application of Proposition 19.111 gives a grading-preserving quasi-isomorphism from 
Cone(f2 U ) to a direct summand ^ C c to 6 . 

Our new claim is that under the composition of these quasi-isomorphisms, the inclusion of the 
subcomplex Cone(g 2u ) (resp. Cone(^ 2u )) into corresponds to a cobordism map (coming from 
a unique Spin c structure) from y Al (Li) to Y\(L) (resp. from Ya 2 (L 2 ) to y A (L)). 

Indeed, in the case of Corae(<7 2 u ), a double application of Proposition 19.301 gives a commutative 
diagram between its inclusion into ^ and a map (consisting of k^ u ,l^ u and a diagonal chain 
homotopy) from Cone(<7 2u ) to Cone(/ 2u ). Then, another commutative diagram relates the latter 
map to a cobordism map from y Al (Li) to Y\(L), using a double application of Proposition 19.291 

In the case of Cone(/ 2u ), a double application of Proposition 19. Ill gives a commutative diagram 
between its inclusion into and the inclusion of a summand of CF~ ,<5 (y\ 2 (£ 2 ); 3^\) into Cone(/ 2 u ). 
Then, another commutative diagram relates the latter inclusion to a cobordism map from y Al (L 2 ) 
to y A (L), by applying Proposition 19.341 

It is straightforward to extend this argument to links of several components (and arbitrary 
sublinks). This leads to a proof of Theorem 111.31 in the case when the complete system % is basic. 

For general complete systems, note that the quasi-isomorphisms used in the proof of Theorem 17. 71 
in Section 110.61 respect the inclusion maps. We obtain the desired commutative diagram, except 
that a priori, the bottom row is a more general cobordism map than the one considered in |21j . 
More precisely, it counts holomorphic triangles between colored, multi-pointed Heegaard diagrams 
(for the respective three-manifolds) that may not be basic in the sense of Definition 14.3) the original 



cobordism maps F, 



W A {L',L),t 



as defined in [211 . were going between basic diagrams. Nevertheless, 



after some handleslides, isotopies and index one/two stabilizations and destabilizations, we can 
arrange so that the multi-pointed Heegard triple diagrams involved are all obtained from basic 
ones by a sequence of index zero/three paleo- and neo-chromatic stabilizations. The fact that the 
bottom row can be identified with F^, L , ^ t ® Id then follows from Proposition 15.211 □ 
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11.2. Other versions. The chain complex C~ (7~L, A,u) from Section [7.31 was constructed so that 
the version of Heegaard Floer homology appearing in Theorem 112.71 is HF~. We now explain how 
one can construct similar chain complexes C(J-L, A,u),C + (H, A, u) and C°°(7i,A,u), corresponding 
to the theories HF, HF + and HF°°. 

The chain complex C(1~L, A, u) is simply obtained from C~(T~L, A, u) by setting one of the variables 
Ui equal to zero. Its homology computes HF(Y\(L),u) <8> i?*(T p ). 

The chain complex C°°(H, A, u) is obtained from C~(T~L, A, u) by inverting all the U variables. It 
is a module over the ring of Laurent semi-infinite polynomials 

TZ°° = F[[l7i, . . . , U p ; £/f\ . . . , u- 1 ) = (U 1 ,..., U^K. 

In other words, 1Z 00 consists of those power series in U^s that are sums of monomials with degrees 
bounded from below. 

Note that C~ (H, A,u) is a subcomplex of C°°(H, A, u). We denote the respective quotient com- 
plex by C + (T~L, A, u). Theorems 17.71 and 111.31 admit the following extension: 

Theorem 11.4. Fix a complete system of hyperboxes Ti for an oriented, i-component link L in an 
integral homology three-sphere Y , and fix a framing A of L. Suppose % has k basepoints of type w 
and p colors. Set V = H*(T k ~P). Pick u G Spin c (Y A (L)) ^ W(L)/H(L, A). Then, there are vertical 
isomorphisms and horizontal long exact sequences making the following diagram commute: 

> H*(C-(H, A,u)) ► fl*(C°°(W,A,u)) >> H*(C + {H,A,u)) -> ■■■ 



>HF-(Y A (L),u)®V > HFf (Y A (L),u) ® V ► HF+(Y A (L),u) ® V ■ ■ ■ 

Furthermore, the maps in these diagrams behave naturally with respect to cobordisms, in the sense 
that there are commutative diagrams analogous to those in Theorem 1 11.31 involving the cobordism 

maps F w ML ,, L) ,v F w HL , iL) ,v F w HL ,, L) ,v 

Proof. Inverting the Ui variables is an exact operation on modules, see for example [TJ Proposition 
3.3]. Hence the quasi-isomorphisms relating C~(%,A,u) and CF~ (Y\(L),u) £83 V induce similar 
ones between the respective infinity versions. The five lemma then implies that the resulting maps 
between the plus versions are quasi-isomorphisms as well. Naturality with respect to the cobordism 
maps is clear from the construction. □ 

11.3. Mixed invariants of closed four-manifolds. Let us recall the definition of the closed 
four-manifold invariant from |21j . Let AT be a closed, oriented four-manifold with b^iX) > 2. By 
deleting two four-balls from X we obtain a cobordism W from 5 3 to <S 3 . We can cut W along a 
three-manifold so as to obtain two cobordisms W±,W2 with b^iWi) > 0; further, the manifold 
N can be chosen such that 5H 1 (N;Z) C H 2 (W;Z) is trivial. (If this is the case, N is called 
an admissible cut.) Let t be a Spin structure on X and ti,t2 its restrictions to W\,W2- In this 
situation, the cobordism maps 

F~ i ti :HF-(S 3 )^HF~(iV,%) 

and 

F+ 2tt2 :HF+(N,t\ N )^HF+(S 3 ) 
factor through HF rc d(N, t|j\r), where 

HF red = Coker(HF°° -»■ HF + ) ^ Ker(HF~ -> HF°°). 
By composing them we obtain the mixed map 

F^ : HF~(5 3 ) -> HF + (S 3 ), 
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which changes degree by the quantity 

d(t) = c 1 (t) 2 -2 X (X)-3 ( i(X) ^ 

Let 0_ be the maximal degree generator in HF~(S* 3 ). Clearly the map i^wf can be nonzero 
only when d(i) is even and nonnegative. If this is the case, the value 

(155) $ x> i = U d{i)/2 ■ F$?(Q_) € HF+(S 3 ) F 

is an invariant of the four-manifold X and the Spin structure t. It is conjecturally the same as the 
Seiberg-Witten invariant. 

Remark 11.5. In |21l Section 9], the mixed invariant was defined as a map 

¥[U] ® A* (Hi {X)/ Tors) -> F. 

We only discuss here the value of this map at 1 , which is exactly &x,t as defined in (|155p . 

The following definition was sketched in the Introduction: 

Definition 11.6. Let X be a closed, oriented four-manifold with b^{X) > 2. A cut link presenta- 
tion for X consists of a link LcS 13 , a decomposition of L as a disjoint union 

L = Li II L 2 LI L 3 , 

and a framing A for L (with restrictions Aj to Li, i = 1, ... ,3) with the following properties: 

• (L\) is a connected sum of m copies of S 1 x S 2 , for some m > 0. We denote by W\ 
the cobordism from to jf- m (S l x S 2 ) given by m one-handle attachments; 

• 5 , a 1 ua 2 uA 3 (^i UL2UL3) is a connected sum of m! copies of S 1 x S 2 , for some m! > 0. We 
denote by W4 the cobordism from # m ' (S 1 x S 2 ) to S" 3 given by m' three-handle attachments; 

• If we denote by W2 resp. W3 the cobordisms from 5 A (L\) to S\ lXJ ^(L\ UL2), resp. from 
^AiUAa^iU^) to S , AiUA2UA3 (L 1 UL 2 UL 3 ), given by surgery on L 2 resp. L 3 (i.e. consisting 
of two-handle additions), then 

W = Wi U W 2 U Wz U Wa 

is the cobordism from S 3 to S 3 obtained from X by deleting two copies of B 4 ; 

• The manifold N = <Sa iUA2 (Li U L2) is an admissible cut for W, i.e. b^Wi U W2) > 
0,b+{W 3 U Wa) > 0, and 5H 1 (N) = in H 2 (W). 

Lemma 11.7. Any closed, oriented four-manifold X with b% (X) > 2 admits a cut link presentation. 

Proof. Start with a decomposition W = W' Un W" along an admissible cut. Split W' into three 
cobordisms 

W' = W{ U W' 2 U W' z 

such that W( consists of i-handle additions only. It is easy to check that the decomposition 

W = (W{ U Wa) U (W3 U W") 
is still along an admissible cut. Next, split the cobordism W% U W" into 

W" U W2 U W3, 

such that W[ consists of z-handle additions only. Finally, adjoin the one-handles from W[' to 
W[ U W' 2 and rearrange the handles to obtain a decomposition 

W{ U W'2 u W = Wi u w 2 , 

where Wi,i = 1,2 consists of i-handle additions only. If we set W3 = W 2 and W4 = W%, we obtain 
a decomposition along admissible cut of the form: 

W = (Wi u w 2 ) u (w 3 u w 4 ), 
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We can then find a framed link L = L\ U L2 U L3 such that surgery on L\ produces the same 
3-manifold as at the end of the cobordism W\ (made of one-handles), whereas surgery on L2 and 
L3 is represented by the cobordisms W2 and W3 (made of two-handles), respectively. □ 

Definition 11.8. Let X be a closed, oriented four-manifold with b^iX) > 2. A hyperbox presen- 
tation T for X consists of a cut link presentation (L = L\ U Li U L3, A) for X, together with a 
complete system of hyperboxes for L. 

The four-manifold invariant &x,t can be expressed in terms of a hyperbox presentation T for X 
as follows. Using Theorem lll.4l we can express the maps ^ and ^ (or, more precisely, 

their tensor product with the identity on V = H*(T k ~ p )) in terms of counts of holomorphic polygons 
on a symmetric product of the surface. We can combine these maps using their factorization through 
HF rc d, and obtain a mixed map 

F w?uw 3 ,i\ W2UW3 ■■ HF"(#-(5 1 x S 2 )) -4 FF+(#-'(^ x S 2 )). 

On the other hand, by composing natural inclusions of chain complexes (of the kind used in 
Theorem lll.3p . via factoring through a complex C re d(%, A) LlUL2,t ' w 3 uw 4 we can construct a map 

F^ x : H m (C-(n t \) Lui \ w ^ w a) -> ^(C + (^, A) LlUi2UL3,t| #'«'(sixs2)). 

Theorem 111.41 implies that F™ t lx is the same as Fy^^ ^ ^ (g) Idy, up to compositions with 
isomorphisms on both the domain and the target. Note, however, that at this point we do not 
know how to identify elements in the domains (or targets) of the two maps in a canonical way. For 
example, we know that there is an isomorphism 

(156) H4C~{U,A) Lutlw z uw 3) = HF"(# m (5 1 x S 2 )) <g> V, 

but it may be difficult to pinpoint what the isomorphism is, in terms of T~L. Nevertheless, the good 
news is that HF _ (# m (5 1 x S 2 )) and V both have unique maximal degree elements 9™ ax and Gy, 
respectively. We can identify what ©J^ax ® ©V corresponds to on the left hand side of ()156j) by 
simply computing degrees. Let us denote the respective element by 

©LxG #*(C~(^,A) Ll > l l^3). 

The following proposition says that one can decide whether &x,i € F is zero or one from infor- 
mation in the hyperbox presentation F : 

Theorem 11.9. Let X be a closed, oriented four-manifold X with b^{X) > 2, with a Spin c 
structure t with d(t) > even. Let F be a hyperbox presentation for X . Then 3>x,t = 1 if and only 
ifjjd(t)/2 . F^i x (©^ ax ) is nonzero. 

Proof. We have 

**.t = ud[t)/2 ■ F ^( Q -) = F kA w S udm ■ F ^uw 3 M 2 u W S F w lAwi (®-)))- 
By the definition of the one-handle addition maps from [21\ Section 4.3], 

F W lt t\ Wl (®~) = ®max- 

Note that U d( $l 2 ■ F™ ix lW ,, (6™ ) lies in the minimal de gree k for which 

VV2UH / 3,t|^ 2U ^ 3 v max/ o 

^^^iuA.uAs^l UL 2 UL 3 )) = HF+i^'iS 1 x S 2 )) 

is nonzero, namely k = —m'/2. There is a unique nonzero element in the Floer homology in that 
degree, which is taken to 1 by the three-handle addition map F^ ^ , see [211 Section 4.3]. 
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We deduce from here that $x,t = 1 if and only if U d ^^ 2 ■ F^j Ws ^ ^ w (9™^) is nonzero. The 
claim then follows from the fact that the maps and FJ^,„ r ,, (g) Idy are the same up to 

pre- and post-composition with isomorphisms. □ 

11.4. The link surgeries spectral sequence. Our goal here will be to explain how the link 
surgeries spectral sequence from [20t Section 4] can be understood in terms of complete systems of 
hyperboxes for links in S 3 . 

We recall the main result from [2Q|, Section 4] . Let M = M\ U • • • U Mi be a framed ^-component 
link in a 3-manifold Y. For each e = (ei, . . . ,ei) € ¥,£ = {0, 1} , we let Y(e) be the 3-manifold 
obtained from Y by doing enframed surgery on M, for i = 1, . . . ,£. 

When e' is an immediate successor to e (that is, when e < e' and \\e' — e\\ = 1), the two-handle 
addition from Y(e) to Y(e') induces a map on Heegaard Floer homology 

F~ <e , : HF-(Y(e)) — > UF~(Y(e')). 

The following is the link surgery spectral sequence (Theorem 4.1 in [20] , but phrased here in 
terms of HF~ rather than HF or HF + ): 

Theorem 11.10 (Ozsvath-Szabo). There is a spectral sequence whose E 1 term is (BeeE^ HF~(y(e)), 
whose d\ differential is obtained by adding the maps F~ £ , (for s' an immediate successor to e), 
and which converges to E°° = HF~ (Y). 

To relate this to the constructions in this paper, we represent Y(0, . . . , 0) itself as surgery on a 
framed link (L', A') inside S s . Let L' 1; . . . , L' e be the components of L'. There is another framed link 
[L = L\U- ■ - L)Ij£, A) in 5 3 , disjoint from L', such that surgery on each component Lj (with the given 
framing) corresponds exactly to the 2-handle addition from Y(0, . . . , 0) to Y(0, . . . , 0, 1, 0, . . . ,0), 
where the 1 is in position i. For e € E^, we denote by L £ the sub link of L consisting of those 
components Lj such that £j = 1. 

Let Tibe a complete system of hyperboxes for the link L'uL C S 3 . As mentioned in Section [TTTTJ 
inside the surgery complex C~(H,A' U A) (which is an (£' + £)-dimensional hypercube of chain 
complexes) we have various subcomplexes corresponding to surgery on the sublinks on L' U L. We 
will restrict our attention to those sublinks that contain L', and use the respective subcomplexes 
to construct a new, ^-dimensional hypercube of chain complexes C~(H, A'uA/L) as follows. 

At a vertex e G we put the complex 

r(^A'uA//L) £ =C-(H\l>ulc, A' UA\ L e). 

Consider now an edge from e to e' = e + r% in the hypercube E^. The corresponding complex 
C~(7^|l'ul e ) A'uAlic) decomposes as a direct product over all Spin c structures s on Y(e) = S 3 (L'U 
L e , A'uA|^e). As explained in Section ni.il each factor C~(%|//u£e, A'uA|i,e, s) admits an inclusion 
into C~ (7-l\ L , uL£ i , A' U A\ Ls i) as a subcomplex. In fact, there are several such inclusion maps, one 
for each Spin structure t on the 2-handle cobordism from Y(e) to Y{e') such that t restricts to s 
on Y{e). Adding up all the inclusion maps on each factor, one obtains a combined map 

G~ <e , :C-(H\L>uLt,A'uA\ L e) C~ (H\ L , uLe , ,A' U A\ Le ,). 

We take G~ <£ , to be the edge map in the hypercube of chain complexes C~(H, A' U A//L). Since 
the edge maps are just sums of inclusions of subcomplexes, they commute on the nose along each 
face of the hypercube. Therefore, in the hypercube C~(~H,A'L)A//L) we can take the diagonal maps 
to be zero, along all faces of dimension at least two. 

This completes the construction of C~(H,A' U A//L). As an ^-dimensional hypercube of chain 
complexes, its total complex admits a filtration by — ||e||, which induces a spectral sequence; we 
will refer to the filtration by — ||e|| as the depth filtration on C~(H, A' U Ajj L). 
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Theorem 11.11. Fix a complete system of hyperboxes % for an oriented link L' U L in S s , and 
fix framings A for L and A' for V . Suppose Ti has k basepoints of type w and p colors, and that L 
has I components L\, . . . , Li. Let Y(0, . . . , 0) = S^,(L'), and let Y(e) be obtained from V(0, . . . , 0) 
by surgery on the components L{ C L with £j = 1 (for any e G E^. Then, there is an isomorphism 
between the link surgeries spectral sequence from Theorem \ll.l(A tensored with V = H*(T k ~ p ), and 
the spectral sequence associated to the depth filtration on C~(H,A' U A/I). 

Proof. Theorem 17.71 gives a quasi-isomorphism between CF~(Y(1, . . . , 1)) ® V = CF~(S^, uA (L' U 
L))®V and the surgery complex C~(ri, A'uA). Let us summarize the main steps in the construction 
of this quasi-isomorphism. It suffices to construct the quasi-isomorphism at the level of the vertical 
truncations C~' 5< ~ 5 ' (ri, A' U A) and CF~' 5 ^' 5 '(Y(1, . . . , 1)) ® V. (In the proof, we used vertical 
truncations by 5 for torsion Spin structures and by 5^— 5' for non-torsion Spin structures. However, 
it is clear that always truncating by 6<—S' works, too.) We consider a basic system Tib for L' U L. 
By relating ri to Tib via some moves on complete systems, we find a quasi-isomorphism between 
C~^ 5 \ri, A' U A) and C~> s ^ s '(ri b , A' U A) <g> V. By a version of the Large Surgeries Theorem, the 
hypercube C~ ,s ^ s {rib, A' U A) is shown to be quasi-isomorphic to a hypercube J^f &ir ~ & , in which at 
each vertex we have the truncated Floer complex of some surgery on a sublink of L' U L, possibly 
with twisted coefficients. Finally, iterating a variant of the surgery exact triangle, we obtain a 
quasi-isomorphism between CF -,<5<-<5 (Y(l, . . . , 1)) and the total complex of Jftf^^^' . 

Recall that from the + -^-dimensional hypercube C~(7i, A'uA) we construct an ^-dimensional 
hypercube C~(ri,A' U A// L). In the new hypercube, at each vertex e € we have an ||e||- 
dimensional sub-hypercube of the original C~(ri,A' U A); along the edges we have corresponding 
inclusion maps, and along higher-dimensional faces the diagonal maps are trivial. We can apply 
an analogous procedure to the truncated hypercubes C _ > <5< -< 5 (%,A' U A),C~' S ^~ S (fib, A' U A) and 
Jf? s *~ s , and obtain ^-dimensional hypercubes from them; we denote these by C~ ,s *~ s (fi, A' U A// 
L),C-> 5 ^ 5 '(ri b ,A' U A//L) and Jf 5 ^ 5 ' // L. The quasi-isomorphisms between [l + £')-dimensional 
hypercubes constructed in the proof of Theorem 17. 71 all preserve the corresponding depth nitrations, 
and thus induce quasi-isomorphisms between respective sub-hypercubes. As a consequence, we can 
construct filtered quasi-isomorphisms (with respect to the depth filtration) between C~' S ^ S (ri, A'U 
A//L),C~' 5 ^ 5 '(ri b , A'UA//L)®V and (Jif 5 ^ 5 ' //L) ®V. This implies that the corresponding spectral 
sequences (induced by the depth nitrations on ^-dimensional hypercubes) are isomorphic. 

It remains to find an isomorphism between the spectral sequence induced by the depth filtration 
on the hypercube Jtf? 54r ~ & // L, and the 5<—5' truncation of the link surgeries spectral sequence from 
Theorem 111.101 Let us first explain how this is done in the simplest case, when I = 1 so that the 
link L has a single component L\ = K. We further assume that K has linking number zero with 
each component of L'. We will drop the truncation symbol 5<—5' from notation for simplicity (in 
fact, in this step of the argument the quasi-isomorphism exists also at the level of untruncated 
complexes). The spectral sequence from Theorem 1 11. 101 is simply associated to the depth filtration 
on a one-dimensional hypercube, which is the mapping cone 

(157) CF-(S|,(L')) — > CF"(5|, UA (L' U K)). 
On the other hand, the hypercube ^ // L is a mapping cone 

(158) W/£)° — > WA)\ 

where (Jf//L)° is CF~ (S A ,(£')) and (Jt° // L) 1 is itself a mapping cone 

(159) CF-(S A , u(A+m) (L' U K)) — > ® m CY~(Sl,{L')), 
for some m 0. 

The surgery exact triangle (Proposition l9.5|) says that the second term in (|157l) is quasi-isomorphic 
to the second term in (1158j) . In fact, we can take a quasi-isomorphism given by a triangle-counting 
map from CF _ (S' A / uA (L / U K)) to the first term in (1159j) . and a quadrilateral-counting map to the 
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second term in (|157p . We can extend this quasi-isomorphism to one between the mapping cone 
(|157p and the mapping cone (|158p . by taking the identity between their first terms CF~ (S\,(L')), 
and also adding a diagonal map from CF~(S^,(L')) to the mapping cone (|158p . This diagonal 
map consists of a quadrilateral-counting map from CF~(5^, (L')) to the first term in (|159|) . and 
a pentagon-counting map from CF~(S'^,(L / )) to the second term in (|159p . This produces a chain 
map between (|157p and (|158p . which is a quasi-isomorphism because it is so on the level of the 
associated graded of the depth nitrations. 

Let us now discuss how this construction can be generalized to the case when the link L has 
an arbitrary number i of connected components. The link surgeries spectral sequence from Theo- 
rem (TTTTU] is associated to the depth filtration on an ^-dimensional hypercube, where at each vertex 
we have a Heegaard Floer complex CF~(Y(e)), along the edges we have triangle-counting maps 
(producing the cobordism maps F~ , on the E 1 page), and along the higher-dimensional faces we 
have higher polygon-counting maps. We can construct a filtered quasi-isomorphism between this 
hypercube and ffi // L as follows: between corresponding vertices we use the quasi-isomorphisms 
given iterating the surgery exact triangle (Proposition I9.5| ) . and then we complete this to a chain 
map between the hypercubes, by adding further polygon-counting maps along the diagonals. A 
filtered quasi-isomorphism between ^-dimensional hypercubes produces an isomorphism between 
the respective spectral sequences, and this completes the proof. □ 
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Figure 32. A grid diagram for the Hopf link, with two free markings. The 

link is drawn in green. 

12. The surgery theorem applied to grid diagrams with free markings 

In this section we state a variant of the surgery theorem, in terms of counts of polygons on 
grid diagrams with free markings. The proof involves applying Theorem 17.71 to a special kind of 
complete system, associated to the grid. 

12.1. Grid diagrams with free markings. Toroidal grid diagrams are a particular kind of Hee- 
gaard diagrams for a link in S 3 . In [9], |10j . they have been used to give combinatorial descriptions 
to link Floer complexes. 

We introduce here a slightly more general concept, that of a toroidal grid diagram with free 
markings. (An example is shown in Figure [321 ) Such a diagram G consists of a torus T, viewed 
as a square in the plane with the opposite sides identified, and split into n annuli (called rows) 
by n horizontal circles a\, . . . ,a n , and into n other annuli (called columns) by n vertical circles 
/?!,..., /3 n . Further, we are given several markings on the torus, of two types: X and O, such that: 

• each row and each column contains exactly one O marking; 

• each row and each column contains at most one X marking; 

• if the row of an O marking contains no X markings, then the column of that O marking 
contains no X markings either. An O marking of this kind is called a free marking. 

It follows that G contains exactly n O markings and n — q X markings, where q is the number of 
free markings. A marking that is not free is called linked. The number n is called the grid number 
of G. 

Given G as above, we draw horizontal arcs between the (linked) markings in the same row, and 
vertical arcs between the markings in the same column. Letting the vertical arcs be overpasses 
whenever they intesect the horizontal arcs, we then obtain a planar diagram for a link L C S 3 , 
which we orient so that all horizontal arcs go from an O to an I. We denote by £ the number of 
components of L. 

A toroidal grid is a type of multi-pointed Heegaard diagram for L, with the horizontal circles 
being the alpha curves a\, . . . ,a n , and the vertical curves being the beta curves f3\, . . . , f3 n . We let 
S = S(G) = T a n T^, where T a = ot\ x • • • x a n ,Tp = ft\ x • • • x (3 n are tori in the symmetric 
product Sym n (T). 

Following the notation of [10] . we use X and O markings to play the role of the basepoints Zi and 
Wi, respectively. In particular, we change the notation from Section T4. 21 and write Xj,Qj,Aj,Oj for 
Zj,Wj, n Zi , n Wi , respectively. We fix an ordering of the basepoints in each set Xj, Oj. Note that the 
free markings are exactly the free basepoints; we arrange so that they are denoted O n - q+ i, . . . , O n . 
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The same arguments as in [9] show that isolated holomorphic disks in Sym n (T) with boundaries 
on T Q ,T^ are in a natural one-to-one correspondence to empty rectangles on the grid G. For 
x, y € S, we let Rect°(x, y) be the set of empty rectangles between x and y, compare [10]. Then, for 
s = (si, . . . , si) E H(L), we can define an associated chain complex 2l~(G, s) = s±, . . . , si), 

the analogue of %l~(l-L L ,s) from Section 14.21 as follows. 2l~(G, s) is the free module over 1Z = 
F[[[/i, . . . , ff+g]] generated by S, endowed with the differential: 

(160) & = £ £ ^-u^'.u^-u^y, 

yeSrGRcct°(x,y) 

where the quantities E l s are as in Section 14.21 an d Fi denotes the multiplicity at the free marking 
O n _q+j. Thus, 2l~(Cr, s) is the Floer chain complex ^l~(T a , Tg, s), where s indicates the way we 
count powers of £7's. 

As in Section [7.11 we have inclusions 

(161) zf / :2l-(G,s)^2l-(G,/ 7 (s)), 

j-M x _ jjmax(Ai(x.)-Si,0) _ ^max(s 4 -Ai(x),0) _ ^ 

ieI+(L,M) i£l-(L,M) 

12.2. Handleslides over a set of markings. From now on we will specialize to the situation in 
which G is a toroidal grid diagram with at least one free marking. 

Let Z be one of the linked markings (an X or an O) on the grid diagram G. By analogy with 
J(Lj) from Section [7.21 we define a subset J(Z) C H(L) as follows. If Z 6 Oj for some component 
Lj, set 

J{Z) = {(«!, ...,**)£ M(L) | Sl = +oo}. 

If Z E X h set 

J(Z) = {(si, ...,8 t )e M(L) I Si = -oo}. 

For s € J(Z), note that the other markings in the same column or row as Z are irrelevant for 
the computation of the chain complex 2l~(G, s). 

Next, consider a set of linked markings Z = {Zi, . . . , Z^}. We say that Z is consistent if, for any 
i, at most one of the sets 2nOj and i? n Xj is nonempty. If Z is consistent, we set 

k 

J(Z) = f]j(Z i ). 
1=1 

Let us define a new set of curves (3 Z = {/3f\j = 1, . . . ,n} on the torus T ■ Let jj be the index 
corresponding to the vertical circle Pj i just to the left of a marking Zi € Z. We let /3jr be a circle 
encircling and intersecting /3j i5 as well as the a curve just below Zi, in two points each; in other 
words, f3j[ is obtained from (3j by handlesliding it over the vertical curve just to the right of Z{. 
For those j that are not ji f° r an Y Zi £ Z, we let be a curve isotopic to j3j and intersecting it 
in two points. 

Remark 12.1. Our assumption on the existence of a free marking is crucial here, because it ensures 
that (3 Z is a good set of attaching curves. Indeed, since Z has strictly fewer than n markings, at 
least one beta curve in f3 z remains homologically nontrivial in Hi(T). 

For any consistent collection Z, we denote 

Tf = /3f x...x/3 z cSym"(T). 

The fact that s € J{Z) implies that there is a well-defined generalized Floer chain complex 
2l~(T Q , To, s), where the differentials take powers of the L^'s according to s. 
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Figure 33. A new collection of curves. We show here a part of a grid diagram, 
with the horizontal segments lying on curves in a and the straight vertical segments 
lying on curves in f3. The interrupted curves (including the two circles) represent 
curves in (3 Z , where Z consists of the two markings Z\ and Z2 ■ The maximal degree 
intersection point Sg 3 ^ is represented by the black dots. 

More generally, when we have two collections of markings iJ, Z' such that ZUZ' is consistent, we 
require that j3f and /3f intersect in exactly two points. Hence, there is always a unique maximal 
degree intersection point n z , € Tjg n Tg . See Figure [33j 

12.3. Handleslides for a sublink. Let M C L be a sublink, endowed with an arbitrary orienta- 
tion M. We seek to define a destabilization map for the sublink M, along the lines of Section 17.21 
Set 

Z(M)= [J OiU (J Xi. 

i£l+{L,M) ieI-(L,M) 

We proceed to construct a hyperbox T~Lq M for the pair (L,M) (in the sense of Definition I6.21|) . 
as follows. Order the components of M according to their ordering as components of L: 

M = L h U---UL im , »!<••■ <i m . 

For j = 1, . . . , m, let us denote Mj = L^. for simplicity, and equip Mj with the orientation Mj 
induced from M. Then Z(Mj) is either or X^. In either case, we have an ordering of its 
elements, so we can write 

Z(M j ) = {zf\...,zf/}, 

where dj is the cardinality of Z{Mj). 

The hyperbox T~Lq M will be m-dimensional, of size d M = (d\, . . . , d m ). It will be a pure f3- 
hyperbox, i.e. the a curves remain fixed: they are the horizontal circles in the grid diagram G. For 
each multi-index e = (ex,... , e m ) G E(d A/ ), we let Z(M) e C Z(M) be the collection of markings 

m - 

z(My = {J{z^,...,z^}. 

We then set 
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be the collection of beta curves handleslid at the points of Z(M ) e . For each e, consider the Heegaard 
diagram ~Hq e = (T, a, (3 s ), with the z basepoints being the markings in Xj for Li <2 M, and the 
w basepoints being the markings in Z(M), together with the free O markings in G and those in 
Oj for Li <2 M. This diagram represents the link L — M. We equip it with the coloring induced 
from G — that is, each remaining marking corresponds to the same U variable as it did in G. 

To finish the construction of Hq , whenever e,e' G E(d M ) with e < e' are neighbors, we need 
to pick chain elements Q e ,e' £ CF(Tpe, Tg s /). We choose 

P) can ^ .. if llr' — HI — 1 
otherwise. 

The proof of Equation (|50p for these chains is similar to those of |18| Lemma 9.7] and |20(. Lemma 
4.3]. 

As in Section \7.2\ for any s G J(M) = J(Z(M)), the same choices of Heegaard diagrams and 

O-chain elements produce a hyperbox of strongly equivalent Heegaard diagrams T~L^ S , in which 
the generalized Floer complexes are defined by counting basepoints according to s. Further, there 

is a hyperbox of generalized Floer complexes associated to W-Q^f , see Section [6731 At each vertex 
e G E(d A/ ) we have the generalized Floer complex 

C s e = 2C(T Q ,Tf (Al)£ ,s), 

and along the faces we have linear maps D^, e £ E m . 

We compress the hyperbox of Floer complexes associated to Hq^ , see Section [BTB] and define 

(162) £)f :2T(G,s) = 2T(T a , T^, s) ^ 2T(T Q , Tf s). 

to be the longest diagonal map in the compressed hyperbox. 

For example, when M = Li is a single component, the map is a composition of the triangle 
maps corresponding to handleslides over the basepoints in Z(M), in the given order. When M has 
several components, it is a sum of compositions of more complicated polygon maps, corresponding 
to chain homotopies (of higher order) between compositions of the handleslide maps. 

12.4. The handleslid complex. For Oj G Oj, we let XJy be the variable corresponding to the row 
exactly under the row through Oj. Given a sublink M C L, we define a chain complex 

(163) jc(M)-.= (g) (g)(n^%n). 

MiCM jeOi 

Given an orientation M of M and some s G J(Z(M)), we seek to describe the complex 
2l~(T a ,T^ , s) explicitly. Before stating the result, let us introduce some terminology. We 

call the Heegaard diagram Hq^Jm = (T, Q, f3 z ^ M ^) the handleslid diagram. It contains two kinds 
of beta curves: those that approximate curves in the original collection f3, and those that encircle 
one of the points in Z(M). We call the former curves old, and the latter recent. Each new curve 
bounds a disk in T, which we call a marked disk. The curves in a are also of two types: those that 
intersect a recent f3 z ( M ^ curve, and those that do not. We call the first alpha curves special, and 
the latter normal. The connected components of T \ a are called rows, and a row is called special 
if at least one of its boundaries is special. If both of its alpha boundaries are special, the row is 
called very special. 




160 



CIPRIAN MANOLESCU AND PETER OZSVATH 



Observe that each recent beta curve intersects a unique (special) alpha curve, and it does so in 
two points. Hence, each x G T a n T^ M ^ must contain exactly one of these two points. 

Note that there is a quasi- destabilized grid diagram G L ~ M obtained from G by eliminating all 
rows and columns on which M is supported, compare Section 14.41 The diagram G L ~ M represents 
the link L — M, with the orientation induced from L. 

Proposition 12.2. For any s G J(Z(M)), for a suitable choice of almost complex structure on 
Sym n (T), there is an isomorphism of chain complexes of IZ-modules: 

(164) tf? :a-(T Q ,Tf A7 \s)^a-(G L - M ,^(s))[[{^} ii cM]]®7eX:(M). 

Here, the square brackets mean adjoining the variables Ui, in order to make the respective group 
into an IZ-module. The map ip M : M(L) — > H(L — M) is as in Section [7T5[ 

Observe that on the right hand side of (|164|) we have the complex associated to the quasi- 
destabilized grid diagram G L ~ M , for which holomorphic disks in the symmetric product exactly 
correspond to empty rectangles on the grid, see [9]. In proving Proposition 112.2] the challenge will 
be to show that the complex on the left hand side of (1164p has the same description. The proof 
will occupy the rest of this subsection. 

The curves a and (3 Z ^ M ^ split the torus T into a number of regions. These can be rectangles, 
bigons, hexagons, and octagons. The bigons and hexagons appear near the markings in Z(M), 
while the octagons only appear when two markings in Z{M) lie in adjacent rows and adjacent 
columns of G. The hexagons and octagons are always supported in special rows. 

Let (j) G 7T2(x, y) be a homology class of Whitney disks in Sym n (T) with boundaries on T a and 

Tg , for x, y G T a n T?^ . The class <fi has an associated domain, see Section [5.31 Recall that 
the Maslov index fjt(fa) can be calculated in terms of the domain T> = T)(cft) using Lipshitz's formula 
®: 

(165) /i(<j>) = 1 £ ( n x (V) + J2n v (p) + e(p). 

x£x y£y 

Suppose D is written as a linear combination of regions 

V = <2j G Z. 

For any region R, we set n(R,x.,y) = n x (i?) + n y (R) and /j,(R,x,y) = n(R, x, y) + e(R). Since 
the Euler measure and vertex multiplicities are additive, Equation (I165|) gives 

(166) n(4>) = ^ a iK R i, x > y)- 

The differential on 2l - (T Q , T^ M \ s) involves counts of holomorphic disks in homology classes <f> 
with n((f>) = 1. The following are two necessary conditions for a domain D = T>((f>) of index one to 
admit a holomorphic representative: 

(i) All local multiplicities at of T> must be nonnegative; 

(ii) The support of the domain D (that is, the closure of the union of the regions Ri such that 
a, ^ 0) must be connected. 

The first condition is a consequence of the principle of positivity of intersection for holomorphic 
objects, see PS] Lemma 3.2]. The second condition needs to be satisfied because if the support 
were disconnected, the class (ft would be the sum of two domains <f>i and fa, with each fa required 
to admit pseudo-holomorphic representatives generically. Hence fJ>(fa), fJ>(fa) > 1, which would 
contradict the fact that ^(fa) + fJ-ifa) = li{4>) = 1- 

A domain V that satisfies the two conditions above is called positive and connected. 
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For our handleslid Heegaard diagram, we can completely characterize the index one domains that 
are positive and connected. Indeed, given a class eft € ^(x, y) that has such a domain, let us un- 
derstand the quantities /i(i?j,x, y) that appear with nonzero multiplicity a, > in Equation (|166p : 

• If Ri is a rectangle, then e(Ri) = and fJ,(Ri, x, y) G [0, 1], with the exact value depending 
on the number of vertices in x,y among the corners of R{. 

• If Ri is a bigon, then e(Ri) = 1/2 and fj,(Ri,x, y) = 1. Indeed, note that x contains exactly 
one of the two points of intersection between the respective new beta curve and a special 
alpha curve. Hence x contributes 1/4 to the quantity n(i?j,x, y). The same goes for y, 
while the Euler measure of the bigon is 1/2. 

• If Ri is a hexagon, then e(Ri) = —1/2 and /x(Aj,x,y) € [0,1/2]. Indeed, there is a 
contribution of 1/2 to the vertex multiplicity coming from points on the recent beta curve, 
and there may be an additional contribution from intersections between old beta curves 
and normal alpha curves. We denote this additional contribution by n'(i?j,x, y). It is at 
most 1/2. 

• If Ri is an octagon, then e(Ri) = — 1 and //(-Rj,x,y) = 0, because the vertex multiplicity 
contribution is always one, coming from points on the two recent beta curves on the 
boundary of the octagon. 

Hence: 

(167) n{<t>)= Yl a * + Yl a * n ( Ri ' x > y ) + X] <Hn'(Ri,x, y) > 0. 

bigonsi?; rectangles/?; hexagons/?; 

If = 1, it follows that we can have at most one bigon in the support of T>, and that the 
bigon (if it exists) must appear with multiplicity one. Further, no points of x n y can be contained 
in the interior of D. 

We distinguish several cases for cj> E ^(x, y) positive, connected and of index one. These cases 
are shown in Figures [341371 

I. There exists a normal alpha curve otj such that aj D x ^ otj D y. Then the two points atj D x 
and aj n y are on different (old) beta curves, so there must exist another normal alpha curve 
a k 7^ a j with aj. fl x / qj. fl y. We get a contribution of at least 1/4 to n(V) from each of the 
four intersection points on aj and a^. Since = 1, there can be no other contribution. It 
follows that the support of T> has no bigons. One possibility is that T> is a big rectangle with 
vertices the four intersection points aj n x, aj D y, a^ n x, a^ D y, with all the marked disks in the 
interior of the rectangle removed. This is Case I (a) shown in Figure [3H Note that there is a 
one-to-one correspondence between such rectangles and empty rectangles in the quasi-destabilized 
grid diagram G L ~ AI . 

The other possibility is that in addition to a big rectangle, T> also contains some additional 
rectangle, hexagon, or octagon regions. These have to be supported in some very special rows. 
Further, all non-bigon regions in those rows are contained in the domain D, because the multiplicity 
of regions in a very special row can only change when we pass the vertical curves through aj D x 
and aj D y. Thus, the domain consists of a big rectangle as in Case I (a), plus one or more very 
special rows intersecting the big rectangle, minus the bigons in those rows. The multiplicities in 
the special rows cannot change by more than one as we pass a special alpha curve, because the 
support of T> contains no bigons. A domain of this type is said to be in Case I (b). An example is 
shown in Figure [341 

II. We have aj n x = aj D y for all normal alpha curves aj, and the support of T> contains 
no bigons. Then T> is supported in some adjacent special rows. Further, there are no old beta 
curves such that when we pass them the multiplicity of T> gets changed. Hence, if the support of 
V contains a non-bigon region in a special row, it must contain all the non-bigon regions in that 
row, with the same multiplicity. Further, one of the boundaries of the support must be a normal 
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1(b) 

FIGURE 34. Positive connected domains of index one: Case I. In each sub- 
case, the domain is shaded, with darker shading corresponding to higher local mul- 
tiplicity. In subcase (a) we only have multiplicities zero and one, while in subcase 
(b) we can arbitrarily large multiplicities; in the figure, they go up to multiplicity 
three. The black dots represent components of the initial generator x, and the white 
dots components of y. There can be various markings (X and O) in the domains, 
though not in the rows containing markings in Z(M). In subcase (a), apart from 
the domain in the handleslid diagram (T,Q,/3 Z(M) ) on the left hand side, we also 
show the corresponding domain in the quasi-destabilized grid diagram G L ~ M , on 
the right hand side. 
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FIGURE 35. Positive connected domains of index one: Case II. We use the 

same conventions as in Case I. In subcase (a) we show a domain of width four and 
having local multiplicity two in the darkly shaded regions. In (b) we show a domain 
of width three with only zero and one local multiplicities. Of course, in each subcase 
the widths and multiplicities can be arbitrarily large, just as we saw in Case I (b). 

alpha curve, which produces all nonzero contributions to n{4>) in Equation (|167|) . There are two 
subcases, II (a) and II (b), according to whether the normal alpha curve is the top or the bottom 
boundary of the support. In both cases, the multiplicity in the row bounded by the normal alpha 
curve must be one. The multiplicities in the other rows can be higher, but they are constant in 
each row and cannot change by more than one as we pass a special alpha curve. See Figure [35j 

III. We have aj fix = ay D y for all normal alpha curves ctj, and the support of T> includes a 
bigon which contains a marking in Z(M). Then the domain T> is supported in some adjacent special 
rows, and the bigon gives the only nonzero contributions to fj,(<j>) in Equation (|167p . Further, if 
T> contains a rectangle, hexagon or octagon in a special row, it must contains all the rectangles, 
hexagons, and octagons in that row, with the same multiplicity. There are three subcases III (a) 
- (c), according to whether: (a) D is the bigon itself; (b) T> contains some special rows, but only 
above the bigon; (c) T> contains special rows both below and above the bigon. See Figure [36l 

IV. We have ay D x = aj n y for all normal alpha curves aj, and the support of T> includes a 
bigon which does not contain a marking in Z{M). This is similar to Case III, in that we have the 
same observations about the support consisting of some adjacent special rows, and three subcases: 
(a) T> is the bigon itself; (b) T> contains some special rows, but only below the bigon; (c) T> contains 
special rows both below and above the bigon. See Figure [33 

When a domain V is in one of the cases above, we say that it is of the corresponding type. For 
example, a domain in Case II (b) is called of type II (b). 
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Figure 36. Positive connected domains of index one: Case III. Same con- 
ventions as before. In subcases (b) and (c) the widths and multiplicities can be 
arbitrarily large, just as in Case II. 
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FIGURE 37. Positive connected domains of index one: Case IV. Same con- 
ventions as before. In subcases (b) and (c) the widths and multiplicities can be 
arbitrarily large, just as in Cases II and III. 

Definition 12.3. If "D is a domain on the handleslid grid, the number of rows that have nontrivial 
intersection with its support is called the width ofT>. 

We would like to count the number of holomorphic representatives for each class (j> with a positive, 
connected domain T> of index one. One should note that many of the domains in Cases I-IV above 
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FIGURE 38. Degenerations. We choose the complex structure by stretching the 
neck along the dashed curves. The bigger black dots are components of the generator 
x in Lemma ll2.51 

are decomposable, meaning that we can write them as a sum T>± + T>o, with T>i of index i € {0, 1} 
being positive and connected. This means that the number of holomorphic representatives for V 
may depend on the choice of almost complex structure on the symmetric product. We will explain 
how to make a suitable choice soon. 

When counting holomorphic representatives, it is convenient to use Lipshitz's cylindrical formu- 
lation of Heegaard Floer homology [8] , as in Section 15.21 In his setting, we need to choose an almost 
complex structure on W = T x [0, 1] x R, rather than on the symmetric product. 

Suppose 

Z(M) = {Z 1 ,...,Z k }. 

The labeling of the markings is as follows. Choose a normal alpha curve a\ on the handleslid 
diagram. Go vertically down around the torus, starting at a\ and ending at a±, and number the 
markings in Z(M) as Z\, . . . , Zj., in the order in which they are encountered. 

For each Zj £ Z(M), there is a recent beta curve , which is the boundary of the marked 

disk containing Zj. Choose a slightly bigger curve around this beta curve, and introduce a long 
cylindrical neck of length Tj there, for Tj S> 0. We can then choose an almost complex structure 
J(T\, ■ ■ ■ , Tk) on W which only depends on Tj on the neck around Zj, and is split on these necks. 
This is the analogue of the "stretching the neck" process from Section 15.41 only now we consider 
flow lines rather than triangles. In fact, we can view the handleslid diagram as a special connected 
sum of the quasi-destabilized grid diagram Q L ~ M and k genus zero diagrams Si, . . . ,S k . Each Si 
is obtained from the diagram in Figure [5] by deleting the gamma curve. See Figure [38l 

Given a marking Zj, we denote by Mj the marked disk containing it, and by x% and j/, the two 

points of intersection of with the corresponding alpha curve. The point Xi is on the left of 

Hi inside the marked disk. 

Lemma 12.4. Let <fi G ^(x, y) be a homology class of Whitney disks in the handleslid diagram. 
Suppose /j,(<p) = 1 and the domain T> = D(4>) is positive and connected. Suppose ctj is a special 
alpha curve that intersects a recent beta curve f3j. Let Mi be the marked disk whose boundary is j3j, 
and let Zi be the marking inside. Suppose ctj D x = Xj, aj D y = y%, and that T> has multiplicity 
zero everywhere inside the marked disk Mj. Denote by r the row whose upper boundary is aj, and 



166 



CIPRIAN MANOLESCU AND PETER OZSVATH 



denote by b the bigon r n Mj. If the row r contains a marking Zi+\ S Z(M), fix the corresponding 
neck-length Tj + i . If the class (ft admits holomorphic representatives for a sequence of almost complex 

structures J(T^ n \ . . . ,2^ ) such that — > oo (where corresponds to Z%), and T-\j\_ = T%+i 
is fixed, then the support of the domain V is exactly the union of all the regions in the row r, except 
the bigon b. 

Proof. For simplicity, let us first assume that all neck- lengths = T s are fixed for s ^ i, and 

T> ' — > OO. 

Let mi and m 2 the multiplicities of T> on each side of ctj, near the connected sum curve. By an 
analogue of Proposition 15.141 in the limit Tj — > oo the presumed holomorphic representatives of <fi 
degenerate into a broken flow line v on Si, and the union of a broken flow line v' on the other side 
(i.e. on the diagram G' obtained by deleting (3j) with an annoying a-degeneration with domain V. 
Let ipjtp' be the homology classes of v and v' , respectively. Lemmas 15.101 and 15.161 can be applied 
to homology classes of flow lines just as well as to triangles. Therefore, 

(Jt(<p) = fi(tp) + /x(V>') + n(V) - mi - m 2 

and 

n(i>) = mi + m 2 . 

In principle, the latter equality should also involve the multiplicities of D inside the two bigons 
that form Mj, but those multiplicities are zero by hypothesis. We get: 

i = / u(<« = MV0 + Mn 

Further, we must have m 2 = mi + 1 because of the acceptability condition (I37p . This means 
that dV contains aj with multiplicity —1. In particular, V ^ 0, so n(V) > 1, see Lemma [5.131 
for n(V). We deduce that n(tp') = 0. Since tp' admits holomorphic representatives (for an almost 
complex structure which can be chosen to be generic away from the neck), it must be the case that 
ip' is trivial. As for the remaining domain V , it is positive, of index one, and satisfies m 2 = mi + 1. 
The only possibility is that it is the row r, viewed in the quasi-destabilized diagram G' , compare 
Equation (j47]). The claim follows, provided that the neck-lengths Tj stay fixed for s ^ i. 

Now allow the other neck-lengths to vary as well, except Tj+i. In the limit some of them go to 
infinity, so the holomorphic representatives of <j) degenerate into broken flow lines on a number of 
surfaces S s , plus the union of a broken flow line and a-boundary degenerations on a diagram G' 
obtained by deleting several recent beta curves. Nevertheless, most of the arguments above still 
apply, with some notational modifications. The broken flow line on G' must be trivial, so all we 
are left with is some a-boundary degenerations on G'. The main difference is that now, instead of 
Equation (|4T|) . we have: 

MP) = ^ m (^' a )' 

a 

where the sum is over all curves a that did not intersect any of the deleted beta curves, and the 
quantity m(V, a) is the sum of the multiplicities of V in the two rows that have a as part of their 
boundary. 

It follows that the inequality [i(V) > in Lemma f5.13l still holds true, but equality can happen for 
some nonzero domains on G' , namely those composed of very special rows such that the normal beta 
curves intersecting their boundaries have been deleted. As such, a priori there are more possibilities 
for the positive domain V of index one that represents the a-boundary degenerations. However, 
the fact that the recent beta curve just below f3j (if it exists) has not been deleted, together with 
the fact that V is connected and satisfies m 2 = mi + 1, suffice to determine V uniquely as being 
the row below otj. □ 

Lemma [l2.4l suggests the following way of choosing the neck-lengths T\, . . . , in the construction 
of the almost complex structure J(T\, . . . ,Xfc). We first choose S> such that the conclusion 
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of the Lemma holds true for all possible classes <fi satisfying the hypothesis, with i = k. This is 
possible because there are a finite number of such classes, and the row r below does not contain 
any marking in Z(M). Next, choose T^-i ^> such that the conclusion of the Lemma holds for 
all classes with i = k — 1. Iterate this procedure until we get to T\, so that 

Ti » T 2 > • • • > T k > 0. 

Lemma 112.41 implies that, for this choice of almost complex structure, the domains of type I (b), 
III (c) and IV (c) have holomorphic disk counts equal to zero (mod 2), so they do not contribute 
to the differential. The same goes for domains of type II (b) or III (b) that have width larger than 
one. 

On the other hand, the holomorphic disk counts are one (mod 2) for: 

• simple bigons, that is, domains of types III (a) and IV (a); 

• domains of type I (a), see [13j Lemma 3.11]; 

• annular domains of type II (b) and width one, see |17l proof of Lemma 3.4]; 

• annular domains of type III (b) and width one, see |18l Lemma 9.4]. Indeed, for these the 
conformal angle of the beta part of the upper boundary is very small, because of our choice 
of neck-lengths. This means that there exists a choice of cut length on the lower boundary 
that makes the annulus holomorphic. 

This leaves us with the domains of types II (a) and IV (b). It is more difficult to establish the 
holomorphic disk counts for these. Instead, we will settle for computing their net effect on the 
differential d on the handleslid complex. 

More precisely, let us split the markings in Z(M) into equivalence classes, with the equivalence 
relation being generated by the relations Z ~ Z' if Z and Z' lie in adjacent rows. Then, an 
equivalence class consists of all the markings in Z(M) that lie between two normal alpha curves. 

Let us consider such an equivalence class. Without loss of generality, say it is composed of the 
markings Z\ = Oi, . . . , Z p = O p , for some p < k. (See Figure 1381 for the case p = 3.) Let G be the 
grid diagram obtained by deleting the recent beta curves /3i, . . . , (3 p that encircle Oi, . . . , O p , as well 

as the special alpha curves ot\, . . . , a p that intersect /3i, . . . ,f3 p . Given a generator x € T a n T^ M \ 
let x be the corresponding generator in G obtained from x by deleting its components on cti, for 
i = 1, . . . ,p. Define /(x) to be the Maslov index of x in G. Then I defines a filtration on the 
handleslid complex. Indeed, if y contributes a nonzero term to the differential <9x, we must have 
/(x) > I(y), with equality if and only if x = y. 

Thus, the associated graded of the handleslid complex $l~(T a , T^ M \s) splits as a direct sum of 
terms C(x), where C(x) is generated by all possible x with the fixed reduction x on G. Pick such 
a direct summand C(x). 

Lemma 12.5. For the almost complex structure J(T\, . . . , Tk) chosen as before (with T\ 3> T<i ^> 
• • • 2> Tk 3> 0), the complex C(x) is isomorphic to the tensor product of the complexes 

fori = l,... ,p. 

Proof. Recall that the intersection points between and are denoted Xi and yi, compare Fig- 
ure [38l The generators of C(x) can be written as x" 4 , where A C {1, ... ,p} is the set of indices i 
such that Xi € x A . 

The contributions to the differential on C(x) come from domains completely supported in the 
rows containing 0±, . . . , Op+i- By our previous observations, if their contribution is nonzero, the 
domains must be of types II (b) of width one, III (b) of width one, III (a), IV (a), II (a), or IV 
(b). We already know that the first four cases in this series produce nonzero contributions mod 2. 
More precisely, the first three cases give a term (C/j - [/ m )x A \« in dx A , whenever i G A. 
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FIGURE 39. The origin of the complexes JC(M). The figure shows part of a grid 
diagram with some arcs on the a and p{ Zl ' Z2 <---> z k} curves drawn. There are two 
intersection points (marked as bullets) between the alpha curve below the marking 
Z±, and the corresponding beta curve. There are two differentials going from the 
left to the right generator: a bigon containing Z\ and an annulus containing Z2, 

both drawn shaded in the diagram. This produces a factor of the form 1Z > TZ 

in the definition of the complexes IC(M). 



The challenge is to figure out the contributions from domains of type II (a) and IV (b). Lemma [12.4l 
implies that nonzero contributions can come only from domains that have no local multiplicities 
bigger than one. Hence, the differential on the complex C(x) takes the form 

a** = ^ - u i+1 ) ■ x^w + ■ x ^ u{i} > 

for some values nf € {0, 1}. These values are constrained by the requirement that d 2 = 0. In fact, 
it suffices to look at the coefficient of x A in d 2 (x A ) : 

4 m ■ (Ui - U i+1 ) + Y j nf-{U t - U i+1 ) = 0. 

i€A i^A 

Since the values Ui — Ui+i for i = 1, . . . ,p, are linearly independent, we deduce that nf = for 
all possible A and % ^ A. This completely determines the complex C(x). □ 

Proof of Proposition \12.2l For our choice of almost complex structure, all the domains that con- 
tribute to the differential on the handleslid complex are either of type I (a), or appear in the 
differential on a summand C(x) of an associated graded. 

The holomorphic count for all domains of type I (a) is always ±1. As previously noted, such 
domains are in one-to-one correspondence with empty rectangles on the quasi-destabilized grid 
qL-m fpj^g resu it now follows by combining this observation with Lemma [12.51 See Figure [39l □ 



12.5. The surgery theorem. Note that for each s € M(L), we have p M (s) G J(Z(M)) by defini- 
tion. Therefore, by composing the maps (|16ip . (|162j) and (|164p (the latter two taken with respect 
to p (s) rather than s), we can construct a map 



d?f :2T(G,s) ^21-(G^ u ,^(s))[[{^} Li ca/]] (8^/C(M), 

M fyM 
p M( s ) pM( s ) 



(168) ^ = 1^ oMolf, 



defined for any s € M(L). 

This is the analogue of the map $g from (I59p . There is also an analogue of Proposition 17.51 
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Proposition 12.6. For any M and s G H(L), we have 

(m E ^w *?^ . 

MiUM 2 =M 

where M\ and M<i are only considered with the orientations induced from M. 

Proof. This is similar to the proof of Proposition l7.5l except we have the additional factors ^ M ,~,, , in 

p M (s) 

(|168|) . These factors commute with the destabilization maps D corresponding to disjoint sublinks. 
Indeed, if Mi n M 2 = and s G J (Mi U M 2 ), then Proposition [5T8] implies that 

s s </> M i(s) s 

The maps ^t Ml also commute with the inclusion maps X M2 corresponding to disjoint sublinks. 
With these observations in mind, the proof of Proposition 17.51 can be easily adapted to the present 
context. □ 

Using the new maps $g f , we can exactly mimic Section [7.3^ and state a version of the surgery 
theorem for grid diagrams instead of complete systems of hyperboxes. 

We transfer most of the notation from Section 17.31 In particular, we have a framing A for the 
link L. For a sublink N C L, recall that Q(N) is the set of all possible orientations on N. For 
N G Q(N), the quantity A £ ^ G Hi(S 3 - L) is the sum of the framings of those components of N 

oriented differently in A^ as in L. 
We consider the 7£-module 

C-(G,A)=0 [J (^-(G L - M ^ M (s))[[{U i } Li cM]])®nnM), 

MCL sgH(L) 

where ip M simply means tp M with M being the orientation induced from the one on L. 
We equip C~(G,A) with a boundary operator D~ as follows. 
For s G W(L) and x G (%-(G L ~ M , ip M (s))[[{Ui} Li c M ]}) ®rK(M), we set 

2?-(s,x)= E (s + A^>*fW) 

€ © (a-(G L - M -^,^ Mu ^(s))[[{^jL l c A /uY]])^/C(MUiV)cC-(G,A). 

NCL-M jVeO(AT) 

According to (|169p . C~(G, A) is a chain complex. Just like the complex C~(H,A) from Sec- 
tion [731 h splits into a direct product of complexes C~(G, A,u), according to u G Spin c (5^(L)) = 
M(L)/H(L,A). The complexes C~(G, A, u) admit relative Z/0(u)Z-gradings, constructed just as 
for C-^.A.u). 

Theorem 12.7. Fix a grid diagram G for an oriented, l-component link L in S 3 , and fix a framing 
A of L. Suppose G has q > 1 free markings, and let n be the grid number of G. Then, for every 
u G Spin c (5'^(L)), we have an isomorphism of relatively graded ¥[[U]] -modules: 

(170) H*(C-(G,A,u),V-) * HF"(5i(L),u) ® F i?*(T"-^). 

12.6. A complete system associated to the grid. Theorem 112.71 is a consequence of Theo- 
rem 17.7} albeit not an immediate one. A first guess would be to construct a complete system of 
hyperboxes Hq out of a grid diagram G (with at least one free marking) as follows: as noted in 

Section [12.31 the grid G gives rise to hyperboxes %q M for the pairs (L,M). One is tempted to 
try to include these into a complete system. Unfortunately, this is not possible: in a complete 
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FIGURE 40. Relating the handleslides over O and over X. The top left picture 
shows a part of a grid diagram, with an O and X markings in the same row. The 
vertical arrow on the left describes a handleslide over the O. The top arrow describes 
a handleslide over the X, as well as relabeling the X as an O. The vertical arrow on 
the right shows a sequence of handleslides, the end result being a diagram surface 
isotopic with the one on the bottom left. 



system, the diagrams T-L ' (M) and H ' (M) are required to be surface isotopic, while for a 
grid G, typically the diagrams Hq^m and T~Cq^m are n °t surface isotopic. For example, if M has 
the orientation induced from L, then in the diagram T-Lq M the new beta curves are obtained by 

handlesliding over the O markings on M, whereas in %q~ M they are obtained by handlesliding 
over the X markings on M. 

Nevertheless, we can still associate to a grid G a complete system of hyperboxes T~Lg, such that 

the (compressed) maps on Floer complexes coming from T~Lq M are essentially the same as those 

coming from H G ■ 

In fact, if M is the orientation induced from L, we define T-Lq M to be exactly the same as Hq M . 
On the other hand, if M has some components with a different orientation, we need to change 
T~Lq M using some more beta handleslides. 

Before constructing Hq in general, let us make an observation. Let Oj,Xj be two markings 
on the same row in the grid G. Then the two collections of beta curves /3 0j and f3 Xj are strongly 
equivalent, being obtained from each other through handleslides of the beta curves between Oj and 
Xj , as in Figure HDJ 

For simplicity, let us first consider the case when M = — Li is a single component of L, oriented 
oppositely from its orientation in L. Then T-Lq~ Li is a one-dimensional hyperbox, consisting of a 
sequence of moves from the reduction r-L. (G) to the diagram T^q^lI obtained from it by han- 



dleslides over all Xj € Xj. In the new one-dimensional hyperbox T~Lq 



■L-Li 



we add at the end of this 
sequence a series of handleslides as in Figure [40l so that we end at the diagram W%^,* L ., which is 
r^ (G) handleslid over all Oj € Oj. See Figure [4"T1 for an example. There are unique choices for the 
intersection points that play the role of G-chain elements. 
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FIGURE 41. Some hyperboxes in a complete system for the Hopf link. We 

show a grid diagram G for the Hopf link L (with one free marking) and two one- 
dimensional hyperboxes in the complete system *Hq associated to the grid. At the 
top we have the grid G, with one component L\ shown by the dashed lines. The 

second row is the hyperbox T~Lq Li of size (2), where L\ has the orientation induced 

from L. The two bottom rows show the hyperbox %q 1 , of size (4). We describe 
each hyperbox as a sequence of Heegaard diagrams, from the initial to the final 
vertex. The two initial diagrams are obtained from the grid G by reduction at L±, 
resp. —L\. The two final diagrams are surface isotopic. 
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More generally, for Li C L' , we define the one-dimensional hyperboxes T~L G ' 1 and H G ' * to 
consist of similar moves as in the case L' = L, except starting at the diagram handleslid over all 
the O markings that are on the components of L — L' . 

Next, to define the higher-dimensional hyperboxes H G ' M for all V and M, note that we already 
know the sequence of moves on their edges. The moves in one direction of the hyperbox are 
independent of those in a different direction, so it is straightforward to fill in the hyperbox by 
combining these moves. The G-chain elements are taken to be zero on higher dimensional faces, 

just as we did for the hyperboxes % G ' from Section 112.31 The result is a complete system of 
hyperboxes 7~L G for L. Indeed, for the associated good set of trajectories, we can take horizontal 
paths on the grid joining each O marking to the X marking in the same row. 

Proof of Theorem \12. 7\ In light of Theorem 17.71 h suffices to show that the chain complexes 
C~(G,A,u) and C~(%g,A,u) are chain homotopy equivalent. Indeed, for s € J{M), let us look at 

the hyperbox of Floer complexes 2l~(%£ g 7 ) associated to a hyperbox H G in T~L G , as in Section [731 

see also Section [631 This contains as a sub-hyperbox %l~('H G '^ 1 ). 

In fact, %T{Jio^ ) is obtained from ^(Hq^ 1 ) by adding polygon maps corresponding to han- 
dleslides over marked disks as on the right of Figure EEUl According to Proposition 15.181 if we 
choose suitable almost complex structures, these extra higher polygon maps are the same as the 
corresponding polygon maps in the quasi-destabilized diagrams. In the quasi-destabilized diagrams, 
the handleslides from the right hand side of Figure 00] are nothing more than curve isotopies. On 
the level of hyperboxes of Floer complexes, isotopies have (up to chain homotopy) the effect of 
identity shifts — compare Lemma [6 . 1 5 1 and the discussion of elementary enlargements in Section 16.41 

It follows that 21 - (%q^) is obtained from %~ (% G ^) by elementary enlargements, in the sense of 
Section 13.81 Elementary enlargments leave unchanged the corresponding compressed hypercubes, 
see Lemma 13.2 11 Hence, the maps involved in the complexes C~(G, A, u) and C~(T-l G , A,u) are the 
same, up to compatible chain homotopy equivalences. □ 

Remark 12.8. Theorems lll.3[ [11.41 and 111.91 also admit straightforward adaptations to the case of 

grids, with the respective complexes all being expressed in terms of hyperboxes H G M . The exact 
statements are given in [11] , 
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